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Preface

This handbook is the sixth and last volume in the series devoted to stationary partial
differential equations. As the preceding volumes, it is a collection of self contained, state-
of-the-art surveys written by well-known experts in the field.

The topics covered by this volume include in particular domain perturbations for
boundary value problems, singular solutions of semi-linear elliptic problems, positive
solutions to elliptic equations on unbounded domains, symmetry of solutions, stationary
compressible Navier—Stokes equation, Lotka—Volterra systems with cross-diffusion, fixed
point theory for elliptic boundary value problems. I hope that these surveys will be useful
for both beginners and experts and help to a wide diffusion of these recent and deep results
in mathematical science.

I would like to thank all the contributors for their elegant articles. I also thank Lauren
Schultz Yuhasz and Mara Vos-Sarmiento at Elsevier for the excellent editing work of this
volume.

M. Chipot
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CHAPTER 1

Domain Perturbation for Linear and Semi-Linear
Boundary Value Problems

Daniel Daners

School of Mathematics and Statistics, The University of Sydney, NSW 2006, Australia
E-mail: D.Daners@maths.usyd.edu.au
URL: www.maths.usyd.edu.au/u/daners/

Abstract

This is a survey on elliptic boundary value problems on varying domains and tools
needed for that. Such problems arise in numerical analysis, in shape optimisation prob-
lems and in the investigation of the solution structure of nonlinear elliptic equations.
The methods are also useful to obtain certain results for equations on non-smooth do-
mains by approximation by smooth domains.

Domain independent estimates and smoothing properties are an essential tool to
deal with domain perturbation problems, especially for non-linear equations. Hence
we discuss such estimates extensively, together with some abstract results on linear
operators.

A second major part deals with specific domain perturbation results for linear equa-
tions with various boundary conditions. We completely characterise convergence for
Dirichlet boundary conditions and also give simple sufficient conditions. We then
prove boundary homogenisation results for Robin boundary conditions on domains
with fast oscillating boundaries, where the boundary condition changes in the limit.
We finally mention some simple results on problems with Neumann boundary condi-
tions.

The final part is concerned about non-linear problems, using the Leray-Schauder
degree to prove the existence of solutions on slightly perturbed domains. We also
demonstrate how to use the approximation results to get solutions to nonlinear equa-
tions on unbounded domains.

Keywords: Elliptic boundary value problem, Domain perturbation, Semilinear equa-
tions, A priori estimates, Boundary homogenisation

HANDBOOK OF DIFFERENTIAL EQUATIONS
Stationary Partial Differential Equations, volume 6
Edited by M. Chipot
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Domain perturbation for linear and semi-linear boundary value problems 3
1. Introduction

The purpose of this survey is to look at elliptic boundary value problems

Aju=f inQ,,
B,u=0 ondR,
with all major types of boundary conditions on a sequence of open sets €2, in RY (N > 2).

We then study conditions under which the solutions converge to a solution of a limit
problem

Au=f inQ,
Bu=0 onoQ
on some open set Q@ C RV, In the simplest case A, A, = —A is the negative Laplace

operator, and B,, B the Dirichlet, Robin or Neumann boundary operator, but we work
with general non-selfadjoint elliptic operators in divergence form. We are interested in
very singular perturbation, not necessarily of a type such that a change of variables can be
applied to reduce the problem onto a fixed domain. For the theory of smooth perturbations
rather complementary to ours we refer to [84] and references therein.

The main features of this exposition are the following:

e We present an L ,-theory of linear and semi-linear elliptic boundary value problems
with domain perturbation in view.

e We establish domain perturbation results for linear elliptic problems with Dirichlet,
Robin and Neumann boundary conditions, applicable to semi-linear problems.

e We show how to use the linear perturbation theory to deal with semi-linear problems
on bounded and unbounded domains. In particular we show how to get multiple
solutions for simple equations, discuss the issue of precise multiplicity and the
occurrence of large solutions.

e We provide abstract perturbation theorems useful also for perturbations other than
domain perturbations.

e We provide tools to prove results for linear and nonlinear equations on general
domains by means of smoothing domains and operators (see Section 8).

Our aim is to build a domain perturbation theory suitable for applications to semi-linear
problems, that is, problems where f = f(x, u(x)) is a function of x as well as the solution
u(x). For nonlinearities with growth, polynomial or arbitrary, we need a good theory for
the linear problem in L, for 1 < p < 00. Good in the context of domain perturbations
means that in all estimates there is control on domain dependence of the constants involved.
We establish such a theory in Section 2.1, where we also introduce precise assumptions on
the operators. Starting from a definition of weak solutions we prove smoothing properties
of the corresponding resolvent operators with control on domain dependence. The main
results are Theorems 2.4.1 and 2.4.2. In particular we prove that the resolvent operators
have smoothing properties independent of the domain for Dirichlet and Robin boundary
conditions, but not for Neumann boundary conditions. To be able to work in a common
space we consider the resolvent operator as a map acting on L [,(RN ), so that it becomes a
pseudo-resolvent (see Section 2.5).
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The smoothing properties of the resolvent operators enable us to reformulate a semi-
linear boundary value problem as a fixed point problem in L ,,(RN ). Which p € (1, 00)
we choose depends on the growth of the nonlinearity. The rule is, the faster the growth, the
larger the choice of p. We also show that under suitable growth conditions, a solution in
L is in fact in L. Again, the focus is on getting control over the domain dependence of
the constants involved. For a precise formulation of these results we refer to Section 3.

Let the resolvent operator corresponding to the linear problems be denoted by R, (%)
and R(A). The key to be able to pass from perturbations of the linear to perturbations of
the nonlinear problem is the following property of the resolvents:

If f, — f weakly, then R, (X) f, = R(}) f strongly.

Hence for all types of boundary conditions we prove such a statement. If R()) is compact,
it turns out that the above property is equivalent to convergence in the operator norm.
An issue connected with that is also the convergence of the spectrum. We show that the
above property implies the convergence of every finite part of the spectrum of the relevant
differential operators. We also show here that it is sufficient to prove convergence of the
resolvent in L p(RN ) for some p and some A to have them for all. These abstract results
are collected in Section 4.

The most complete convergence results are known for the Dirichlet problem (Section 5).
The limit problem is always a Dirichlet problem on some domain. We extensively discuss
convergence in the operator norm. In particular, we look at necessary and sufficient
conditions for pointwise and uniform convergence of the resolvent operators. As a
corollary to the characterisation we see that convergence is independent of the operator
chosen. We also give simple sufficient conditions for convergence in terms of properties of
the set €2, N Q°. The main source for these results is [58].

The situation is rather more complicated for Robin boundary conditions, where the type
of boundary condition can change in the limit problem. In Section 6 we present three
different cases. First, we look at problems with only a small perturbation of d2. We can
cut holes and add thin pieces outside €2, connected to €2 only near a set of capacity zero.
Second, we look at approximating domains with very fast oscillating boundary. In that
case the limit problem has Dirichlet boundary conditions. Third, we deal with domains
with oscillating boundary, such that the limit problem involves Robin boundary conditions
with a different weight on the boundary. The second and third results are really boundary
homogenisation results. These results are all taken from [51].

The Neumann problem is very badly behaved, and without quite severe restriction on
the sequence of domains €2, we cannot expect the resolvent to converge in the operator
norm. In particular the spectrum does not converge, as already noted in [40, page 420]. We
only prove a simple convergence result fitting into the general framework established for
the other boundary conditions.

After dealing with linear equations we consider semi-linear equations. A lot of this part
is inspired by Dancer’s paper [45] and related work. The approach is quite different since
we treat linear equations first, and then use their properties to deal with nonlinear equations.
The idea is to use degree theory to get solutions on a nearby domain, given a solution of the
limit problem. The core of the argument is an abstract topological argument which may be
useful also for other types of perturbations (see Section 9.2). We also discuss the issue of
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precise multiplicity of solutions and the phenomenon of large solutions. Finally, we show
that the theory also applies to unbounded limit domains.

There are many other motivations to look at domain perturbation problems, so for
instance variational inequalities (see [102]), numerical analysis (see [77,107,110,116—
119]), potential and scattering theory (see [10,108,113,124]), control and optimisation
(see [31,34,82,120]), I'-convergence (see [24,42]) and solution structures of nonlinear
elliptic equations (see [45,47,52,69]). We mention more references in the discussion on
the specific boundary conditions. Some results go back a long time, see for instance [19]
or [40]. The techniques are even older for the Dirichlet problem for harmonic functions
with the pioneering work [93].

Finally, there are many results we do not even mention, so for instance for convergence
in the L,-norm we refer to [8,9,14,23,26]. Furthermore, similar results can be proved for
parabolic problems. The key for that are domain-independent heat kernel estimates. See
for instance [7,17,47,52,59,78] and references therein. The above is only a small rather
arbitrary selection of references.

2. Elliptic boundary value problems in divergence form

The purpose of this section is to give a summary of results on elliptic boundary value
problems in divergence form with emphasis on estimates with control over the domain
dependence.

2.1. Weak solutions to elliptic boundary value problems

We consider boundary value problems of the form

Au=f inQ,

(2.1.1)
Bu=0 ondf2

on an open subset of RY, not necessarily bounded or connected. Here A is an elliptic
operator in divergence form and B a boundary operator to be specified later in this section.
The operator A is of the form

—div(AoVu +au) + b - Vu + cou (2.1.2)

with Ag € Loo(Q, RVN) a4, b € Loo(2,RY) and ¢ € Loo(S2). Moreover, we assume
that Ag(x) is positive definite, uniformly with respect to x € €2. More precisely, there
exists a constant «g > 0 such that

aol§> < £ Ag(x)§ 2.1.3)
for all £ € RY and almost all x € Q. We call «q the ellipticity constant.

REMARK 2.1.1. We only defined the operator .A on €, but we can extend it to RV by
settinga = b = 0, ¢co = 0 and A(x) := apl on Q°. Then the extended operator A also
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satisfies (2.1.3). In particular the ellipticity property (2.1.3) holds. Hence without loss of
generality we can assume that A is defined on RV,
We further define the co-normal derivative associated with A on 92 by
a
o = (Ag(x)Vu +a(x)u) - v,
av g

where v is the outward pointing unit normal to 2. Assuming that d€2 is the disjoint union
of I'y, I'; and I'3 we define the boundary operator 5 by

ulr, on 'y (Dirichlet b.c.),
ou
Bu:=4 — on I'; (Neumann b.c.), (2.1.4)
av g
ou

—— + bou on I's (Robin b.c.)
av g

with by € L (I'3) nonnegative. If all functions involved are sufficiently smooth, then by
the product rule

—vdiv(AgVu + au) = (AgVu + au) - Vv — div(v(AgVu + au))

and therefore, if 2 admits the divergence theorem, then
—/ vdiv(AgVu + au) dx
Q
= / (AoVu +au) - Vodx — [ (w(AoVu + au)) - vdo,
Q aQ

where o is the surface measure on 9. Hence, if u is sufficiently smooth and v € C'(Q)
with v = 0 on I'{, then

/ vAudx = / (AoVu +au) - Vv + (a - Vu + cou)v dx +/ bouvdo.
Q Q r

3

The expression on the right-hand side defines a bilinear form. We denote by H'() the
usual Sobolev space of square integrable functions having square integrable weak partial
derivatives. Moreover, HOl (€2) is the closure of the set of test functions C2°(2) in H L.

DEFINITION 2.1.2. Foru, v € H'(Q) we set
ap(u, v) := / (AoVu +au) - Vv + (b - Vu + cou)vdx.
Q
The expression

a(u,v) :=aop(u, v) + f bouv do
I'3

is called the bilinear form associated with (A, B).
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If u is a sufficiently smooth solution of (2.1.1), then
a(u,v) = (f,v) = / fvdx (2.1.5)
Q

forall v € C!(Q) with v = 0 on I'y. Note that (2.1.5) does not just make sense for classical
solutions of (2.1.1), but for u € H'(Q) as long as the boundary integral is defined. We
therefore generalise the notion of solution and just require that « is in a suitable subspace
V of HY(Q) and (2.1.5) forall v € V.

ASSUMPTION 2.1.3. We require that V be a Hilbert space such that V is dense in L2 (£2),
that

H(Q) — V < H'(Q),

and that

{u € CI(S_Z): suppu C Q\Fl,/

bolu|> do < oo} cV.
I3

If I'3 is nonsmooth we replace the surface measure o by the (N —1)-dimensional Hausdorff
measure so that the boundary integral makes sense. We also require that

2 ~1 2 1/2
lully = (21 g, + o Nun/bol3, ) (2.1.6)
is an equivalent norm on V.
We next consider some specific special cases.

EXAMPLE 2.1.4. (a) For a homogeneous Dirichlet problem we assume that I'y = 9
and let V := HO1 (). For the norm we can choose the usual H'-norm, but on bounded
domains we could just use the equivalent norm ||Vu|[,. More generally, on domains 2
lying between two hyperplanes of distance D, we can work with the equivalent norm
[IVu|>» because of Friedrich’s inequality

lullz < D|IVull2 (2.1.7)

valid for all u € HO1 (2) (see [111, Theorem I1.2.D]).

(b) For a homogeneous Neumann problem we assume that ', = 92 and let V :=
H' () with the usual norm.

(c) For a homogeneous Robin problem we assume that I'3; = 9<2. In this exposition we
will always assume that €2 is a Lipschitz domain when working with Robin boundary

conditions and choose V := H!(). On a bounded domain we can work with the
equivalent norm
vlly == AIVull3 + lul] o) (2.1.8)

(see [111, Theorem IIL.5.C] or [56]). It is possible to admit arbitrary domains as shown in
[11,56].

We finally define what we mean by a weak solution of (2.1.1).



8 D. Daners

DEFINITION 2.1.5 (Weak solution). We say u is a weak solution of (2.1.1) if u € V and
(2.1.5) holds for all v € V. Moreover, we say that u is a weak solution of A = f in Q if
u € H/ () such that (2.1.5) holds for all v € C°(Q).

Note that a weak solution of 4 = f on Q does not need to satisfy any boundary
conditions. As we shall see, it is often easy to get a weak solution in 2 by domain
approximation. The most difficult part is to verify that it satisfies boundary conditions. We
next collect some properties of the form a(-, -) on V. In what follows we use the norms

N 1/2 N 12
. 2 . 2
1Alloo = (Z ||a,-,-||oo> and [|allo := (Z ||az~||oo)

i, j=I1 i=1
for matrices A = [a;;] and vectors a = (ay, ..., an).

PROPOSITION 2.1.6. Suppose that (A, B) is defined as above. Then there exists M > 0
such that

la(u, v)| < Mullvivilv (2.1.9)
forallu,v € V. More precisely we can set
M = ||Alloo + llalloo + lIblloc + llcolloo + 0.

Moreover, if we let
1
Ma = Il _ b~ 2.1.10
A= llcg lloo + o0 lla + b5, ( )

where ay is the ellipticity constant from (2.1.3), then

@0 2 2

7||Vu||2 < aop(u,u) + Agllull; (2.1.11)
forallu € H'(Q). Finally, setting Ay 1= A4 + ag/2 we see that

&00)

S lully < atu, ) + rollull3

forallu e V.

PROOF. By the Cauchy—Schwarz inequality and the definition of ag(-, -)
lao(u, v)| < [[AVull2[[Vvll2 + [laull2Vvll2 + 16Vull2|lvll2 + llcoull2[lv]l2
< Al Vull2l[Vullz + llallco lull2 VY2
+ bl Vull2lvll2 + llcollocllull2[lv]12
= ([Alloo + llalloo + l1bllec + licollco) lllv vV

for all u, v € V. Similarly for the boundary integral

/ bouvdo < |lu\/boll L, llvvboll L,y < aollullviiviv
I3
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for all u, v € V, where we used (2.1.6) for the definition of the norm in V. Combining the
two inequalities, (2.1.9) follows. We next prove (2.1.11). Given u € H' (), using (2.1.3)
we get

aollVul3 < / (AVu) - Vudx
Q

<ao(u,u) — / (a+b)u-Vu+ c0_|u|2dx

Q
< ao(u,u) + lla + blloollull2 [ Vull2 + llcy lloollul3

1 2 2, % 2 — 2
<ao(u,u) + 270”(1 + bl llull; + ?IIVMIIZ + llcg lloolluellz

if we use the elementary inequality xy < x2/2e + ey?/2 valid for x,y > Oand ¢ > 0
in the last step. Rearranging the inequality we get (2.1.11). If we add a0||u||% /2 and the
boundary integral if necessary to (2.1.11), then the final assertion follows. U

2.2. Abstract formulation of boundary value problems

We saw in Section 2.1 that all boundary value problems under consideration have the
following structure.

ASSUMPTION 2.2.1 (Abstract elliptic problem). There exist Hilbert spaces V and H such
that V < H and V is dense in H. Suppose there exists a bilinear form

a(-,-): VxV—->R

with the following properties. There exists a constant M > 0 such that

la(u, v)| = Mlullvilvlv (2.2.1)
for all u, v € V. Also, there exist constants o > 0 and Ag > 0 such that

allully < au,u) + rollull; (222)
forallu e V.

By assumption on V and H we have
Ve HV

if we identify H with its dual H' by means of the Riesz representation theorem with both
embeddings being dense. In particular

[, V)| < llullyllully

for all u,v € H and duality coincides with the inner product in H. By (2.2.1) the map
v — a(u, v) is bounded and linear for every fixed u € V. If we denote that functional by
Au € V’, then

a(u,v) = (Au, v)
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forall u, v € V. The operator A: V — V'’ is linear and by (2.2.1) we have A € L(V, V')
with

Al zev,vy < M.

We say A is the operator induced by the form a(-, -). We can also consider it as an operator
on V' with domain V.

THEOREM 2.2.2. Let A € L(V, V') be defined as above. Then A is a densely defined
closed operator on V' with domain V. Moreover,

[A0, 00) C 0(—A), (2.2.3)
and

1O+ A gy <o (2.2.4)
Sforall & > Xo.

PROOF. From the Lax—Milgram theorem (see [62, Section VI.3.2.5, Theorem 7]) it
follows that (A\] + A)~! € £(V’, V) exists for every A > Ag. In particular (Aol + A~ le
LV, V')since V<> V', s0 (Aol +A)~!isclosed on V. As the inverse of a closed linear
operator is closed we get that Aol + A. Hence A is closed as an operator on V'. Since V is
dense in H by assumption, V is dense in V' as well. Also from the above, (2.2.3) is true.
Nextlet f € V' andu € V with Au + Au = f. If L > Ao, then

allully < atu,u)+ rllullyy = (fou) < 1y llully,

from which (2.2.4) follows by dividing by |ju||y . O

We now look at the abstract elliptic equation
Au+dou=f inV/, (2.2.5)
which is equivalent to the “weak” formulation that # in V with
a(u, v) + ro(u, v) = (f,v) (2.2.6)

for all v € V. We admit f € V’ in both cases, but note that for f € H, the expression
(f, v) is the inner product in H. The above theorem tells us that (2.2.5) has a unique
solution for every f € V’ whenever A > 1¢. We now summarise the values for Aq for the
various boundary conditions.

EXAMPLE 2.2.3. (a) If © is a bounded domain, or more generally if 2 is an open set lying
between two parallel hyperplanes, then (2.1.7) shows that || Vu||, is an equivalent norm on
HOl (£2). Hence according to Proposition 2.1.6 we can choose Ao := A 4 in Theorem 2.2.2.

(b) In general, the Neumann problem has a zero eigenvalue. Hence by Proposition 2.1.6
we choose Lo = A4 + ap/2.
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(c) In Example 2.1.4(c) we introduced the equivalent norm (2.1.8). If the boundary co-
efficient by is bounded from below by a positive constant 8 > 0, then by Proposition 2.1.6

1

B
11

< 2max{—, —} <a0(u,u)+)\A||u||§+/ bouzdo). (2.2.7)
ap B a0

1 oo
IVull3 + llull} o) < 2max {a—o, } (7||w||§ +ﬂ||u||%2<ag>)

Hence in Theorem 2.2.2 we can choose Ag := A 4 if Q2 is a bounded Lipschitz domain and
bo > B for some constant 8 > 0.

We frequently look at solutions in spaces other than V. To deal with such cases we look
at the maximal restriction of the operator A to some other Banach E space with E < V’.
We let

D(Ag) :={ueV:Au € E}
with Apu := Au forall u € D(AEg) and call A the maximal restriction of A to E.

PROPOSITION 2.2.4. Suppose that Ag is the maximal restriction of A to E — V' and
that W1 + A)~(E) C E for some A € o(—A). Then Ag is closed and o(A) C o(AE).

PROOF. We first prove Ag is closed. Suppose that u, € D(Ag) with 4, — u and
Au, — vin E. As E — V'’ convergence is also in V'. Because A is closed in V'
with domain E we conclude that u € V and Au = v. We know that u,v € E, so
v € D(Ag) and Agu = v, proving that Ag is closed. By assumption (A +A)"YE)CE.
Because A/ + Afg is closed, also its inverse is a closed operator on E. Hence by the
closed graph theorem (A1 + Ag)~! € L(E). In particular, the above argument shows that
0(A) C o(Ap). O

As a special case in the above proposition we can set E := H. Sometimes it is useful to
prove properties of the operator A via the associated semigroup it generates on H. A proof
of the following proposition can be found in [64, §XVII.6, Proposition 3].

PROPOSITION 2.2.5. Under the above assumption, — Ay generates a strongly continuous
analytic semigroup e~!AH on H. Moreover,

A+ A7 <
I e = 5

forall & > Xy.

PROOF. We only prove the resolvent estimate. If u = (AI + A)~! f for some A > Ag and
f € H, then

O =2l < aCu,u) + Allull?y = (fou) < | flallula.

If we rearrange the inequality, then the resolvent estimate follows. O
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2.3. Formally adjoint problems

When working with non-selfadjoint problems it is often necessary to consider the adjoint
problem. Suppose that a(-, -) is a bilinear form on a Hilbert space V < H as in the
previous section. We define a new bilinear form

a®:VxVv->R
by setting
at(u,v) :=av, u) (2.3.1)

forall u,v € V. If a(-, -) satisfies (2.2.1) and (2.2.2), then clearly a®(-, -) has the same
properties with the same constants M, o and Ag. We denote the operator induced on V by
AF. Tt is given by

an(u, v) = (Aju, v)
forall u, v € V. We now relate A” to the dual A’ of A.

PROPOSITION 2.3.1. Suppose a(-, ) is a bilinear form satisfying Assumption 2.2.1 and
a®(-,-) and A? as defined above. Then A' = A* € L(V,V'). Moreover, Ay = AI}{ 1S
L(H, H) is the adjoint of the maximal restriction Ag. Finally, if a(-,-) is a symmetric
Sform, then Ay is self-adjoint.

PROOF. Since every Hilbert space is reflexive V/ = V and so A" € L(V", V) =
L(V,V'). Now by definition of A and A" we have

(Au,v) = a(u,v) = a(v,u) = (Aﬁv, u)
for all u, v € V. Next look at the maximal restriction A g. From the above
(Anu,v) = (u, Afv)

forall u € D(Apy) and all v € D(A%), so A}, = A%, Finally, since A’ = A% = A

if A is a symmetric form, the maximal restrictions Ay and A}Il, are the same, so Ay is
self-adjoint. O

Let us now look at boundary value problems (A, B) given by (2.1.2) and (2.1.4)
satisfying the assumptions made in Section 2.1. Let a(-, -) be the form associated with
(A, B) as in Definition 2.1.2. Then a®(-, -) is the form associated with the formally adjoint
boundary value problem (A", B*) given by

AP = —div(AL (x)Vu + b(x)u) + a(x) - Vu + cou (2.3.2)
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Table 2.1. Constants in (2.4.1) for Dirichlet problems

Condition on 2 Value of d Value of A9 Value of ¢,

N > 3, any Q N A c(N)/ag

N =2,any Q anyd € (2,00) Agq+ap/2 c(d)/ap

N = 2, Q between parallel anyd € (2,00) Ay c(d)(1 + Dz)/ao

hyperplanes of distance D

and
ulr, on I'; (Dirichlet b.c.),
ou
By = o on I', (Neumann b.c.), (2.3.3)
a
" + bou on I'3 (Robin b.c.),
aVA:
where
ad
L= (AT )V + b)) - v.
8\{,411

Note that (A%, B%) has the same structure as (A, B) with A replaced by its transposed Ag
and the roles of @ and b interchanged. If A and A? are the corresponding operators induced
on V and H, then all the assertions of Proposition 2.3.1 apply.

2.4. Global a priori estimates for weak solutions

In our treatment of domain perturbation problems, global L ,-L,-estimates for weak
solutions to (2.1.1) play an essential role, especially in the nonlinear case with f depending
on u. We provide a simple test to obtain such estimates and apply them to the three
boundary conditions. The estimates are only based on an embedding theorem for the space
V of weak solutions introduced in Section 2.1.

As it turns out, the key to control the domain dependence of L ,-estimates for solutions
of (2.1.1) is the constant in a Sobolev-type inequality. More precisely, let a(-, -) be the
form associated with the boundary value problem (A, B) as given in Assumption 2.1.2.
We require that there are constants d > 2, ¢, > 0 and A9 > 0 such that

34/ < calau, u) + rollul3) 24.1)

for all u € V, where V is the space of weak solutions associated with (A, B). We always
require that V satisfies Assumption 2.1.3. Note that d = N is the smallest possible d
because of the optimality of the usual Sobolev inequality in H(} (£2). To obtain control over
domain dependence of the constants d, ¢, and Xp, we need to choose d larger in some
cases. Explicit values for the three boundary conditions are listed in Tables 2.1-2.3. In
these tables, the constant ¢(-) only depends on its argument, « is the ellipticity constant
from (2.1.3), and A 4 is given by (2.1.10). Proofs of (2.4.1) for the various cases are given
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Table 2.2. Constants in (2.4.1) for Robin problems if by > g for some g > 0
Condition on 2 Value of d  Value of Ay  Value of ¢,
N=>2|Ql <oo 2N A c(N)(1+|Q|1/N)max{$,%}
N>2,IQ <oco 2N a + ao/2 C(N)max{i,%}

@0

Table 2.3. Constants in (2.4.1) for Neumann problems

Condition on £2 Value of d Value of Ay  Value of ¢,

N > 3, cone condition N A+ ap/2  c(d,cone)/ag
N = 2, cone condition any d € (2, 00) Aq+ap/2  c(d, cone)/ag
N > 2, special class of Q d > 2 depending on 2 Aq+ap/2  c(d,class)/ag
No condition on 2 “d = 00” no smoothing N/A N/A

in Sections 2.4.2 and 2.4.3. It turns out that there are domain-independent estimates and
smoothing properties for Dirichlet and Robin boundary conditions, but not for Neumann
boundary conditions.

THEOREM 2.4.1. Suppose that @ C RN is an open set and u € V is a weak solution of
(2.1.1). If (2.4.1) holds, then there exists a constant C > 0 only depending ond and p > 2
such that

lullap/a—2p) < caCULLNp + 2ollullp) (2.4.2)
if p e [2,d/2), and

lulloo < caC U fllp + Aollullp) + lullp (2.4.3)
or

lulloo < caCUIfllp + 2ollullp) + llull2a/@-2) (2.4.4)

if p > d/2. Moreover, if \o = 0 oru € L,(R2) (if |2| < oo for instance), then the above
estimates are valid for p € [2d/(d + 2), 2) as well.

PROOF. Let A be the operator induced by the form a(-,-) on V. Given u € V we set
Ug = |u|92u for g > 2. Assuming that (2.4.1) holds, it follows from [57, Proposition 5.5]
that

q
”M”gq/(d,2) = Cu§(<Auy uqg) + (g — DAo(u, uq))

forall g > 2 and u € V for which the expression on the right-hand side is finite. Then we
apply [57, Theorem 4.5] to get the estimates. Compared to that reference, we have replaced
the term ||u|| , by [[u|l24/@—2) in (2.4.4). We can do this by replacing g¢ in equation (4.11)
in the proof of [57, Theorem 4.5] by go := 1 + % and then complete the proof in a
similar way. Finally, the limitation that p > 2 comes from proving that u € L ,(€2) firstif
Ao # 0. If 19 = 0, or if we know already that u € L ,(2), then this is not necessary (see
also [61, Theorem 2.5]), and we can admit p € [2d/(d + 2), 2). O
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The above theorem tells us that for p > 2 and A > X 4
O+ A" Ly(92) N La(R2) = L ()

if we set

P e .d
m(p) = a—ap TP, (2.4.5)

o0 if p>d/2

and A is the operator associated with the problem (5.1.2) as constructed in Section 2.2.
We next want to derive domain-independent bounds for the norm of the resolvent
operator by constructing an operator in L,(2) for p € (1,00). Let A denote the
maximal restriction of A to L, (£2). By Proposition 2.2.5, the operator — A3 is the generator
of a strongly continuous analytic semigroup on L,(£2). Moreover, still assuming that
(2.4.1) holds, e~*42 has an kernel satisfying pointwise Gaussian estimates and therefore
interpolates to L, (£2) for all p € (1, 00) (see [55]). Denote by —A, its infinitesimal
generator. The dual semigroup is a strongly continuous analytic semigroup on L ,(£2) and

its generator is A;,. Let Ag, be the corresponding operators associated with the formally

adjoint problem. Since (Ag)/ = Aj by Proposition 2.3.1 we get (AE,)’ = A,. We denote
the exponent conjugate to p by p’, that is,

1 1

I

p P
From [55, Theorem 5.1]

wpt

le™ 72,y < €', wpi=max{p—1,p — 1} (2.4.6)

forall > Oand p € (1, 00).

Solutions of the abstract equation (Al + Ap)u = f with f € L,(2) are called
generalised solutions of the corresponding elliptic problem in L,(2). If 1 < p <
2N /(N + 2) they are not weak solutions in general, but solutions in an even weaker
sense. Note that we defined A, by means of semigroup theory to be able to easily get
a definition for domains with unbounded measure, because for such domains we cannot
expect L ,(Q) C V' for p > 2.

THEOREM 2.4.2. Let A, as defined above and p € (1,00). Then (wp, 00) C 0o(—A))
with w, 1= max{p — 1, p" — 1}ro, and

A+ Ay7! <
(AL + Ap) ||L(Lp)_)h_wp

(2.4.7)

forall A > w,. Furthermore, for every p > 1, p # N/2, there exists a constant C > 0
only depending on d, p and c, and A, Ao such that

10T+ Ap) M2y Ly <€ (24.8)
forall & > X o. If Q2 is bounded, then (A1 + AL L,(2) — L4 (82) is compact for all

q € [p, m(p)). Finally, ifAﬁ, is the operator associated with the formally adjoint problem,
then A, = Ai,.
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PROOF. As —A, generates a strongly continuous semigroup, (2.4.6) implies that
(wp, 00) C 0(—A,) and that

o0
0L+ A" =/ e Are M g4y
0
for all A > w, (see [125, Section IX.4]). Hence (2.4.7) follows if we take into account

(2.4.6). Now for f € Lp(2) N L,(2) we have u := (Al + Ap)_1 € L,(2). Hence, if
2d/(d +2) < p < d/2, then by (2.4.2)

)
Nullap/a—2p) < caCUlf + Aullp + Xollullp) < caC <1 +5 ” ) 1l p-
— Wp

A similar estimate is obtained by using (2.4.3) if p > d/2. Now (2.4.8) follows since
L>(2) N L, (£2) is dense in L, (£2) if we choose C appropriately. If 1 < p < 2d/(d + 2),
then we use a duality argument. In that case ¢ := m(p)’ > 2d/(d — 2) and a simple
calculation reveals that p = m(q)’. Because

(W + AT € L(LgRY), Ly ®)),
by duality

(M +AD™N = I + (AD) = W+ Ap) ™ € LILpRY), Ly RY))
with equal norm. Compactness of the resolvent on L ,(£2) for 1 < p < oo follows from
[57, Section 7]. Now compactness as an operator from L ,(£2) to L, (2) for g € [p, m(p))

follows from a compactness property of the Riesz—Thorin interpolation theorem (see
[94]). O

REMARK 2.4.3. Note that the above theorem is not optimal, but it is sufficient for our
purposes. In particular the condition A > @, could be improved by various means. If A
has compact resolvent, then the spectrum of A, is independent of p because the above
smoothing properties of the resolvent operator show that every eigenfunction is in L°°(£2).
Also if p = N, then the spectrum is independent of p by [95] because of Gaussian bounds
for heat kernels (see [55]).

2.4.1. Sobolev inequalities associated with Dirichlet problems
If N > 3 there exists a constant ¢(/N) only depending on the dimension N such that

lullon/(v—2) < c(N)|Vull2 (2.4.9)

for all u € H'(RY) (see [76, Theorem 7.10]). If N = 2, then for every g € [2, 00) there
exists a constant ¢, only depending on g such that

lully < cqllull gy

for all u € H'(R?) (see [96, Theorem 8.5]). Ifg € 2,00) and d := 2qg/(q — 2), then
q = 2d/(d — 2). Hence for every d > 2 there exists ¢c; > 0 only depending on d such that

lull2asa—2) < callull grgny- (2.4.10)
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If Q is lying between two parallel hyperplanes of distance D, then using (2.1.7) we
conclude that

lull2a/@—2) < callull gigyy < cav'l+ D2||Vul (2.4.11)

forall u € H(; (£2). Combining the above with the basic inequalities in Proposition 2.1.6
we can summarise the constants appearing in (2.4.1) in Table 2.1.

The Loo-estimates for Dirichlet problems are very well known, see for instance [76,
Chapter 8]. The estimates for p < N/2 are not as widely known, and sometimes
stated with additional assumptions on the structure of the operators, see [38, Appendix
to Chapter 3], [112, Theorem 4.2] or without proof in [45, Lemma 1]. A complete proof is
contained in [57].

2.4.2. Maz’ya’s inequality and Robin problems
It may be surprising that solutions of the elliptic problem with Robin boundary conditions

Au=f inQ,

B_u +bou=0 onaQ (24.12)
v

with by > B for some constant § > 0 satisfy domain-independent estimates similar to the
ones for problems with Dirichlet boundary conditions. The estimates were first established
in [56]. In the present discussion we will only work with bounded Lipschitz domains
Q c RV, but note that the result could be generalised to arbitrary domains. We refer to
[11,56] for details.

The weak solutions of the Robin problem on a Lipschitz domain are in H!(Q) as
discussed in Example 2.1.4(c). In the usual Sobolev inequality |[u|l2n/(v—2) < cllullg1,
the constant ¢ depends on the shape of the domain as examples of domains with a cusp
show (see [2, Theorem 5.35]). Hence only a weaker statement can be true. The key is an
inequality due to Maz’ya from [100] (see [101, Section 3.6]) stating that

lullvyv—1) < c(N)YUVulls + llullL, o)
for all u € Wl1 () N C(R), where ¢(N) is the isoperimetric constant depending only on
N > 2. Substituting «? into the above inequality we get
lul3y v—1) < cCNQIuVuli + [ull],;0)
< c(NUull?, + 7, 00)- (2.4.13)

By the density of H!(Q2) N C(Q) in H'(RQ) the inequality is valid for all u € H'(Q). If Q
has finite measure, then similarly

lul3y v—1y < cNA+ DI AVEl + llull7, 00y (2.4.14)

forall u € H'(Q) with a constant ¢(N) different from the original one, but only depending
on N. Combining (2.2.7) with (2.4.13) or (2.4.14) we therefore get (2.4.1) with d = 2N
as displayed in Table 2.2.
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2.4.3. Sobolev inequalities associated with Neumann problems

The smoothing properties for Dirichlet and Robin problems we established in the previous
sections were based on the validity of a Sobolev-type inequality for functions in the space
of weak solutions with a constant independent of the shape of the domain. The space of
weak solutions for the Neumann problem

Au=f inQ,
ou
— =0 ondQ
v g

is H'(€2). In the case of the Robin problem we could use an equivalent norm on H'(£2)
involving a boundary integral. As pointed out in Section 2.4.2, the boundary integral is of
higher order than the H'-norm if the domain is bad. Hence for the Neumann problem the
constant ¢ in the Sobolev inequality

lullon/(v—2) < cllull g (2.4.15)

depends on the shape and not just the measure of 2. There are no easy necessary and
sufficient conditions for the inequality to be true. A sufficient condition is that €2 satisfies
an (interior) cone condition, that is, there exists an open cone C C RN with vertex at zero
such that for every x € 92 there is an orthogonal transformation 7 such that x+7'(C) C Q
(see [2, Definition 4.3]). The constant ¢ in (2.4.15) depends on the length and the angle of
the cone C (see [2, Lemma 5.12]). A cone condition is however not necessary for getting a
Sobolev inequality uniformly with respect to a family of domains. Shrinking holes of fixed
shape to a point is sufficient (see [53, Section 2]). Alternatively an extension property
is also sufficient. This includes domains with fractal boundary (quasi-disks) as shown in
[101, Section 1.5.1]. We could replace the cone C by a standard polynomial cusp and get
an inequality of the form

ullod)@—2y < cllull g (2.4.16)

with d > N depending on the sharpness of the cusp (see [2, Theorem 5.35] or [101,
Section 4.4]). For general domains there is no such d > 2, and there are no smoothing
properties of the resolvent operator. This corresponds to the degenerate case “d = o0”
because 2d/(d — 2) — 2 as d — oo. Combining Proposition (2.1.11) with the above we
get (2.4.1) with constants as displayed in Table 2.3.

2.5. The pseudo-resolvent associated with boundary value problems
When dealing with varying domains we want to embed our problem into a fixed large

space. In this section we want to explain how to do that. We define the inclusion
io: L,(Q) — L,(RY) to be the trivial extension

. u on £,
io(u) = {0 on Q° 2.5.1)
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We also sometimes write iz := i (u) for the trivial extension. The above extension operator
also acts as an operator

io: H) () — H'(RY).

Indeed, by definition C2°(L2) is dense in HO1 (2). We can identify C2°(2) with the set
{ueCX RN): suppu C Q}, and view HOl (£2) as the closure of C2°(2) in HYRM).
Furthermore, we let ro: L,(RY) — L, () be the restriction

ra(u) == ulq. (2.5.2)

If feH ~L(RN), then we restrict the functional to the closed subspace HOl (2) of

H'(RM) to get an element of H~!(£2). More formally we define the restriction operator
ro: H-'(RY) - H-1(Q) by

re(f) = f|HO|(Q)' (2.5.3)

On the subspace Ly(RY) of H~!(RY), the two definitions coincide. We next prove that
the operators ig and rq are dual to each other.

LEMMA 2.5.1. Let @ C RN be open. Let iq and rq as defined above and 1 < p < oc.
Then

io € L(Lp(Q), Lpy[®RY) N L(Hy (), H'RY))
and |lig|| = ||rall = 1. Moreover

in=ro€LLyRY), Ly @)NnLHTRY), H(Q)
and rg, = iq, where p' is the conjugate exponent to p.

PROOF. The first assertion follows directly from the definition of the operators. If
f e HY(@®RN) or L,y (RY), then by definition of ig and rg

(fiio)) = (ra(f), u)

for all u € C°(2). By density of C2°(2) in HOI(Q) and L,(2) we get igz = rq. By the
reflexivity of the spaces involved we therefore also have rg, = iq. O

Let (A,, B,) and (A, B) be elliptic boundary value problems on open sets 2, and £,
respectively. Suppose that A, and A are the corresponding operators induced as discussed
in Section 2.2. We can then embed the problems in R as follows.

DEFINITION 2.5.2. Let A,,, A defined as above. We set

R,(A) i=iq, (M + A 'rg, and RO :=iq I + A)"'rg

n

whenever the inverse operators exist. Similarly we define R,E () and R* (%) for the formally
adjoint problem.
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The family of operators R(A) and R, () form a pseudo-resolvent as defined for instance
in [125, Section VIIL4]. In particular they satisfy the resolvent equation

R(A) — R(u) = (. — M RA)R(1)

forall A, © € p(—A). Using Lemma 2.5.1 and the last assertion in Theorem 2.4.2 we get
the following properties of the pseudo-resolvent.

LEMMA 2.5.3. If & € 0(A), then R(A)' = R*()).

REMARK 2.5.4. From the above it also follows that we can replace (A + A)~! by R(}) in
(2.4.7) and (2.4.8) with all constants being the same.

3. Semi-linear elliptic problems

The purpose of this section is to formulate semi-linear boundary value problems as a fixed
point equation in L p(RN ). Then we derive an L-estimate for solutions in terms of an
L »-norm, provided the nonlinearity satisfies a growth condition.

3.1. Abstract formulation of semi-linear problems

We now want to look at properties of weak solutions of the semi-linear boundary value
problem

Au = f(x,u(x)) ing,

(3.1.1)
Bu=0 on 9L,

where (A, B) are as discussed in Section 2.1. We use the smoothing properties from
Section 2.4 to show that under suitable growth conditions on f, the boundary value
problem (3.1.1) can be viewed as a fixed point equation in L p(RN ) for a some range
of p € (1, 00).

We assume that V ¢ H' () is the space of weak solutions for the boundary conditions
under consideration as introduced in Section 2.1 and discussed in detail for different
boundary conditions in Section 2.4. We also assume that f: Q@ x R — R is a function
with properties to be specified. Given u: 2 — R we define the superposition operator
F(u) by

Fu)(x) == f(x,u(x)) (3.1.2)
for all x € 2, provided that F(u) € V'. We call u € V a weak solution of (3.1.1) if
a(u,v) = (F(u), v)

forall v € V. Here a(-, -) is the form associated with (A, B) as in Definition 2.1.2. If A is
the operator induced by (A, B) we can rewrite (3.1.1) as

Au = F(u). (3.1.3)

To be able to show that F(«) € V’ we need to make some assumptions on f.
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ASSUMPTION 3.1.1. Suppose that f: 2 x R — R is a Carathéodory function, that is,
f(,&): @ — Ris measurable for all £ € R, and f(x,-) € C(R) for almost all x € .
Further suppose that there exist a function g € L1(2) N L+ (€2) and constants | < y < oo
and ¢ > 0 such that

Lf(x, )] < g(x) + cl§]” (3.1.4)
forall (x,&) € 2 x R.

The above growth conditions on f lead to the following mapping properties of the
superposition operator.

LEMMA 3.1.2. Suppose that f satisfies Assumption 3.1.1 with 1 < y < p. Then the
corresponding superposition operator F is in C(L,(82), L/, (£2)). Moreover,

IF @y <18l + 118l + cllull}
forallu € L,(R2).

PROOF. By [6, Theorem 3.1] we have

1—
WE @) psy < 1817y +clluly < 1817 lglloa”” + cliul .

Then use Young’s inequality to get

1- 14 14
IIgII]y/pllgllooy/” < ;Ilglll + (1 - ;) llglloo < llgllt + 1&g lloo-

Continuity is proved in [6, Theorem 3.7]. O

Note that [6, Theorem 3.1] shows that the growth conditions are necessary and sufficient
for F to map L,(Q2) into L,;,(2). In particular, if F maps L,(2) into itself and
p € (1,00), then y = 1, thatis, f grows at most linearly.

From now on we assume that (2.4.1) is true for all v € V. Then by Theorem 2.4.2

O+ A) ™1 € LIL () N L(LH(R), Lin(p)(R))

for all A € o(—A) with m(p) given by (2.4.5). If we fix A € o(—A), then we can rewrite
(3.1.3) as Au + Au = F(u) + lu and hence in form of the fixed point equation

u= I+ A)"YFu) + ).

To be able to consider this as an equation in L, (£2) we need that the right-hand side is in
L,(2)ifu € L,(2). Taking into account Lemma 3.1.2 and the smoothing property of the
resolvent we need that m(p/y) > p. When looking at boundedness of weak solutions and
convergence properties with respect to the domain it is necessary to require m(p/y) > p,
or equivalently,

2
l<y< 1+7p. (3.1.5)

Because every weak solution of (3.1.1) lies in Lyg/g—2)(£2) we can assume that p >
2d/(d — 2). Then automatically 1 < y < p as required in Lemma 3.1.2.



22 D. Daners

PROPOSITION 3.1.3. Suppose that (A, B) is such that (2.4.1) holds for some d > 2.
Moreover, let 2d/(d — 2) < p < oo such that Assumption 3.1.1 holds with y satisfying
(3.1.5). Fix & € o(—A) and set

Gw) := W + A (F@) + ru).
Then G € C(L,(2), L,(2)) and

1Ga < IRzt (18l + glloe + cllull)y)
+ IR 2o llull (3.1.6)

forall u € L,(R2). Furthermore, if Q is bounded, then G is compact, that is, G maps
bounded sets of L ,(§2) onto relatively compact sets of L ,(2). Finally, u € L,(2) NV is
a weak solution of (3.1.1) if and only if u is a fixed point of

u=G(u)
in Lpy().
PROOF. By Lemma 3.1.2, F € C(L,(2), L/, (2)) is bounded with

IE@)psy < llglh + gl + cllullp,

so F' is bounded. Clearly (3.1.5) implies m(p/y) > p, so Theorem 2.4.2 shows that
R(\) € L(Lp/y(R2), Lp(2))NL(L,(£2)) with the operator being compact if €2 is bounded.
Hence G is continuous as claimed and compact if €2 is bounded. From the definition of G

IG@p = IR £y, ) IF @l psy + AR £z el p-
Combining it with the estimate of || F(u)]|,/, from above we obtain (3.1.6). The last

assertion is evident from the definition of G. O

REMARK 3.1.4. Because every weak solution lies in Lyg/(4—2)(£2) the above condition is
automatically satisfied if y < (d + 2)/(d — 2), that is, the growth is subcritical for the
exponent d.

3.2. Boundedness of weak solutions

We apply results from Section 2.4 to show that weak solutions of (2.1.1) are in L if they
arein L p(RN ) and the nonlinearity satisfies a growth condition.

THEOREM 3.2.1. Suppose that (A, B) is such that (2.4.1) holds for some d > 2 and
Ao > 0. Moreover, let p > 2d/(d — 2) such that Assumption 3.1.1 holds with y satisfying
(3.1.5). Suppose that u € V N L,(R) is a weak solution of (3.1.1). If Ao = 0, then
u € Lo (2) and there exists an increasing function q: [0, co) — [0, 00) such that

lulloo < ‘](”u”p)

That function only depends on y, p, an upper bound for | gll1 + ||gllco and c from
Assumption 3.1.1 and the constants cy, C from Theorem 2.4.1.
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If v > O and in addition u € L/, (), then u € Lo (£2) and
lulloo = g(lluellp, lluellp/y)

with the function q also depending on ).

PROOF. Suppose that u € L,(£2) is a solution of (3.1.1) with p and y satisfying (3.1.5).
We set

Pi+1 i=m(pi/y) and  po:=p
and note that po/y = p/y > 2d/(d + 2). Using (2.4.2) with Ao = 0 and Lemma 3.1.2
Il pyr < CaCIF @ pesy < caC gl + llglloo + i) (3.2.1)

as long as p; < yd/2. From (3.1.5) the sequence (py) is increasing. Hence, again using
(3.1.5) we get

dpi ( d 1)
Pk+1 — Pk ==~ —DPk=\—7 "=~ — Dk
- dy —2px dy —2pi

d 1 0
—_— >
dy —2p P

as long as py/y < d/2. Therefore we can choose m € N such that p,, < yd/2 < pp+1.
Then by (2.4.2) and Lemma 3.1.2

v

lulloo < caClIF @ ppir sy + 1l py
< caCllglt + gl + lluell ) + lluell (3.2.2)

and we are done. We now obtain the L,-bound for u by applying (3.2.1) inductively to
k = 0,...,m, and finally using (3.2.2). It is now obvious how to define the function ¢
having the required properties. If A¢g > 0, then (3.2.1) has to be replaced by

Nl pryy < ca CUF @l pyyy + Aolluell pryy)
< caClight + llgloo + lulpy, + ollul pesy)-

Now the assertion follows in a similar manner as in the case Ao = 0. O

REMARK 3.2.2. On domains with finite measure we often work with (3.1.4), where g is a
constant. In that case dependence on ||g|l; = g|€2| means dependence on the measure of
the domain and the magnitude of g. Moreover, if €2 has finite measure, then the condition
u € Ly, (82) is automatically satisfied because p/y < p.

4. Abstract results on linear operators

Many convergence properties of the resolvents reduce to an abstract perturbation theorem.
We collect these results here. The first is a characterisation of convergence in the operator
norm if the limit is compact. Then we discuss a spectral mapping theorem and how to
apply it to get continuity of the spectrum and the corresponding projections. Finally we
use an interpolation argument to extend convergence in L, (RN for some p to all p.
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4.1. Convergence in the operator norm

The aim of this section is to prove a characterisation of convergence in the operator norm
useful in the context of domain perturbations. Recall that a sequence of operators (7;,) on
a Banach space E is called strongly convergent if T,, f — Tf forall f € E.

PROPOSITION 4.1.1. Suppose that E, F are Banach spaces, E is reflexive and that
T,. T € L(E, F). Then the following assertions are equivalent.

(1) T is compactand T, — T in L(E, F);

2) T, fu — Tf in F whenever f,, — f weakly in E;

(3) T,, — T strongly and T,, f, — 0 in F whenever f, — 0 weakly in E.

PROOF. We first prove that (1) implies (2). Assuming that f, — f weakly in £ we have

ITwfo = TflIlF < Th = Tlee, )l falle + 1T (fo = DIlF-

The first term on the right-hand side converges to zero because 7,, — T in L(E, F) by
assumption and weakly convergent sequences are bounded. By compactness of 7 and
since f,, — f — 0 weakly in E, also the second term converges to zero, proving (2).

Clearly (2) implies (3) so it remains to prove that (3) implies (1). We start by showing
that 7' is compact. Because E is reflexive we only need to show that Tf,, — 0 in F
whenever f, — 0 weakly in E (see [39, Proposition VI.3.3]). Assume now that f, — 0
weakly in E. Clearly (2) in particular shows that 7,, — T strongly, so Ty f, — Tf, as
k — oo for every fixed n € N. Hence for every n € N there exists k,, > n such that
1Tk, fu = TfullF < 1/n, and thus

ITfullr = T fu = Tiy fallF + 1Tk, (fr = S P+ 1 T, S | F

1
= - F Tk, (fo = Ju)IF + I Tk, fio Il -

A

By assumption || Tk, fi, |F — O0asn — oo since f, — 0and likewise || Tk, (fu—fi,) |l F —
0 asn — oo because f, — fi, — 0. Hence the right-hand side of the above inequality
converges to zero as n — 00, so T f, — 0in F and thus T is compact.

To prove that 7, converges in L(E, F), we assume to the contrary that this is not the
case and derive a contradiction. Then there exist &¢ > 0 and f, € E with || f,|| = 1 such
that ¢ < ||T, fn — TfullF for all n € N. As bounded sets in a reflexive space are weakly
sequentially compact there exists a subsequence ( f,,) such that f,,, — f weakly in E.
Therefore

0<e < “Ti’lkf”lk - Tfl’lk”F
<N g = OVF + 1T £ = TFNr + 1T = fu)llF- “4.1.1)

The first term converges to zero by assumption as f,, — f — 0 weakly in E. The second
term converges to zero as 7, — T strongly, and the last term converges to zero as 7 is
compact and f — f,, — 0 weakly in E. However, this contradicts (4.1.1), showing that T},
must converge in L(E, F). Hence (1) holds, completing the proof of the proposition. [

Note that we do not require the 7,, to be compact. Hence the sequence of operators is
not necessarily collectively compact as in [5].
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4.2. A spectral mapping theorem

When looking at domain perturbation problems we embedded the problems involved into
one single space by making use of inclusions and restrictions as introduced in Section 2.5.
The purpose of this section is to show that we can still apply the standard perturbation
theory of linear operators to show continuity of the spectrum and the corresponding
projections.

Suppose that E, F are Banach spaces, and that A is a closed densely defined operator on
F with domain D(A). Moreover, suppose that there exist i € L(F, E) and r € L(E, F)
such that ri = Ir. For A € o(A) we consider the pseudo-resolvent

RO :==i(AI — A~ 'r.

We then have the following spectral mapping theorem. A pseudo-resolvent is a family of
linear operators satisfying the resolvent equation

R() — R(p) = (u — 2)RMA)R ()
for A, i in some open subset of C.

PROPOSITION 4.2.1. Suppose that A € o(A), and that  # ,. Then u € o(A) if and only
if (w — 1)~ € o(R(N)). If that is the case, then

1 1 -
R(n) = R(A) < I — R(A)) . 4.2.1)
w—»A n—»x

PROOF. Replacing A by AIr — A we can assume without loss of generality that A = 0
and thus A~! € L(F). Now 0 # u € o(A) if and only if 1/u € o(A™") (see
[92, Theorem II1.6.15]), so we only need to prove that 1/ € o(R(0)) if and only if
1/ € 0(A™1). To do so we first split the equation

LI ROu=f 4.2.2)
0

into an equivalent system of equations. Observe that P := ir is a projection. If we
set E1 := P(E) and E> := (I — P)(E), then E = E| & E,. By construction, the
image of R(0) isin Ey. Asr = rP we have PR(0) = R(0)P. Setting u; := Pu and
up := (Ig — P)u, equation (4.2.2) is equivalent to the system

<%IE - R(O)) uy = Pf, (4.2.3)

lm = (I —P)f. 4.2.4)
"

Assume now that u € o(A™"), and fix f € E arbitrary. It follows that u; :=
i(w ' — A~Y)~LPf is the unique solution of (4.2.3), and up = u(I — P)f is the
unique solution of (4.2.4). Hence u := u; + u» is the unique solution of (4.2.2) and the
map f — (u1, up) is continuous, showing that 1/ € o(R(0)).
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Next assume that 1/ € o(R(0)), and that g € F is arbitrary. Set f := i(g) and note
that Pf = f inthat case. By assumption (4.2.3) has a unique solutionu;. As(/—P)f =0
the solution of (4.2.4) is zero. Hence r(u1) is the unique solution of (W' —AhHu=g,
showing that 1/ € o(A~"). We finally prove identity (4.2.1), provided A, i € o(A). By
the resolvent equation

0L — A =@l — A U — O — I — AT,
Using that ri = I this yields
ROY =i(ulp — A "Upr — O — wrid — A)~'r)

=i(ulr —A)~'r(g — o= wiGd — A)7'r)
=R(wUg — (A —w)RQ))

1
=@ =R (/\ _MIE - R(k))-

As we know that (A — u)_l € 0(R(A)), identity (4.2.1) follows by rearranging the above
equation. O

4.3. Convergence properties of resolvent and spectrum

We consider a situation similar to the one in Section 4.2, but with a sequence of closed
operators A, defined on Banach spaces F,, with domains D(A,). Moreover suppose that
there exist a Banach space E and operators i, € L(F,, E) and r € L(E, F,) such that
ruin = If,. We also deal with a limit problem involving a closed densely defined operator
A on a Banach space F. For A € 9(A;) N o(A) we consider the pseudo-resolvents

Ry(A) := in(M — Ay) "'y and RO =i — A"l

similarly as in the concrete case of boundary value problems in Section 2.5. We then have
the following theorem about convergence of the pseudo-resolvents.

THEOREM 4.3.1. Suppose that R,(A) — R(A) in L(E) for some A € C. Then, for every
€ 0(A) we have u € 9(Ay,) forn € N large enough, and R, (i) — R(u) in L(E).

PROOF. Suppose that R, (A) — R(A) in L(E) for some A € C, and that u € o(A). By
Proposition 4.2.1 we have (u — M le o(—R(})) and so [92, Theorem IV.2.25] implies
that (u — A)~! € (=R, (1)) if only n is large enough. Applying Proposition 4.2.1 again
we see that u € 0(A,) if n is large enough. Using (4.2.1) we get

1 1 -1
lim R,(u) = lim ——R, (A)( I — R,,(A))
n—00 nw—A

n—o00 I,L —_

1
= m’“”(

| -1
— e - RO»)) = R(w)
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in L(E). Here we use that the map T +— (al — T)~! is continuous as a map from
L(E) into itself if &« € o(T) (see [121, Theorem IV.1.5]). This completes the proof of the
theorem. O

From the above we get the upper semi-continuity of separated parts of the spectrum
and in particular the continuity of every finite system of eigenvalues. Recall that a
spectral set is a subset of the spectrum which is open and closed in the spectrum.
To every spectral set we can consider the corresponding spectral projection (see [92,
Section II1.6.4]). The following properties of the spectral projections immediately follow
from [92, Theorem IV.3.16] and Proposition 4.2.1.

COROLLARY 4.3.2. Suppose that R,(A) — R(A) in L(E) for some A, € C, that
¥ C o(—Agq) C Cis a compact spectral set, and that I is a rectifiable closed simple
curve enclosing X, separating it from the rest of the spectrum. Then, for n sufficiently
large, o (Ay) is separated by T into a compact spectral set ¥, and the rest of the spectrum.
Denote by P and P, the corresponding spectral projections. Then the dimension of the
images of P and P, are the same, and P, converges to P in norm.

REMARK 4.3.3. As a consequence of the above corollary we get the continuity of every
finite system of eigenvalues (counting multiplicity) and of the corresponding spectral
projection. In particular, we get the continuity of an isolated eigenvalue of simple algebraic
multiplicity and its eigenvector when normalised suitably (see [92, Section IV.3.5] for these
facts on perturbation theory).

In all cases of domain perturbation we look at, we have that the resolvents R, (1) act on
LP(RN) for all p € (1, 0o) with image in L, (p) (RN with m(p) given by (2.4.5).

THEOREM 4.3.4. Suppose that for every p € (1, 00) there exists M, A > O such that

IRl 2,y + IRe MLy, L) =M (4.3.1)

foralln € N. If R()) is compact on L ,(R2) for some p € (1,00) and » € o(A), then it
is compact for all p € (1,00) and all A € o(A). Moreover, the following assertions are
equivalent:
(1) There exist po € (1,00) and A > O such that R,(A) f, — RQA)f in LPO(RN)
whenever f, — f weakly in L p(RN ).
(2) There exist py € (1, 00) and A > 0 such that R,(A) — R(X) in L(Lp, (RMY),
(3) Forevery A € 9(A) and p € (1, 00) we have R,(A) f — R(A) fin L, (]RN)for all
q € [p, m(p)), whenever f, — f weakly in L,,(]RN).
(4) Forevery A € o(A) and p € (1, 00)
R,(A) — RV in L(L,(RY), L,(RV))
forall g € [p, m(p)).

Assertions (2) and (4) are equivalent without the compactness of R(A).
PROOF. The equivalence of (1) and (2) follow directly from Proposition 4.1.1. We show

that (2) implies (4). Note that the argument does not make use of the compactness of R()).
Together with Theorem 4.3.1 it follows from (2) that R,(A) — R(}\) in E(LP(RN)) for
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all A € po(A). Fix p € (1,00) and then p; € (1, 00) such that either pg < p < pi
or po > p > po. Choose L € o(A) such that (4.3.1) holds for p = p;. Then by the
Riesz—Thorin interpolation theorem

IRy () = RGIzcw,) < 1RaG) = RGIILL IR () = ROz,

< @M)?||R,(}) — R (f\)”lc_(im)

if we choose 6 € (0, 1) such that

1 1-6 0
= +

Do P1

(see [22, Theorem 1.1.1]). Hence R,(A) — R(A) in L(LP(RN)). If p < q < m(p), then
again by (4.3.1) and the Riesz—Thorin interpolation theorem
IRy () = RWILw, L, < 1RaG) = RO EL IR = ROy, 4

< @MY |Ry(3) ~ RO

m(p))

with 6 € (0, 1) such that

1 1-6 0

q p m(p)’

Hence R,(A) — R() in L(L,(RY), L,(RY)) for all ¢ € [p,m(p)). Recall that we
had fixed A for this argument. Let u € o(A) be arbitrary with A # u. Since the map
T +— (af — T)~! is continuous as a map from L(E) into itself if « € o(T) (see [121,
Theorem IV.1.5])

Sp = ! ! 1 R,(}) o — § = ! ! 1 R()\) o
n-—M_)\ M_)\E n ._M_)\ M_)\E
in E(L,,(RN)). Hence, using the identity (4.2.1),

IRy (1) — RGN £L,.Ly) = IRn (W) Sn — RSl 2L, Ly)
S HRaM e L) ISn — Sllew,) + 1Ra () = RMler, LIS 2,

for all n € N. Using what we have proved already, we get R,(u) — R(w) in
L(L,RN), Ly@®RN)) for all g € [p,m(p)). Since all operators R()) interpolate, a
compactness property of the Riesz—Thorin interpolation theorem shows that R(X) is
compact as an operator in L(LP(RN)) and E(LP(RN), Ly (RM)) for all p € (1,00) and
q € [p,m(p)) if R(A) is compact (see [94]). Now the equivalence of (3) and (4) follows
from Proposition 4.1.1. O
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5. Perturbations for linear Dirichlet problems

The most complete results on domain perturbation are for problems with Dirichlet
boundary conditions. After stating the main assumptions we will give a complete
characterisation of convergence of solutions for the Dirichlet problem on a domain €2,
to a solution of the corresponding problem on €2.

Theorem 5.2.4 is the main theorem on strong convergence and Theorem 5.2.6 the main
result on convergence in the operator norm. Section 5.3 is then concerned with necessary
conditions and Section 5.4 with sufficient conditions for convergence.

5.1. Assumptions and preliminary results
Given open sets 2, C RN (N > 2) we ask under what conditions the solutions of

Anu‘i‘)\'ll:fn il’lQn,

5.1.1
u=0 onadf, ( )
converge to a solution of the corresponding problem
Au + lu = in ,
f (5.1.2)

u=0 onad

on a limit domain Q2 as n — o00. Most of the results in this section are taken from [58],
but here we allow perturbations of .4 as well. We make the following basic assumptions
on the operators A, below.

ASSUMPTION 5.1.1. We let A, be operators of the form
—div(Agn (x)Vu + a, (x)u) + by (x) - Vu + copu (5.1.3)
with Agy € LooRY, RV*N) a,.b, € Loo(RY,RY) and ¢y, € Loo(RY). Moreover,

assume that the ellipticity constant g > 0 can be chosen uniformly with respectton € N,
and that

sup{ll Aoullcos llanlloos 116n lloo, lconlloo} < 00. (5.1.4)
neN

We also assume that A is an operator of the form (2.1.2) and that

lim Ag, = Ao, lim a, = a, lim b, = b, lim ¢, = co (5.1.5)
n— 00 n—00 n—00 n—00

almost everywhere in RV,
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The condition that A, A be defined on RY is no restriction since by Remark 2.1.1 we
can always extend them to RY. The bilinear forms associated with the boundary value
problem are given by

a,(u,v) = / (Ao, Vu + ayu) - Vo + (b, - Vu + copu)v dx (5.1.6)
Q
forallu,v € HO1 (2,) and by
a(u,v) = / (AoVu +au) - Vv + (b-Vu + cou)vdx.
Q

forallu,v e HO1 (£2). Applying Proposition 2.1.6 we get the following properties.
PROPOSITION 5.1.2. Suppose that Assumption 5.1.1 is satisfied. Then there exists M > 0
such that

(e, V)| < Mlull gy 101l (5.1.7)

forallu,v € HO1 (RNY and all n € N. Moreover;
@0
S IVull3 < antu, w) + Aull;

forall A € R with

N 1
A= A= sup (”Con”oo + —llan + bn”oo) , (5.1.8)
neN 20

and

@0
5 Ml < anGue, ) + A3
for all ). € R with

x> Ao :=AA+% (5.1.9)

forall u € HO1 RNY and all n € N. Similar inequalities hold for a(-, -) with the same
constants. Finally,

lim ay,(u,, v,) = a(u, v) (5.1.10)
n— 00
ifu, — u weakly and v, — v strongly in H'(RN) or vice versa.

PROOF. The first properties follow from Proposition 2.1.6. For the last, note the following
fact. If ¢, is bounded in Lo (RY) with ¢, — ¢ pointwise and w, — w in Ly(R"), then
cpwy — cw in Lo(RY) as well. Indeed,

lenwn — cwll2 < llep(wn —w)ll2 + (e — wll2
< llenlloollwy — wll2 + [[(cn — c)wll2,
where the first term on the right-hand side converges to zero because ||, ||co is bounded and
w, — w in L(RY). The second term converges to zero by the dominated convergence

theorem. Hence under the given assumptions, every term in (5.1.6) is the L, inner product
of a strongly and a weakly converging sequence and therefore (5.1.10) follows. O
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Depending on the domains we can use ||[Vu||> as a norm on HO1 (€2), for instance if
the measure of €2,, is uniformly bounded, or if all €2, are contained between two parallel
hyperplanes. Since we do not want to restrict ourselves to such a situation we will generally
work with A > X¢ as given in (5.1.9). From the results in Section 2.2 we construct operators

An € L(H) (), H'(Q,)) and A € L(HJ(Q), H(Q)),
where by definition
H™'(Q) = (Hy ().

Generally, the right-hand side f of (5.1.2) is in H ~1(Q), so the linear functional f is
defined on the closed subspace H(} (Q) of H'(RV). By the Hahn—Banach theorem (see

[125, Theorem 6.5.1]) there exists an extension f of f with IIfIIH_l(RN) = 1fllg-1@)-

Hence we can assume without loss of generality that f € H~!(RV).
Suppose that R, (A), R(}) are given as in Definition 2.5.2. From Theorem 2.2.2 we
conclude that

[A0,00) C o(—A,) Ne(—=A),

and also the uniform estimate

2
IR 21 1y = w0 (5.1.11)

forall A > Agand alln € N.
We summarise the results of this section in the following proposition. It is a uniform a
priori estimate for weak solutions of (5.1.1) and (5.1.2).

PROPOSITION 5.1.3. If A > Ao, then

2
1R )l 2crr—1 Yy, 5T RN = %

forall n € N. A similar estimate with the same constant hold for R()).

PROOF. The claim follows by combining Lemma 2.5.3, Proposition 2.1.6, Theorem 2.2.2
and Proposition 5.1.2. O

5.2. The main convergence result

In this section we summarise the main convergence results for Dirichlet problems. The
bulk of the proof will be given in Section 5.5.

When proving that the solutions of (5.1.1) converge to a solution of (5.1.2), the following
two conditions appear very naturally.

ASSUMPTION 5.2.1. Suppose that 2, 2 C RY. The weak limit points of every sequence
up € HY () liein Hy ().
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ASSUMPTION 5.2.2. Suppose that 2, 2 C RY are open sets and for every u e HO1 (€2)
there exists u,, € H| (€2,) such that u, — u in H'(R").

If the above conditions are satisfied it is often said that €2, — € in the sense of Mosco
as this is equivalent to HO1 (2,) — HO1 (£2) as subspaces of H L(RNY in the sense of Mosco
[102, Section 1]. The conditions also appear in a more disguised form in [116], and
explicitly in [119]. A discussion in terms of capacity appears in [25].

DEFINITION 5.2.3 (Mosco convergence). We say 2, — 2 in the sense of Mosco, if the
open sets Q,, 2 C RY satisfy Assumption 5.2.1 and Assumption 5.2.2.

For the formulation of the main convergence result for Dirichlet problems we use the
notation and framework introduced in Section 5.1. In particular, R, (1) f and R(A) f are
the weak solutions of (5.1.1) and (5.1.2) extended to RV by zero. Also recall that we can
choose fy, f € HO1 (RM) without loss of generality by extending the functionals by means
of the Hahn—Banach Theorem if necessary.

THEOREM 5.2.4. If & > Ag, then the following assertions are equivalent.
(1) @, — Q2 in the sense of Mosco;

(2) R,(\) fn = R(X) f weakly in H'(RN) whenever f, — f weakly in H~'(RN);
(3) Ra(V) fn = R f in HY(RN) whenever f, — f in H-'(RN);
4) R,(A\) f — R f weakly in H'(RN) for f in a dense subset of H~'(RV).

The property that R,(A)f — R(X)f, at least in the case of the Laplace operator,
is often called the y-convergence of the solutions (see for instance [27]). Note that in
particular, the above theorem implies that convergence is independent of the operator under
consideration, a result that has been proved for a restricted class of operators in [15].

The above theorem does not say anything about convergence in the operator norm, it is
only a theorem on the strong convergence of the resolvent operators. Strong convergence
does not imply the convergence of the eigenvalues to the corresponding eigenvalues of the
limit problem. However, according to Corollary 4.3.2 we get convergence of every finite
part of the spectrum if the pseudo-resolvents converge in the operator norm.

If we assume that there is a bounded open set B such that 2,,, 2 C B forall n € N, then
we get convergence in the operator norm.

COROLLARY 5.2.5. Suppose that 2, — K in the sense of Mosco. Moreover, suppose
that there exists a bounded open set B such that 2,,2 C B for alln € N. Finally
let . € o(—A). Then A € o(—A,) for n large enough, and R,(A) — R(X) in
LHTYRY), LyRN)) forall g € [1,2d/(d — 2)).

PROOF. If A > Ag, then from Theorem 5.2.4 we have that u,, := R,(A) f, — u:= R(\) f
weakly in H'(RN) whenever f, — f weakly in H~ (). Since u, € H(}(B) for
all n € N and B is bounded, Rellich’s Theorem implies that u, — u in Lq(RN )
for all ¢ € [1,2d/(d — 2)). Hence R,(A) — R(X) in L(H'RYN), L,(R")) for
all ¢ € [1,2d/(d — 2)) by Proposition 4.1.1. The remaining assertions follow from
Theorem 4.3.1. O]
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We now want to look at the situation where only €2 is bounded, but not necessarily €2;,.
We then get necessary and sufficient conditions for convergence in the operator norm. We
denote by 11(U) the spectral bound of —A on the open set U with Dirichlet boundary
conditions. It is given by the variational formula

IVul|7
mU) = inf ——0 (5.2.1)
ueH} (U) ”M”LZ(U)
u#0

For convenience we set
A1 (D) := oo.
We then have the following characterisation of convergence in the operator norm.

THEOREM 5.2.6. Suppose that Q2 is bounded and that Q2, — Q in the sense of Mosco.
Then the following assertions are equivalent.

(1) There exists A > 0 such that R,(\) — R(}) in L(H™'(RN), Lo(RM)).

(2) Forevery A € o(—A) we have . € o(—Ay) for n large enough, and R,(A) — R(A)
in L(L,(RY), Ly(RN)) for all g € [p, m(p)) and all p € (1, 00), where m(p) is
defined by (2.4.5) withd = N.

(3) There exists an open set B with Q C B such that 21 (S, N B¢) = coasn — oo.

PROOF. We know that R(A) € L(H 'RM), H'(RY)). Since € is bounded,
Rellich’s Theorem implies that R(A) € L(H'(RY), Lo(RY)) is compact. Hence by
Proposition 4.1.1, assertion (1) is equivalent to the following statement:

(1’) For some A large enough R,(X) f, — R(X) f in Lo(RN) whenever fn — f weakly

in H-1(RM).

Note that the above implies that R, (1) f, — R(A) f in Ly(RY) whenever f, — f weakly
in Ly(RY). From Theorem 2.4.2 we have uniform a priori estimates for A > 0 large
enough, and therefore Theorem 4.3.4 shows that (1”) is equivalent to (2). Hence it remains
to show that (1°) is equivalent to (3).

Suppose that (1°) is true, but not (3). Then there exists a bounded open set B containing
Q such that A;(2, \ B) 4 oo. Hence for every k € N there exist ny > k and
@n, € C°(Qp, \ BY) and ¢ > 0 such that ||, |2 = 1 and

0 <l <V l3 <c
for all k € N. We define functionals f,, € H ’I(RN ) by
(fre» V) = any (@uy» V) + MA@y, V)

for all v € H'(RV). By (5.1.7) and the choice of ¢,, we have

I fullg—1 < (M + D ll@n g = (M +0)V 1+ 2

for all k € N. This means that (f;,) is a bounded sequence in H —L(RN), and therefore
has a subsequence converging weakly in H~'(R") to some f € H~'(RY). We denote
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that subsequence again by (fy,). By definition of f,, we have ¢,, = Ry, (A) f,, and by
assumption (1)

Ony = Rnk()‘)fnk - R()‘)f
in Lo(RN). Since supp (¢,,) N Q = ¢, the definition of Jn, implies that f|-1q) = 0
and so ¢,, — 0in L>(RN). However, this is impossible since we chose ¢,, such that
llgn, ll2 = 1 for all k € N. Hence we have a contradiction, so (1”) implies (3).

We finally prove that (3) implies (1°). Suppose that f, — f weakly in H~'(R"). Then
by Theorem 5.2.4

up = R,(A) fu ~u:=RQA)f

weakly in H L@RN)Y. Let B be an open set as in (3) and choose an open bounded set U with
B C U. Then by Rellich’s theorem u,, — u in L»(U). Hence it remains to show that u,, —
0in Ly(RN \ U). We choose a cutoff function ¢ € C*®°(R") suchthat0 < ¢ < 1,9 =0
onBandy = 1on RN\ U. Then, yu, € H' (2N B°), and setting 1, := A1 (Q\ B) we get

Janllin 2, gy < PnllWunll? o 5
< IV@ U7, g 5 = IV@un)li3 (5.2.2)

for all n € N. Since (f,) is bounded in H ’1(RN ), the sequence (u,) is bounded in
H'(RV). Hence

IV@runll3 < A 12, + 1Y 12 luall?,,

is bounded. Because A, — oo by assumption, (5.2.2) implies that #,, — 0 in Lo(RN \U).
Hence u,, — u in LQ(RN ) as claimed. This completes the proof of the theorem. O

REMARK 5.2.7. (a) Note that condition (3) in the above theorem is always satisfied if
A1 (2, \ Q) — oo asn — oo. Indeed, from the monotonicity of the first eigenvalue of
the Dirichlet problem with respect to the domain

(2 \ Q°) < A1(2\ BY)

for every bounded set B with & C B. The monotonicity is a consequence of the variational
formula (5.2.1).

(b) Note that (3) is also satisfied if |2, N Q€| — 0, whether or not €2,, is bounded. To
see this let B, be a ball of the same volume as €2, N Q. As the measure goes to zero
A1(B,) — o0, and by the isoperimetric inequality for the first eigenvalue of the Dirichlet
problem (see [20,83]) we get

AL(2, N QL) > ch1(By) — oo.

EXAMPLE 5.2.8. We give a situation, where we get convergence in the operator norm, but
2, has unbounded measure for all n € N. We can take a disk and attach an infinite strip.
We then let the width of the strip tend to zero. Then by Friedrich’s inequality (2.1.7)

- 1
M0\ Q) 2 77— 00

if the width D of the strip goes to zero. The situation is depicted in Figure 5.1.
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Fig. 5.1. Disc with an infinite strip attached.

—
—
—

By

—

Fig. 5.2. Disc with an infinite cone attached.

In contrast, if we attach a cone of angle f,, rather than a strip, then convergence is not in
the operator norm if 8, — 0 as shown in Figure 5.2. The fact that these domains converge
in the sense of Mosco follows from Theorem 5.4.5 below. Note that 1;(£2,,) = 0 for all
n € N, and therefore A1(£2,) # A1(€2). This means that there is no convergence of the
spectrum. More examples are given in [58, Section 8]. Examples where just part of the
spectrum converges can be found in [107].

5.3. Necessary conditions for convergence

In this section we collect some necessary conditions for convergence in the sense of Mosco.
For a convergence result such as the one in Theorem 5.2.4 we clearly need that the support
of the limit function is in . We give a simple characterisation of such a requirement in
terms of the spectral bound of the Laplacian on bounded sets outside the limit set 2.

THEOREM 5.3.1. For open sets Q,, 2 C RY the following assertions are equivalent.
(1) The weak limit points of every sequence u, € HO1 (), n € N, in H'@®RN) have
support in Q;
(2) For every open bounded set B with B cC RN \ @
nl_i)rgo)q(Qn N B) = o0; (5.3.1)

(3) There exists an open covering O of RN \ Q such that (5.3.1) holds for all B € O.
PROOF. Suppose that (1) holds and let B be a bounded open set with B ¢ RN \ Q. Set

An = A1(82, N B). Then, by the variational characterisation (5.2.1) of the spectral bound,
for every n € N there exists v, € C2°(€2, N B) with

(o + Dllval3 = VU3 = 1. (5.3.2)
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Since B is bounded (2.1.7) implies that (v,) is bounded in HOl (B). Hence there exists a
subsequence (v, ) converging weakly to some v in HO1 (B). By assumption supp (v) C
B cc RN\ @, and so (1) implies that v = 0. As B is bounded Rellich’s Theorem shows
that ||v,, |2 — 0. Hence, (5.3.2) can only be true if A,, —1 — oo, implying that A,, — oo
as k — oo. The above arguments apply to every weakly convergent subsequence of (vy)
and therefore (1) implies (2).

Clearly (2) implies (3) and so it remains to prove that (3) implies (1). Suppose that
U, € H(}(Qn), and that u,, — u weakly in H'(RN) as k — oo. Let O be an open
covering of R \ Q with the properties stated in (3). Fix B € O and let ¢ € C>(B).
Then ¢u, € HO] (2, N Q°n B). The map u,, — u,p is a bounded linear map from
HY(RM) to HO1 (B) and therefore is weakly continuous. Hence, if u,, — u weakly
in H'(RV), then gu,, — @u weakly in Hj(B). As B is bounded, Rellich’s theorem
implies that gu,, — ¢u in L>(RYM). Now by (5.3.1) and the boundedness of the sequence
IV (pun)ll2)

. [V (pun)lI3
loul3 = lim [lguy |3 < lim ——"2 =0,
k— 00 k=00 A1(82,, N B)
Hence gu = 0 almost everywhere for all ¢ € CX(B), ~so u = 0 almost everywhere in B.
As O is a covering of RV \ € it follows that suppu C  as claimed. 0

REMARK 5.3.2. The above condition does not imply Assumption 5.2.1. The reason is that
a function u € H'(RY) with supp (1) C 2 does not need to be in H&(Q). We discuss
conditions for that in the next subsection.

‘We next give a characterisation of Assumption 5.2.2 in terms of capacity. A related result
appears in [108, Proposition 4.1] and a proof is given in [77, page 75] or [119, page 24].
Our exposition follows [58, Section 7]. Recall that the capacity (or more precisely (1, 2)-
capacity) of a compact set E C R" is given by

cap(E) := inf{||u||i,1 ‘u € H(} RM)andu > 1in a neighbourhood of E'}

(see [80, Section 2.35]). We could also define capacity with respect to an open set U and
define for E C U compact E C R" given by

capy (E) = inf{||u||3,, : u € Hy(U) and u > 1 in a neighbourhood of E}.

It turns out that capy; (E) = 0 if and only if cap(E) = 0. Moreover, we can work with
ueCx (R¥)andu € C 2°(U), respectively rather than the Sobolev spaces.

PROPOSITION 5.3.3. Let Q,, 2 C RN be open sets. Then the following conditions are
equivalent.
(1) Assumption 5.2.2;
(2) Forevery openset B C RN and every ¢ € C2°(QNB) there exists ¢, € CZ°(2,NB)
such that ¢, — @ in HO1 (2N B);
(3) For every compact set K C Q2
lim cap(K N Q) =0.
n—o0
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PROOF. We prove that (1) implies (3). Fix a compact set K C € and let ¢ € C2°(2) with
0 < ¢ < 1and ¢ = 1 in a neighbourhood of K. By assumption there exists u, € H(} (£2)
such that u, — ¢ in H'(RN). As C2°(R2) is dense in HO1 (€2) there exists ¢, € C°(RQ)
such that |u, — @l g1 < 1/n. Then

1
lon = @l = llgn = unllgr +llun = @l = = llun = @l = 0.

Now set ¥, := ¢ — ¢,. Then by construction ¥, € H'(RY) and ¢, = 11in a
neighbourhood of K N Qf. Hence by definition of capacity

cap(K N Q%) < [¥nll3; = llgn — @l — 0

as claimed.

We next prove that (3) implies (2). We fix an open set B C RV. Clearly we only need to
consider the case where 2 N B # ). Let ¢ € C°(2 N B). By definition of capacity there
exists ¥, € C.(22 N B) such that ¥, = 1 on supp ¢ N 2, and such that

1
I¥nllfn < capsuppp N ) +

for all n € N. Hence by assumption ¥, — 0in H'(RV). We now set ¢, := (1 — ¥,,)¢.
Then by construction ¢, € CS°(2N B) and

lon —@llgt = lleVnllgr = lo¥nllz + 1¥a Ve + oVl
< (lgllee + IV@llc) ¥nll2 + 1@l I Vnll2
= 2(lellce + IVello) [¥nll g1 — 0.

Hence we have found ¢, € C2°(Q2 N B) with ¢, — ¢ in HY(RN), proving (2).

We finally prove that (2) implies (1). For given u € HO1 (2) there exists g € C°(2)
such that ¢, — u in H'(R). Now by (2) there exists @k.n € C2°(2y) such for every fixed
k € N we have ¢, — ¢k in HI(RN) as n — o0o. Hence for every k € N there exists
ni € Nsuch that ||@ , — @kl g1 < 1/k forall n > ni. We can also arrange that ny < ng41
for all k € N. Now we set u,, := ¢, whenever ny < n < nyy1. Thenu, € H(} (2,,) and
our aim is to show that u, — u in H'(RV). Todo so fix ¢ > 0. As ¢ — u in H'(RY)
there exists ko € N such that 1/k + [[gx — u| ;1 < € forall k > ko. Givenn > ny, 4 there
exists k > ko such that ny < n < ng41 and so by construction u, = ¢ , and

lun —ullgr < ok — @ellgt + llox —ullgr = 1/k+ llox —ullgr < e.

This shows that |lu, — u|| ;1 < e forall n > ng,41. As & > 0 was arbitrary we conclude
that u, — u in H'(RV) as claimed. O
5.4. Sufficient conditions for convergence

In this section we collect some simple sufficient conditions for €2, — €2 in the sense of
Mosco. First we look at approximations of an open set 2 by open sets from the inside.
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PROPOSITION 5.4.1. Suppose that Q,,Q2 C RN are open sets. If supposing that
Qu C Q1 C Qforalln € N, and Q@ = |, cx @, then Q, — Q in the sense of
Mosco.

PROOF. Since HO1 (R, C HO1 () for all n € N, Assumption 5.2.1 is clearly satisfied.
Suppose that u € HOl (2). If ¢ € C2°(K2), then by assumption there exists no € N such that
supp (¢) C 2, forall n > ng. We now choose ¢, € C2°(£2,) arbitrary for 1 < n < ng and
@n := @ for all n > ng. Then clearly ¢, — ¢ in H'(RY) and Assumption 5.2.2 follows
from Proposition 5.3.3. O

For approximations from the outside we need a weak regularity condition on the
boundary of 2. We define

Hg(Q) = {u € H'(RY): u = 0 almost everywhere on Q°}
We make the following definition.
DEFINITION 5.4.2. We say the open set @ C RY is stable if Hj(Q) = Hj(Q).

The above notion of stability is the same as the stability of the Dirichlet problem for
harmonic functions on €2 as introduced in Keldys [93]. An excellent discussion of bounded
stable sets is given in [79]. A discussion on the connections between stability of the
Dirichlet problem for harmonic functions and the Poisson problem by more elementary
means is presented in [9].

PROPOSITION 5.4.3. An open set @ C RY is stable if one of the following conditions is
satisfied:
(1)  has the segment property except possibly on a set of capacity zero;
(2) for all x € 3S2 except possibly a set of capacity zero
. .cap(Q° N B(x, r))
lim inf -
r—0 cap(2€N B(x,r))
where B(x, r) is the ball of radius r centred at x.

’

The last condition is necessary and sufficient for the stability of <.

PROOF. For a proof of (1) we refer to [77, p. 77/78], [119, Section 3.2] or [124, Satz 4.8]),
and for (2) to [1, Theorem 11.4.1]. ]

More characterisations of stability are in [79, Theorem 11.9]. Note that, if Q is
Lipschitz (or even smoother), then €2 satisfies the segment condition and €2 is therefore
stable. According to [67, Theorem V.4.4], the segment condition is equivalent to d<2 to be
continuous.

lfROPOSITION 5.4.4. Suppose that 2 C Q41 C 2, foralln € N, and that ﬂneN Q, C
Q. If Q is stable, then 2, — 2 in the sense of Mosco.

PROOF. Since HJ(Q) C Hy(,) for all n € N, Assumption 5.2.2 is clearly satisfied.
Suppose now that (u,) is a sequence in Hol(Qn). Since ﬂneN Q, C Q it follows that
every weak limit point u of that sequence has support in Q. Hence by the stability of Q
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n—oo

Fig. 5.3. Cracking domain.

we get that u € HOl (£2) as required in Assumption 5.2.1. Hence €2,, — €2 in the sense of
Mosco. O

THEOREM 5.4.5. Suppose that Q,, 2 C RN are open (not necessarily bounded) sets, and
that Q2 is stable. Then 2, — K in the sense of Mosco if and only if the following two
conditions are satisfied.

(1) cap(K N Q) — 0asn — oo for all compact sets K C Q;

(2) There exists an open covering © of RN \ Q such that 11 (U N ,) — oo asn — 0o
forall U € O;

PROOF. The assertion follows from Proposition 5.3.3 and Theorem 5.3.1, together with
the definition of stability. O

Note that the requirement that €2 be stable is too much in certain cases. An example is a
cracking domain as in Figure 5.3. It is sufficient to require a condition on

= ﬂ (U(szk N asz)) C 9. (5.4.1)

neN \k>n

For instance for the cracking domain we consider, the set I" consists of the end point of
the crack. As that set is of capacity zero, we get convergence in the sense of Mosco.
Also if I' C 02 satisfies a segment condition except at a set of capacity zero, we also get
convergence of 2,. A discussion of this condition is given in [58, Section 7] or [119].
Examples of cracking domains also appear in [124].

5.5. Proof of the main convergence result

To prove Theorem 5.2.4 we will proceed as follows. First we prove that (1) implies (2)
and that (2) implies (3). We then observe that Assumption 5.2.1 follows from (2), whereas
Assumption 5.2.2 follows from (3). Hence we could try to prove that (3) implies (2) to get
from (3) back to (1). However, this does not seem to be possible. Instead we prove that (3)
implies a statement similar to (2), but for the formally adjoint problem. That still implies
Assumption 5.2.2, so (3) implies (1). We then prove the equivalence to (4) separately by
using the uniform estimate on the norm of R, (1) and the density.
We start by proving that (1) implies (2).
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PROPOSITION 5.5.1. Suppose Q,, 2 C RN are open sets with Q,, — Q in the sense of
Mosco. If & > Aq, then R,(\) f, — R(\) f weakly in H'(RN) whenever f, — f weakly
in H-1(Q).

PROOF. Let f,, — f weakly in H-LRM). Setu,, := R, (X) fn. By Proposition 5.1.3 we

have

2
lunll gt = — N full g1
oo

for all n € N. Since (f;) is weakly convergent and therefore bounded, the sequence (u;,)
is bounded in H!(R"). Hence it has a weakly convergent subsequence () with limit v.
By Assumption 5.2.1 we have v € H(}(SZ). Given ¢ € C2°(S2) Assumption 5.2.2 implies
that there exist ¢, € Hy (R2,) with ¢, — ¢ in H'(RV). Because u, is a weak solution of
(5.1.1) we get

an(Un, @n) = {fn, On)

for all n € N. Since u,, — v weakly and ¢, — ¢ strongly we can use (5.1.10) to pass to
the limit in the above identity. Hence

an(v’ go) = <f1 (p)

forall ¢ € C2°(2), showing that v is a weak solution of (5.1.2). Since (5.1.2) has a unique
solution we conclude that v = R(A) f and that the whole sequence converges. 0

Next we prove that (2) implies (3).

PROPOSITION 5.5.2. Suppose 2,, 2 C RY are open sets and that A > Lg. Moreover,
suppose f, — f in H-V@RN) with R,(\)f, — R\)f weakly in H'(RN). Then
R,(\) fu = R\ f in H'(RN).

PROOF. Assume that f, — f in H~'(RV), so that u, := R,(A)f, — u = R\ f
weakly in H!'(R"). Hence because in every instance a strongly and a weakly convergent
sequence is paired,

WM (an (tn, tn) + Allun13) = Hm (f, n) = (f, u) = a(u, u) + rul3,
n—oo n—oo
and also
m (@ (ttn, ) + Ay, u)) = Hm (@, @, un) + A, uy)) = a(u, u) + Aul3.
n— 00 n—0oo
Therefore
an ( — , ty — ) + Mty — ull3 = @ (n, up) + Mlun |3
— (an (s 1) + 2ty 1)) — (an () 4 A, 1)) + au, ) + Alull3 = 0.

From Proposition 5.1.2 we get

2
2 2
a_””n - ””Hl < an(up —u,uy —u) + Allu, — "‘”2 — 0,
0

showing that u,, — u strongly in H'(R"). O
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As remarked earlier we cannot prove directly the converse of the above proposition,
but we can prove the corresponding weak convergence property for the formally adjoint
problem we introduced in Section 2.3.

PROPOSITION 5.5.3. Suppose Q,, 2 C RN are open sets and that » > . Suppose that
Ro(M) fu — ROV f in HY(RN) whenever f, — f in H~'(RN). Then RE(A) f, — R*(V)
weakly in H'(RN) whenever f, — f weakly in H~1(RV).

PROOF. Assume that f, — f weakly in H~'(R") and fix g € H~'(RV). Then by (3)
R,(A)g — R(A)g and so by Lemma 2.5.3

(8 iV fu) = (Ra()g, fu) = (RDg, f) = (8, REG) ),
completing the proof of the proposition. U

We now prove that the weak convergence property (2) implies Assumption 5.2.2 and
and the strong convergence property (3) implies Assumption 5.2.1.

LEMMA 5.5.4. Suppose Q,, 2 C RN are open sets and that .. > ro. Suppose that
R,(M) fn = R f in H'(RY) whenever f, — f in H'(RN). Then Assumption 5.2.1
holds.

PROOF. Letu, € Hj(Q,) and define functionals f, € H~'(R") by
(fu, v) = an(un, v) + Alun, v)

forallv € H'(RV). By (5.1.7)
I full g1 < (M + ) [lun |l g

for all n € N. Now assume that u,, — u weakly in H I(RN). We need to show that
u € Hj (). Since (u,,) is bounded, the above shows that (f,,) is bounded in H~'(RV).
Because every bounded sequence in a Hilbert space has a weakly convergent subsequence
there exists a further subsequence, denoted again by (f,,), with f,, — f. Now by
assumption and the definition of f,

Upg = Ry A) fr, = R f =u.
Since u € HOI(Q) Assumption 5.2.1 follows. O

LEMMA 5.5.5. Suppose Q,, 2 C RN are open sets and that . > ro. Suppose that
R,(A) fn = R f in HY(RYN) whenever f, — f in H-Y(RN). Then Assumption 5.2.2
holds.

PROOF. Fix ¢ € H} () and define f € H~'(R") by
(fov) :=a(p,v) + e, v)
for all v € H'(RV). Then by (3) and the definition of f
¢n=Ry(M)f = RAf=¢
in H'(RN). Since ¢, € HO1 (£2,), Assumption 5.2.2 follows. O
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We finally need to prove that (4) is equivalent to the other assertions. Clearly (2) implies
(4), so we only need to prove that (4) implies (3). The proof is an abstract argument just
using a uniform bound on the norms of R, ().

LEMMA 5.5.6. Suppose Q,, Q2 C RN are open sets and that » > Lo. Suppose that
R,(AM)f — R()f for f in a dense subset of H=Y(RN), then R,(M)fn — RS in
H'RN) whenever f, — f in H-'(RV).

PROOF. Let V be the dense set of H~'(RY) for which R,(L)g — R(A)g weakly in
H'(RN) for all g € V. Then by Proposition 5.5.2 convergence is actually in H'(RY), so
R, (L) — R(}) strongly on the dense subset V. Since the norms of || R,(})] is uniformly
bounded by Proposition 5.1.3, we have strong convergence on H'(R"). Also because of
the uniform bound and the strong convergence, R, (%) f, — R(A) f in H I(RN) whenever
fo— fin HY(Q). O

6. Varying domains and Robin boundary conditions

An interesting feature of Robin problems is, that for a sequence of domains, the boundary
condition can change in the limit. We consider three different cases.

6.1. Summary of results

Given open sets 2, C RY (N > 2) we consider convergence of solutions of the Robin
problems

Anu+)\u=fn in Qns

d 6.1.1
—u + bou =0 on 02, ( )
v g
to a solution of a limit problem
Au + 2 = in ,
/ (6.1.2)

Bu=0 on 082

on a domain 2 as n — oo. On the operators A, we make the same assumptions as in
the case of the Dirichlet problem. We also need a positivity assumption on the boundary
coefficient by.

ASSUMPTION 6.1.1. Suppose that A,,, A satisfy Assumption 5.1.1. Moreover, let by, >
for some constant S > 0.

The above conditions allow us to make use of the domain-independent a priori estimates
proved in Section 2.4.2.

The situation is not as simple as in the case of Dirichlet boundary conditions, where
the limit problem satisfies Dirichlet boundary conditions as well. Here, the boundary
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n—oo
—_—
Cn

Fig. 6.1. Dumbbell like domain converging to two circles.

oo

Fig. 6.2. Domains with fast oscillating boundaries approaching a disc.

conditions of the limit problem depends on how the domains €2,, approach 2. We consider
the following three cases:

&)

2

3)

The boundary 92 is only modified in the neighbourhood of a very small set, namely
a set of capacity zero. A prototype of such an approximation is a dumbbell with
a handle C, shrinking to a line. The limit set consists of two disconnected sets
as shown in Figure 6.1. It is also possible to cut small holes and shrink them to
a set of capacity zero. The limit problem is then a Robin problem with the same
boundary conditions as the approximating problems. How much boundary we add
is irrelevant. A precise statement is in Theorem 6.3.3.

The boundaries of the approaching domains are wildly oscillating. If the
oscillations, which do not necessarily need to be periodic, are very fast, then the
limit problem turns out to be a Dirichlet problem. See Figure 6.2 for an example. A
magnification of the boundary of the last domain shown in the sequence is displayed
in Figure 6.3. The precise result is stated in Theorem 6.4.3.

The boundaries of the approaching domains oscillate moderately, not necessarily
in a periodic fashion. The limit domain can then be a Robin problem with a
different coefficient by in the boundary conditions. Again, an example is as shown
in Figure 6.2, with boundary not oscillating quite as fast. The precise result is stated
in Theorem 6.5.1.

To see that such phenomena are to be expected, look at the model of heat conduction.
The boundary conditions describe a partially insulated boundary, where the loss of heat is
proportional to the temperature at the boundary. If the boundary becomes longer the loss
is bigger. If the additional boundary is only connected to the main body by a small set as
for instance the handle in the case of the dumbbell, then its influence on the temperature
inside the major parts of the body is negligible. This corresponds to case one. In the
second case, the oscillating boundary will act like a radiator and cool the body better and
better, the longer the boundary gets. As the length of the boundary goes to infinity, the
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Fig. 6.3. Enlarged portion of a very fast oscillating boundary.

cooling becomes perfect and we get Dirichlet boundary conditions. In the third case the
boundary oscillates, but its surface area does not go to infinity and therefore we just get
a better cooling, meaning that we have Robin boundary conditions with a possibly larger
different boundary coefficient. It is worth noting that the cooling can only get better, not
WOorse.

The first case shows that in a way, the Robin problem behaves very similar to
the Dirichlet problem, where we get convergence in the operator norm and therefore
convergence of the spectrum. This is in sharp contrast to the Neumann problem. The last
two phenomena are boundary homogenisation results, where we get the effective boundary
conditions in the limit. Our exposition follows [51]. In parts we make stronger assumptions
to avoid lengthy technical proofs. For periodic oscillations, using very different techniques,
other boundary homogenisation results complementing ours are proved in [21,36,71,109]
with very different methods. Problems with small holes (obstacles) were considered in
[105,106,122,123]. There are applications to problems with nonlinear boundary conditions
in [16].

According to Table 2.2 we can set Ag = A4 given by (5.1.8). Therefore, by
Theorem 2.2.2, the Robin problem (6.1.1) is uniquely solvable for all A > A 4 and all
So € Lp(2,) if p > 2N/(N + 1). Let iq,(f) be the extension of f € L,(2) by
zero outside €2, and ro, (f) the restriction of f € L p(RN ) to 2,. Finally let A, be the
operator induced by the form a,, (-, -) induced by (6.1.1). We let R, (1) and R(X) be the
pseudo-resolvents associated with the problems (A, B,) and the limit problem (A, B) as
in Definition 2.5.2. In all three cases we show that, if p € (1, co), then

Ry(A) — R(})
in L(L,(RN), Ly(RN)) forall g € [1, m(p)), where m(p) is given by

Np(N — p)~' if pe(l,N),
m(py:={ P TP P (6.1.3)
00 if p > N.

Since R(1) is compact, Theorem 4.3.4 shows that the above is equivalent to

nlingo R, ()‘)fn = R()‘)f
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in Ly(RY) for all ¢ € [1,m(p)), whenever f, — f weakly in L,(R"). The latter
property is essential for dealing with semi-linear problems.

After proving some preliminary results we devote to each of the three cases a separate
section, where we give a precise statement and a proof of the convergence theorems.

6.2. Preliminary results

To prove the three results mentioned in the previous section we make use of some
preliminary results. They are about convergence to a solution of the limit problem on
2 without consideration of boundary conditions.

Given open sets €2, we work with functions in u, € H 1 (2,,) and look at their conver-
gence properties in an open set 2. We do not assume that €2,, has an extension property.
Even if it has, then its norm does not need to be uniformly bounded with respect ton € N.
Instead we extend u, and Vu, by zero outside €2, and consider convergence in Ly(RY),
We denote these functions by u, and Vu,. The argument used is very similar, but slightly
more complicated than the one given on the proof of Proposition 5.5.1. The complication
arises because in the present case u, cannot be considered as an element of H 1 (RM).

PROPOSITION 6.2.1. Suppose that Q,, 2 C RN satisfy Assumption 5.2.2 and A,
Assumption 5.1.1.  Furthermore, suppose that u, € HY(S,) are weak solutions of
Apity = fo with f, € Ly(RY) and f, — f weakly in Ly(RN). If |unll g is uniformly
bounded, then there exists a subsequence (uy,) and u € H Y(Q) such that iip, — u and
Vuy,, — Vuweakly in L,(2) and L (£2, RM), respectively. Moreover, u is a weak solution
of Au = f in Q.

PROOF. By assumption |lu, |51 is uniformly bounded, and so the functions u, and
Vu,, extended by zero outside €2, are bounded sequences in L,(RYN). Hence there
exists a subsequence such that u,, — wu weakly in L>(2) and Vu,, — v weakly in
Lo(Q2, RY). Renumbering the subsequence we assume that (u,) and (Vu,) converge. Fix
now ¢ € C2°(R2). By assumption and Proposition 5.3.3 there exists ¢, € C°(2, N Q)
such that ¢, — ¢ in HY(Q). As u,, ©¥n € HY Q)

/ Viu, o, dx :[ Vu,opdx = —/ UV, dx = —/ u, Vo, dx
Q Q) Qn £

for all n € N. Because ii,,, Vit converge weakly and ¢,, Vg, strongly we can pass to the
limit and get

/vwdx:—/quodx.
Q Q

As ¢ € C2°(R2) was arbitrary, this means that v = Vu is the weak gradient of u
in Q, sou € H'(Q). Next we observe that, as in the proof of (5.1.10), we have
an(uy, ¢n) — a(u, ). We know that a, (u,, ¢,) = (fu, ¢n), and passing to the limit
a(u, ) = {f, ¢). Hence Au = f as claimed. O
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The above is a very weak result. In particular, there are no assumptions on €2,, outside
Q. If we add some more assumptions we get strong convergence.

PROPOSITION 6.2.2. In addition to the assumptions of Proposition 6.2.1, suppose that
() is bounded in L, (RN) for some r > 2. Moreover, suppose that for every & > 0 there
exists a compact set K C Q2 and ng € N such that K C Q,, and |(22, U Q) \ K| < ¢ for
all n > ng. Then there exists a subsequence (ii,,) such that ii,, — u in L, (RN)for all
q € [2,r), and u = 0 almost everywhere in Q°.

PROOF. Proposition 6.2.1 guarantees that a subsequence of (it,) converges weakly in
Ly(RY) to a solution of Au = f. Denote that subsequence again by (ii,). We show
that convergence takes place in the L,-norm. Because (ii,) is also bounded in L, (RN) we
can also assume that the subsequence converges weakly in L, (R"), or weakly* if r = oo.
Hence u € L,(RM).

Fix ¢ > 0 and a compactset K C Q andn; € Nsuchthat K C ©, and |(22,UQ)\ K| <
e/2 for all n > ny. Then choose an open set U C K with [(2, U ) \ U| < ¢ for all
n > ny. By assumption (ii,) is bounded in H'(K) and so Rellich’s theorem implies that
ity — u in Lo(U). Hence there exists ny € N such that ||it, — u| 1,y < ¢ forall n > ny.
Using that u, € L,(RY) we get by Holder’s inequality

iy, —ull2 = ity —ullL,w) + ity — ullL,(@,02\0)
1/2-1 ~ _ -
< e+ | @uU\U|Z (il + ully) < e+ Qi+ luel)
for all n > ng := max{ny, no}. By the uniform bound on ||u, ||, we conclude that i, — u

in Ly(RY). Since Q¢ C U¢ the above argument also shows that

lunllLy o) < lunllL,(@,uenu) < eV g,

for all n > ng. Hence u, — 0in L7(2°) and thus u = 0 on Q¢ almost everywhere. By
the uniform bound on ||, ||, and interpolation

litn — ullg < lliin — ul§llity — ull}) = — 0
queDJLWMmezﬁtgiwmﬂneumLﬂR%ﬁnmqepmm. O

We now use the a priori estimates for the solutions of the Robin problem to verify the
boundedness assumptions made in the previous propositions.

COROLLARY 6.2.3. Suppose 2, 2 are bounded Lipschitz domains p > N and f, — f
in L,,(RN). Let uy, be the weak solution of (6.1.1). If A > X, then there exists a constant

M independent of n € N such that
lunllv, + llunllco = M. (6.2.1)

Moreover, if Q C @, foralln € N and |2, \ 2| — 0, then there exists a subsequence
(un,) of (uy) converging to a weak solution of

Au+iu = f
inLy RN for all ¢ € [2, 00). Finally, u = 0 on Q€ almost everywhere.
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PROOF. By Theorem 2.4.1 with constants from Table 2.2 there exists a constant C only
depending on N, p and an upper bound for |€2, | such that

1 1
lunlloc < C max {—, —} I full p- (6.2.2)
ag B

Similarly, using the norm

12
”un“Vn = (||V’4n||2 +/ uﬁ dO’)
92,

we get from Theorem 2.2.2 that
lunllv, = Cillfullv; = Call fullp

for all n € N with constants C1, C independent of n € N. Using that weakly convergent
sequences in L p(RN ) are bounded we get the existence of a constant M independent of
n € Nsuch that (6.2.1) holds for all n € N. The second part follows from Proposition 6.2.2
because Assumption 5.2.2 and all other assumptions are clearly satisfied. O

6.3. Small modifications of the original boundary

Without further mentioning we use the notation and setup from Section 6.1 and suppose
(An, B,) satisfy Assumption 6.1.1. We look at a situation where the original boundary
remains largely unperturbed. How much boundary we add outside the domain or inside
as holes is almost irrelevant. What we mean by small modifications of €2 we specify as
follows.

ASSUMPTION 6.3.1. Suppose that 2,, C I@N are bounded open sets satisfying a Lipschitz
condition. Let 2 be an open set and K C 2 be a compact set of capacity zero such that for
every neighbourhood U of K there exists ng € N such that

QNEQ,NQUU))=9¥ and QCQ,UU (6.3.1)
for all n > ng. Moreover, assume that
lim |22, N Q¢ =0.
n— oo
Note that the first condition in (6.3.1) means that U allows us to separate Q from
Q, N (22U U)¢ which is the part of €2, outside 2 as shown in Figure 6.4. Note that the

above assumption also allows us to cut holes in 2 shrinking to a set of capacity zero as
n — oo. If (6.3.1) holds, then also

IQNUC C IQ,. (6.3.2)

This means that d€2 is contained in 92, except for a very small set. To see this let x €
aQNUC. If W is a small enough neighbourhood of x, then in particular W NQ C WNQ,
by (6.3.1) and so W N 2, # ¥ for every neighbourhood of x. Moreover,

INQ,NUCNNUCNQUU)
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Q, N (QuUU)

Fig. 6.4. Separation of the part of 2, from Q by U.

and because 32 C Q (6.3.1) implies that 9Q N Q, N U = @. Hence (6.3.2) follows. We
next use the above to construct a sequence of cutoff functions.

LEMMA 6.3.2. Suppose 2, Q satisfy Assumption 6.3.1. Then there exists a sequence
Y € C®(R) N C®(RQy,) such that 0 < Y, < 1, ¥, — 0on 2, N Q° and Y,, — 1 in
HY(Q).

PROOF. Fix a sequence Uy of bounded open sets such that K C Uk+1 C Ui forallk e N,
that (Y Ux = K and that cap(Uy) — 0 converges to zero. We can make such a choice
because K is a compact set with cap(K) = 0. By (6.3.1), for every k € N there exists
ny € N such that

QNN QUUN) =¥ and QCQ,UU

for all n > ng. Let now 6 € C>X(Uk41) be such that 0 < 6y < 1 and 6y = 1 on Uy.
Since cap(Uy) converges to zero we can make that choice such that 6y — 0in H LRM).
For ny < n < ng41 we now set

1—6(x) ifx € QUU,
Y (x) 1= . = - \e
0 if x € (U Uy)-.
By choice of ny and 6; the function v, is well defined with the required properties. O

We now prove the main theorem of this section.

THEOREM 6.3.3. Suppose 2, are bounded Lipschitz domains satisfying Assumption 6.3.1
and that by, — by weakly in L.(0R2) for some r € (1,00) or weakly* in Loo(3K2). If
1 < p<ooandX € o(—A), then for n large enough ) € o(—A,) and R,(A) — R(A) in
E(L,,(RN), Ly (RM)) for all g € [1, m(p)). Here m(p) is given by (6.1.3) and R(}) is the
resolvent operator associated with the problem

Au+cu = f in Q,
0 6.3.3
—u-+bou=0 ondQ. ( )
av g

PROOF. We only need to consider p > N and A > A 4 with 1 4 defined by (5.1.8). Given
that f, — f weakly in L,(R"), we show that R,(A) f, — R()f in L,(RY). Since
R (%) is compact Theorem 4.3.4 and the uniform a priori estimates from Theorem 2.4.1 in
conjunction with Table 2.2 complete the proof.
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Let p > N, A > A4 and suppose that f, — f weakly in L,,(RN). Set u, := R(L) fy
and u := R(A)f. Then Corollary 6.2.3 implies the uniform bound (6.2.1). Also note
that Assumption 6.3.1 implies Assumption 5.2.2 and hence Proposition 6.2.2 guarantees
that a subsequence of u, := R,(A) f,, converges to some u € HY(Q) in Lq(]RN) for all
g € (1, 00). Moreover, u = 0 in RV \ Q almost everywhere and u satisfies Au + Au = f
in . Since (6.3.3) has a unique solution, u is the only possible accumulation point for
the sequence (u,), and therefore the whole sequence converges. To simplify notation we
therefore assume that u,, converges.

We assumed that €2,, are Lipschitz domains and that for every open set U containing K
the set boundary 92 is contained in 9$2, U U for n large enough. Hence 0S2 satisfies
a Lipschitz condition except possibly at K N 0€2. Because the latter set has capacity
zero the restrictions of CZ°(R") to Q are dense in H 1(Q). Fix ¢ € ch(RN ) and
set ¢, = Y@ with i, the cutoff functions from Lemma 6.3.2. Then by construction
on € H'(Q,) N HY(Q) with ¢, — ¢ in H' (). In particular

an(Un, On) + Mtn, ©n) = (fu, n)

for all n € N. Clearly (u,, ) — (u, @) and {fy,, ¢») — (f, ¢), so we only have to deal
with a, (4, ¢n). An argument similar to that used in the proof of Proposition 5.1.2 shows
that

lim ag, (s, ¢n), = ao(u, ¢,)
n—00

where ag, (-, -) is the form corresponding to (A,, B,) excluding the boundary integral as
in Definition 2.1.2. We only need to show that

lim bopttnpn do = lim bonunppdo = / boup do (6.3.4)
n—o0 Jaq, n—>o0 Jao 90
forall p € C° (RM). The first equality is because of the properties of the cutoff functions
Yy, so we prove the second one. Fix an open set U such that K N 92 C U. Because
dQ N U¢ is Lipschitz, the trace operator from H' () into Ly(3Q2 N U€) is compact (see
[104, Théoreme 2.6.2]). As u,, — u weakly in H'() the corresponding traces converge
in Ly(02 N U€) and by the uniform bound (6.2.1) and interpolation in Ls(d2 N U€) for
all s € [1, 00). By construction, for big enough n, we have ¢, = ¢ on dQ2 N U*. Hence by
the assumptions on b;,

lim bontnpndo = lim bonunp do =/ boupdo.
=00 Jaonue« =00 JaQnue aQNU*

The assumptions on by, also imply that (b, ) is bounded in L, (9€2), and therefore

[ buinodo] < lungalelibol i a0 G20 )
IQNU

Since we can choose the measure o (d€2 N U) to be arbitrarily small and ||u, ¢y | co 1S
uniformly bounded (6.3.4) follows, completing the proof of the theorem. O
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XN
graph(g,) C 09,
graph(g,) C 0Q
AI‘I
X X
Q
-a

Fig. 6.5. 92, 02, are locally graphs with respect to the same coordinate system.

6.4. Boundary homogenisation: Limit is a Dirichlet problem

In this section we look at a sequence of problems of the form (5.1.1), where 0€2,, is different
to 02 on large parts of the domain. We assume that 9€2,, and 92 are, at least after a change
of coordinates, the graph of a function with respect to the same coordinate system for all
n € N as illustrated in Figure 6.5. We make this more precise as follows.

ASSUMPTION 6.4.1. Let 2, ©,, be domains in RY such that Q C Q,, and
lim |2, \ 2| =0.
n— 00
We further assume that for every x € 0€2 there exists a coordinate system with x at the
centre and a cylinder Z = B x (—a, o) C R¥~! x R for some a > 0 such that
Q,NZ={(",xy) € Bx(—a,00): xy < ¢,(x)}
and
QNZ={( xny) e B x(—a,oo): xy < @o(x)}

with ¢, : B — R Lipschitz continuous for all n € N.

REMARK 6.4.2. Note that ¢,, — ¢ in L1(B). To see this note that because 2 C 2, we
have ¢, > ¢y and hence

lon — oollLy) =/¢n<x’>—¢o<x’>dx’= 1Z 0 (20 \ Q)] < [\ 2 — 0
B
as n — OoQ.

The assumption that 2 C €2, is only for simplicity to avoid overly technical proofs. It
is sufficient to assume that for every compact set K C 2 there exists ngp € N such that
K C Q@ for all n > ng. The argument is given in [51, Remark 5.10(a)].
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We define R, (1) and R()\) as in Definition 2.5.2, where R(A) is associated with the
Dirichlet problem (5.1.2).

THEOREM 6.4.3. Suppose 2,, <2 are bounded Lipschitz domains satisfying Assump-
tion 6.4.1. Moreover, assume that for every x € 02 the corresponding functions
@n: B — R satisfy

lim I{y € B: |Vp,(y)] < t}| =0
n—oo

forall t > 0. Finally suppose that by, > B for some constant B > 0. If 1 < p < o0
and . € o(—A), then for n large enough » € o(—A,) and R,() — R(}) in
L(L, (RM), L, RNY) forall g € [1,m(p)). Here R(A) is the resolvent associated with
the Dirichlet problem (5.1.2) and m(p) is given by (6.1.3).

PROOF. As in the proof of Theorem 6.3.3 we only need to consider p > N and A > A 4,
where A _4 is given by (5.1.8). The other cases follow from Theorem 4.3.4 and the uniform a
priori estimates from Theorem 2.4.1 in conjunction with Table 2.2. Hence assume that p >
N, that A > A 4 and that f, — f weakly in LP(RN). We setu,, := R, (1) f,,. Convergence
of a subsequence to a solution u of Au+Au = fin L p(RN ) follows from Corollary 6.2.3.
Hence we only need to show that u satisfies Dirichlet boundary conditions, that is,
u e HO1 (€2). Since the Dirichlet problem has a unique solution, u is the only possible
accumulation point for the sequence (u,), and therefore the whole sequence converges.

The boundary conditions are local, so we only need to look at a neighbourhood of every
boundary point. Fix a cylinder Z and functions ¢, as in Assumption 6.4.1. Because the
domains are Lipschitz domains, it is sufficient to show that u has zero trace on 9Q2 N Z (see
[104, Théoreme 2.4.2]). We know that u, — u weakly in H' (2N Z). By the compactness
of the trace operator y € LHY QN Z), L,(3Q N Z)) (see [104, Théoreme 2.6.2]) we
know that y (u,) — y(u) in Lo(d2 N Z). From now on we simply write u,,, u for the
traces. We need to show that

lim |luy|lL,00z) = 0. (6.4.1)
n—>0oo

We do that in two steps. To express the boundary integrals in the coordinates chosen we
need the Jacobians

gn =1/ 14+ Vel

By Rademacher’s theorem (see [68, Section 3.1.2]) the gradient exists almost everywhere.
We can write

12

lunllL,00nz) = (/BIMn(X/, <Po(xl))’280(x/) dx,) (6.4.2)
12 2 1/2

< llgollo (/B|un(x/a§0n(x/))_un(x/a¢0(x/))| dx/) (6.4.3)

1/2 2 172
+ llgoll (flun(x’,wn(x/))l dx’) . (6.4.4)
B
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We show separately that each term on the right-hand side of the above inequality converges
to zero as n — o0. For the first term we use Fubini’s theorem and the fundamental theorem
of calculus to write

‘Pn(x/)
/ (& n (X)) — tn (', o) dx” = / | f O xw) dx|
B BlJgoxy 9XN
(Pn(x/)
< / f Vit x3)| doxy d’ < [An] V2| Vitn | 32029 (6.4.5)
B Jp(x')

where A, is the region between graph(¢p) and graph(g,) as shown in Figure 6.5. By as-
sumption |2, \ | — 0 and so |A,| — 0. Furthermore, by (6.2.1) and the definition
of u, the sequence ||Vu, | 1,manz) is bounded. Since u, is not necessarily continuously
differentiable, (6.4.5) needs to be justified. First note that u,, is continuous on Z N £2,, (see
[76, Theorem 8.24]). Because €2, is Lipschitz, u, can be extended to a function in H 1 (2).
Since such functions can be represented by a function such that u,(x’, -) is absolutely
continuous in the coordinate directions, we can indeed apply the fundamental theorem of
calculus as done above (see [101, Section 1.1.3] or [68, Section 4.9.2]). Because

5 1/2
</l;|un(x/v¢n(x/)) _Mn(x/»¢0(x/))| dx/>

12
< 2|un |3 ( fB it (X', 90 (X)) — 1t (', @0 (")) dx’)

the bound (6.2.1) implies that (6.4.3) converges to zero.
We next prove that (6.4.4) converges to zero as well. For > 0 we set

lgn >tl:={yeB:gu(y) >t} and [g, <t]:={y € B: g, (y) <t}

and write

f ' g I
B

- f s g (D2’ + / s gu I .
[gnft]

[gn>t]
By (6.2.1) there exists a constant M > 0 such that

2
/ s pu NP’ < llnlPollgn < 111 < Millgn < 11l
[gnft]
and that

2
/ e gu ) dx”
[gn>t]

1 / Ny |2 / / 1 2 M,
= < | G en D Ten N dx” =l a002) = -
B

for all + > 0. Therefore

1
/B!un(X’, on()|* dx’ < M, (I[gn <+ ;) .
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Fig. 6.6. Perturbation of a disc with limit problem a Robin problem.

Fix now ¢ > 0 and choose ¢ > 0 such that M/t < ¢/2. By assumption there exists
no € N such that |[g, < t]| < ¢/2M for all n > ngy. Hence from the above

/ |n (x, gpn(x’))|2 dx' < ¢
B
for all n > ng. Therefore (6.4.4) converges to zero as claimed and (6.4.1) follows. O

REMARK 6.4.4. (a) The assumption that 9€2,, is a graph over 92 is essential in the above
theorem. The domain shown in Figure 6.6 has a very fast oscillating outside boundary. If
we shrink the connection from the outside ring with the disc to a point and the ring itself
to a circle, then the assumptions of Theorem 6.3.3 are satisfied and the limit problem is the
Robin problem (6.3.3).

(b) It is possible to work with diffeomorphisms flattening the boundary locally as shown
in Figure 6.7, but the proof is more complicated. We refer to [51] for details.

6.5. Boundary homogenisation: Limit is a Robin problem

As in Section 6.4 we look at oscillating boundaries. The oscillations however are slower,
and it turns out that the limit problem of (5.1.1) is a Robin problem of the form

Au+iu=f in€Q,
d 6.5.1
—u+gbhou =0 onadR ( )
v

with first order coefficient gbg rather than just bg. Now the resolvent R(A) is the pseudo-
resolvent associated with (6.5.1). Suppose that Assumption 6.4.1 is satisfied and that @,
are the functions associated with the parametrisation of d<2 and 9€2,,. The function g is
associated with the limit of the Jacobians

gn =1/ 14+ Vel

The assumption that 2 C €2, is again only for simplicity, see [51, Remark 5.10(a)] on
how to overcome it. The assumption that 9€2,, is a graph over d€2 is again essential with
a similar example as in Remark 6.4.4(a). This can, in a generalised sense, be as shown in
Figure 6.7 (see [51] for details).
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N
®
graph(y,) —
q)—l
—
' y
oo O

Fig. 6.7. Simultaneously parametrised domains.

THEOREM 6.5.1. Suppose 2, 2 are bounded Lipschitz domains satisfying Assump-
tion 6.4.1 and that by € C(RN). Set by, := bolyg, with by > Bo for some constant
B > 0. Moreover, assume that g € Lo (0S2) such that for every x € dS2 the corresponding
functions ¢, : B — R satisfy

lim \/1+|V(ﬂn|2 — lim g_n:g
n— 00 /1+|V‘P0|2 n—00 gq

weakly in L,(B) for some r € (1,00), weakly* in Loo(B) or strongly in Li(B). If
1 < p <ooand ) € o(—A), then for n large enough ) € o(—A,) and R,(A) — R(}\)
in E(LP(RN), Ly (RM)) for all ¢ € [1,m(p)). Here R()) is the resolvent associated with
the Robin problem (6.5.1) and m(p) is given by (6.1.3).

PROOF. As in the previous cases considered we only need to look at p > N and A > A4
with A 4 defined by (5.1.8). Given that f, — f weakly in L p(RN ), we show that
R,(A) fu = RA) f in L,,(RN). Since R(A) is compact, Theorem 4.3.4 and the uniform a
priori estimates from Theorem 2.4.1 in conjunction with Table 2.2 complete the proof.
Assume that p > N, that A > i 4 and that f, — f weakly in L,,(RN). We set
u, := R,(}) f,. By Corollary 6.2.3 the sequence u, is bounded in HY(Q) N Loo(RM).
It has a subsequence converging to some function u € H L@)in L p(RN ). Since (6.5.1)
has a unique solution it follows that the whole sequence converges if we can show that u
solves (6.5.1). To simplify notation we assume that u,, converges.

We assumed that €2 is a Lipschitz domain and therefore the restrictions of functions
in C°(R") to 2 are dense in H 1(Q). An argument similar to that used in the proof of
Proposition 5.1.2 shows that

nll)nc}o aon(Un, ¥) = ao(u, )

where ag, (-, -) is the form corresponding to (A,, B3;) excluding the boundary integral as
in Definition 2.1.2. We only need to show that

lim bopunyr do =/ boguyr do.
IR

n—o0 Jya
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By a partition of unity it is sufficient to consider v € C2° (RM) in a cylinder Z =
B x (—a, o0) as in Assumption 6.4.1. In these coordinates the above becomes

lim / (boun¥) (X', @ (x"))gn(x") dx’
n—oo B
= [ Gogun) ' en( Doty 6.52)
B
where (bou, ) (x’, ¢, (x)) is the product of the functions bou, v evaluated at the point
(x', @n(x")). First note that

un(x', gn(x")) = u(x’, po(x))

in Li(B) by a similar argument as the one used to prove that (6.4.3) converges to
zero. The product by is continuous and bounded on B and therefore the corresponding
superposition operator on Lj(B) is continuous (see [6, Theorem 3.1 and 3.7]). Since
¢n — @ in L1(B) by Remark 6.4.2 we therefore conclude that

(boy)(x", @u(x")) = (boy)(x", @o(x))
in L1 (B). Since by, ¥ and u,, are bounded in L (B) it follows that
(boun V) (x", @u(x")) = (bour)(x', go(x"))

in Lg(B) for all s € [1, o0). By assumption

gn(x")
gn(x') = Z——=go(x") = g(x, po(x)go(x")
go(x")
weakly in L,(B) for some r € (1, 00), weakly™ in Loo(B) or strongly in L{(B). If we
combine everything, then (6.5.2) follows. ]

REMARK 6.5.2. (a) From the above the function new weight g is larger than or equal to
one, so bpg > bg always. This reflects the physical description mentioned in Section 6.1,
where we argued that a larger surface area of the oscillating boundary will lead to better
cooling. We cannot approach a Neumann problem for that reason. The best we can do is
to have g = 1. If the oscillations are too fast, then heuristically we have “g = 00’ and the
limit problem is a Dirichlet problem as in Theorem 6.4.3.

(b) Given a Lipschitz domain it is possible to construct a sequence of C* domains
satisfying the assumptions of the above theorem in such a way that g = 1, that is, the
boundary conditions of the limit domain are unchanged. For details see Section 8.3.

7. Neumann problems on varying domains

7.1. Remarks on Neumann problems

We saw in Section 2.4.3 that there are no smoothing properties for the Neumann problem
uniformly with respect to the domains. This makes dealing with Neumann boundary
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conditions rather more difficult. In particular, we saw that for Dirichlet and Robin problems
the resolvent operators converge in the operator norm. This is not in general the case for
Neumann problems. In particular, we cannot expect the spectrum to converge as in the
case of the other boundary conditions, which means the resolvent operator only converges
strongly (that is, pointwise) in L(L2(RM)). In this exposition we only prove a result similar
to those for Dirichlet and Robin problems. It is beyond the scope of these notes to give a
comprehensive treatment of the other phenomena. We refer to the literature, in particular
to the work of Arrieta [13,17], the group of Bucur, Varchon and Zolésio [29,30] with
necessary and sufficient conditions for domains in the plane in [28]. There is other work
by Jimbo [87-90] and references therein. Other references include [32,33,47,49,81].

7.2. Convergence results for Neumann problems

Given open sets 2, C R (N > 2) we consider convergence of solutions of the Neumann
problems

Aju + 2 u = f, inQ,,

0 (7.2.1)
—u=0 ond,
av g

to a solution the Neumann problem

Au+u = f in €,
d (7.2.2)
—u=0 onod2,
vy
on a domain Q as n — oo. On the operators A,, A we make the same assumptions as
in the case of the Dirichlet and Robin problems, namely those stated in Assumption 5.1.1.
To get a result in the spirit of the others proved so far we make the following assumptions
on the domains. The conditions are far from optimal, but given the difficulties mentioned
in Section 7.1, we refer to the literature cited there for more general conditions.

ASSUMPTION 7.2.1. Suppose that €2,, Q2 are bounded open sets with the following
properties.
(1) There exists a compact set K C € of capacity zero such that for every
neighbourhood U of K there exists ng € N with Q C QU U for all n > ny.
2) 12, Nl - 0asn — oo.
(3) {ulg: u € CX(RN)}is dense in H'(R).
(4) There exists d > 2, ¢, > 0 and A9 > 0 such that
10l ja—2) < Calan(ue, u) + Xollull2)
forall u € HY(Q,) and all n € N. Here a,(-, ) is given as in Definition 2.1.2
without the boundary integral.

REMARK 7.2.2. (a) Condition (1) allows to cut holes into 2 shrinking to a set K of
capacity zero. The holes cannot be arbitrary since otherwise (4) is violated. However
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n—oo

Fig. 7.1. Approximation of touching spheres, preserving a uniform cone condition.

if the holes have a fixed shape and are just contracted by a scalar factor, then (4) is satisfied
(see [53, Section 2)).

(b) Condition (4) is satisfied if for instance all domains €2,,, 2 satisfy a cone condition
uniformly with respect to n € N, that is, the angle and length of the cone defining the cone
condition is the same for all n € N (see [2, Lemma 5.12]). But as the example with the
holes in (a) shows this is only a sufficient condition for (4). Such an approach was used in
[37] for instance.

(c) We might think that under the above condition we can have examples like the
dumbbell shaped domains in Figure 6.1. As it turns out, condition (4) cannot be satisfied
for such a case, because (4) implies convergence in the operator norm as we prove below.
Convergence in the operator norm, by Corollary 4.3.2, every finite system of eigenvalues
converges, but for dumbbell shaped domains or other exterior perturbations this is not the
case (see [13,87]). However, if we replace the dumbbell by two touching balls opened
up slightly near the touching balls, then we can ensure that a uniform cone condition is
satisfied. Moreover, (3) holds because the union of two balls has a smooth boundary except
at a set of capacity zero, where the balls touch (See Figure 7.1). The other conditions are
obviously also satisfied.

(d) To get convergence of solutions (but not necessarily of the spectrum) we could work
with conditions similar to the Mosco conditions stated in Assumption 5.2.1 and 5.2.2 in
the case of the Dirichlet problem. The conditions are explicitly used and stated in [28,
Section 2].

We define the resolvent operators R, (1) and R(A) as in Definition 2.5.2 with (A4,, B,)
and (A, B) being the operators associated with (7.2.1) and (7.2.2), respectively. By
Theorem 2.2.2, the Neumann problem (6.1.1) is uniquely solvable for all A > Ap :=
A+ ap/2and all f;,, € Ly(2,). This means R, (1) and R(}) is well defined for n > ny.

THEOREM 7.2.3. Suppose that Assumption 7.2.1 holds. If A € o(—A), then . € o0(Ap)
for all n large enough. Moreover, for every p € (1,00) we have R,(L) — R(A) in
L(L, (RM), L, (RM)) for all g € [p, m(p)), where m(p) is defined by (2.4.5).

PROOF. Fix A > A4 + /2 and let f, — f weakly in Lo(RY). Set u, := R,(}) f»
and u := R(A)f. Note that by assumption and (2.4.7) the operator R(}) is compact. By
Theorem 4.3.4 and (2.4.2) it is therefore sufficient to prove that i, — u in Lo(R"). To do
so first note that by Theorem 2.2.2 we have

2
u < — , < —
l n||H1(Q,,) = @0 ”fn”(Hl(Qn)) = o ||fn||L2(S2,1)
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forall n € N. Hence |juy|| H(Q) is uniformly bounded. Hence there is a subsequence (un,)
such that (it,,) and also (Vunk) converge weakly in L,(RY). Here ii Up, and Vu,,k are the
extensions of u,, and Vu,, by zero outside £2,,. If we can show that u € H'() and that u
solves (7.2.2), then the whole sequence converges since the limit problem admits a unique
solution. For simplicity we denote the subsequence chosen again by (u;,).

First note that our assumptions make it possible to apply Proposition 6.2.2 and thus
u e HY Q) and u, — uin Lo(RY). Note also that this function has support in Q. We show
that u solves (7.2.2). By assumption cap(Q N Q¢) — 0 and so there exists ¢, € C OO(RN )
such that 0 < ¢, < 1, ¢, = 1 in a neighbourhood of Q N Q¢ and g, — 0in H (RN ). Let
nwweC?QMMRW%:wU—W)HmwwemeGM)Mw

an(Wn, Yon) + (Un, Yn) = (fu, ¥n)

for all n € N. Every term in the above identity involves a pair of a strongly and a weakly
convergent sequence and therefore an argument similar to that in the proof of Proposi-
tion 5.1.2 shows that we can pass to the limit to get

a(u, ¥) + (u, o) = (f, ¥).

Because the restrictions of functions in C2°(2) to €2 are dense in H 1(Q) we conclude that
u is the weak solution of (7.2.2) as claimed. ]

8. Approximation by smooth data and domains

The above can be used to approximate problems on nonsmooth domains by a sequence of
problems on smooth domains. This is a useful tool to get results for nonsmooth domains,
using results on smooth domains. Such techniques were for instance central in [12,54,86,
93,98]. The technique can be used to prove isoperimetric inequalities for eigenvalues, given
they are known for smooth domains and involve constants independent of the geometry of
the domain. A recent collection of such inequality for which the technique could be applied
appears in [18]. Such an approach was also used in [60] for Robin boundary conditions.

8.1. Approximation by operators having smooth coefficients

Consider an operator A as in Section 2.1 with diffusion matrix Ag = [a;;], drift terms
a=(ay,...,ay)and b = (b, ..., by), and potential co in L>°(R"). Also assume that .4
satisfies the ellipticity condition (2.1.3). If A is only given on an open set €2, then extend
it to an operator on R" as in Remark 2.1.1.

Define the nonnegative function ¢ € C>°(R") by

1
cexp| ———— if |x] < 1
px) = (MV—l)
0 if x| > 1
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with ¢ > 0 chosen such that

/ p(x)dx = 1.
RN

For all n € N define ¢, by ¢,(x) := n"¢(nx). Then (,),cN is an approximate identity

inRY. Foralln e Nandi,j=1,..., N we set

ai(;’) = @n % djj, al.(") =, *a;, bl.(") =g, %b; and co, = @, * 0.
We then define A, by

Ayu .= —div(A,Vu + ayu) + by, - Vu + copu (8.1.1)

with A, = [a'] ay = @, ....ay’). by = (b]". ... bY). The following proposition
shows that the family of operators A, in particular satisfies Assumption 5.1.1.

PROPOSITION 8.1.1. The family of operators A,, as defined above has coefficients of class

C®° and satisfies Assumption 5.1.1. Moreover, A, has the same ellipticity constant g as
A and

_ 1
A, = lleg,lloo + 3 lan + b2, < 2a (8.1.2)

20!
foralln € N, where A 4 is defined by (2.1.10).

PROOF. Let g € Loo(RY). By the properties of convolution

—lg lleo = —/ GnMNg o dy < / on(y)g(y —x)dy
RN RN
. / on g lloo dy = llg™ llo
RN

for all n € N if we use that ||¢, ||| = 1. Here g := max{u, 0} and g~ := max{—u, 0} are
the positive and negative parts of g. In particular, from the above

llon * glloe < lIglloc  and  [I(@n * &) lloc < 18" lloc-
Assuming that the ellipticity condition (2.1.3) holds we get

N N
€ A008 = Y a6 = 3 [ enaye -y et

i,j=1 i,j=1

N
= /RN en(y) D aijx = y)Ej&idy > fRN en(aol§l dy = colé |

ij=1

for all n € N. Hence A, is elliptic with the same ellipticity constant as A. Using the
smoothing properties of convolution, the coefficients of 4, are of class C*°. Moreover,
they converge to the corresponding coefficients of 4 almost everywhere (see [68,
Section 4.2.1, Theorem 1]). O
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8.2. Approximation by smooth domains from the interior

The purpose of this section is to prove that every open set in RY can be exhausted by a
sequence of smoothly bounded open sets. This fact is frequently used, but proofs are often
not given, only roughly sketched or very technical (see [63, Section 11.4.2, Lemma 1] and
[67, Theorem V.4.20]). We give a simple proof based on the existence of suitable cutoff
functions and Sard’s lemma. The idea is similar to the proof of [67, Theorem V.4.20],
where the existence of a sequence of approximating domains with analytic boundary is
shown. For open sets U, V we write

UccVv
if U is bounded and U C V.

PROPOSITION 8.2.1. Let @ C RN be an open set. Then there exists a sequence of bounded
open sets 2, with boundary of class C* such that 2,, CC Q,+1 CC Q foralln € N and
Q= Un eN 8. If Q is connected we can choose 2y, to be connected as well.

PROOF. Given an open set 2 C RY, define
Vi = {x € Q: dist(x, 0R) > 1/n, |x| < n}

for all n € N. Then U, := V,, is open and U,, CC U,4+; CC Q for all n € N and
UneN U, = Q. Next choose cutoff functions ¥, € C2°(Uy+1) such that 0 < ¢ < 1 with
¥ = 1 on U,. By Sard’s lemma (see [85, Theorem 3.1.3]) we can choose regular values
t, € (0, 1) of ¥, for every n € N. Then for every n € N we set

E, ={xeQ: ¢¥,(x) > t,}.

Let €2, consist of the connected components of E, containing U,. With this choice
U, cC 2, cC U,4+1, and since ¢, is a regular value of v, by the implicit function
theorem, 9€2, is of class C*°. By the properties of U, also 2, CC 2,41 CC 2 for all
ne€Nand Q =,y Q0.

If Q@ is connected we can choose a sequence U, of connected subsets of V, with
U, CC Upy1 CcC Q for all n € N. Then the €2, constructed above are connected as
required. We finish this proof by showing that we can indeed choose U, connected if 2
is connected. There exists ng € N such that V,, # @ for all n > ng. Fix xo € V,, and
denote by Uy, the connected component of V,,, containing xo. For n > ng we inductively
define U, to be the connected component of V,, containing U,,_1. Then U := UnEN U, is
a nonempty open set. If we show that 2 \ U is open, then the connectedness of €2 implies
that U = Q. Let x € Q\ U. Since Q2 is open there exists m € N such that B(x,2/m) C Q.
Hence B(x,1/m) C V,, and so B(x,1/m) NU, = @ for all n € N, since otherwise
B(x,1/m) C U, for some n. Therefore B(x, 1/m) C 2\ U and thus Q2 \ U is open. [

8.3. Approximation from the exterior for Lipschitz domains

Approximation from the inside by smooth domains is a useful technique for the Dirichlet
problem. The situation is more difficult for Robin problems, where we saw in Section 6



Domain perturbation for linear and semi-linear boundary value problems 61

that the limit problem very much depends on the boundary of the domains €2,,. We want to
state an existence theorem on a sequence of smooth domains where the boundary measure
converges to the correct measure of the limit domain. The result originally goes back to
Necas [103]. We state it as proved in [66, Theorem 5.1].

THEOREM 8.3.1. Let Q be a bounded Lipschitz domain in RN. Then there exists a
sequence of domains Q,, of class C* satisfying Assumption 6.4.1. Moreover, the functions
¢n: B — R from Assumption 6.4.1 can be chosen such that

(1) ¢n € C*(B) forn = 1;

(2) ¢y — @o uniformly on B;

3) ll¢nlloo is uniformly bounded with respect ton € N;

4) Vo, — Voo in L,(B) forall p € [1, 00).

The situation is shown in Figure 6.5. Note that Condition (4) is the most difficult to
achieve.

REMARK 8.3.2. We can apply the above theorem to get a sequence of smooth
domains approaching a given Lipschitz domain by smooth domains in such a way that
Theorem 6.5.1 applies with g = 1, that is, the boundary conditions on the limit domain are
the same as on the domains £2,,.

Let ¢, be as in the above theorem and set

gn =1/ 14+ Vel

Since for 0 < b < a the function ¢ + ~/t + a? — +/t + b? is decreasing as a function of
t > 0 we get

Vita2 —J1+b2<a—b.

Therefore

1+ 1902 = 1+ 19002] < IVl = Vg0l| < Vg — Voo,

and so from (4) in the above theorem

|

asn — oo for all p € [1, 00). Hence

8
8n _ 1” < llgn — goll, < IV — Vel , — 0
80 P

lim % =1

in L,(2) forall p € [1, 00) as required in Theorem 6.5.1.
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9. Perturbation of semi-linear problems
9.1. Basic convergence results for semi-linear problems

Consider the boundary value problem

Au = f(x,u(x)) in <,

9.1.1
Bu = 0 on BQ, ( )
and perturbations
A = 9 i Q ’
att = f(x,u(x)) in 2y 9.1.2)

B,u=0 on 9%2,,.

We assume throughout that A,, A satisfy Assumption 5.1.1. We considered linear
problems with various boundary operators B,. Let R,(A) and R(A) be the resolvent
operators corresponding to the boundary value problems (A, B,) and the relevant limit
problem (A, B) as given in Definition 2.5.2. Finally, let A,, A be the operators induced by
(Ay, By,) and (A, B) as defined in Section 2.2. In all cases we proved that the following
assumptions hold.

ASSUMPTION 9.1.1. Let 2 be bounded. For every A € o(—A) there exists ng € N such
that A € o(—A,) for all n > ny. Moreover, for every p € (1, c0)

lim R,(3) = R(2)

in L(L,RY), LyRV)NL(L,(RY)) forallg € [p, m(p)). Here m(p) is given by (2.4.5)
with d depending on to the type of problem under consideration (see Tables 2.1-2.3).

We summarise the various cases below.
(1) Dirichlet boundary conditions on €2,, and the limit domain €2 (see Section 5.2, in
particular Theorem 5.2.6).

(2) Robin boundary conditions on £2,, and €2, perturbing the original boundary 92 only
very slightly (see Section 6.3). The dumbbell problem shown in Figure 6.1 is an
example.

(3) Robin boundary conditions on €2, with very fast oscillating boundary. On the limit
domain 2 we have Dirichlet boundary conditions (see Section 6.4).

(4) Robin boundary conditions on €2, with moderately fast oscillating boundary. On
the limit domain 2 we have Robin boundary conditions with a different boundary
coefficient (see Section 6.5).

(5) Neumann boundary conditions and an additional assumption on the domains €2,,. In
the limit we also have Neumann boundary conditions (see Section 7).

As seen in Section 3.1 we can rewrite (9.1.1) and (9.1.2) as fixed point equations in L, (£2)
and L, (£2,), respectively. We want write the problems as equations on L p(]RN ).
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Suppose that f: RY x R satisfies Assumption 3.1.1 and let F be the corresponding
superposition operator. In the spirit of Proposition 3.1.3 we let

G@) := RAW)(F(u) +2ru) and  Gp(u) := Ry (M) (F(u) + Au)

for A > 0 big enough so that R,(A), R(A) are well defined. The only difference to the
definition given in Proposition 3.1.3 is, that G acts on L p(RN ) rather than L,(2), and
similarly G,. This allows us to work in a big space independent of 2. By Proposition 3.1.3,
finding a solution of (9.1.1) in L, (£2) is equivalent to finding a solution to the fixed point
equation

u=G(u) (9.1.3)
in L p(RN ) for p > 2d/(d — 2). Similarly, (9.1.2) is equivalent to

u=Gp(u) 9.1.4)
in L p(RN ). We now prove some basic properties of G, G.

PROPOSITION 9.1.2. Suppose that f : RN xR satisfies Assumption 3.1.1, and that y, p are
such that (3.1.5) holds. Let Q be bounded and suppose that Assumption 9.1.1 is satisfied.
Then
(1) G, G, € C(L,RN, L,(RY)) foralln € N;
(2) Ifuy — win L,(RN), then G, (uy) — G(u) in L,(RN);
(3) For every bounded sequence (u,) in L,,(RN), the sequence (G, (uy))neN has a
convergent subsequence in L, (RM).

Moreover, the map G, is compact if Q2 is bounded.

PROOF. By the growth condition (3.1.5) and Assumption 9.1.1 it follows that R, (1) —
R(W) in L(L,(RN), L,/ R¥)NL(L,([RYN)). The first assertion (1) then directly follows
from Proposition 3.1.3. Also the compactness of G and G, if 2 and €2, are bounded
follows from Proposition 3.1.3. Statement (2) follows from the continuity of F proved in
Lemma 3.1.2 and the assumptions on R, (1). To prove (3) note that by Proposition 3.1.3
the sequence (F (uy)),en is bounded for every bounded sequence (u,) in L, (£2). Hence
there exists a subsequence such that F (u,,) + Au,, — g weaklyin L/, RN) + LP(RN).
By Theorem 4.3.4

Gnk (unk) = Rnk ()\)(F(Mnk) + )\unk) — R(M)g

inL, (RM), completing the proof of the proposition. O

REMARK 9.1.3. Sometimes, when working with positive solutions and comparison
principles it is useful to make sure f(x,&) + A& is increasing as a function of &, and
that R(}) is a positive operator. Both can be achieved by choosing A > 0 large enough if
f e C'RN xR).
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REMARK 9.1.4. For the assertions of the above propositions to be true Assumption 3.1.1
is not necessary. We discuss some examples. For instance consider a linear f of the form

f(x,u) = wyu

with w, — w weakly in L (RV) for some g > d/2. Such cases arise in dealing with
semi-linear problems (see for instance [50, Lemma 2]). More generally, suppose that y, p
satisfy (3.1.5) and thatg > p/(y — ). If

e, u) = wy ()|’ u

with w, — w weakly in Lq(RN ), then the assertions of the above propositions hold in
L,(RN).

THEOREM 9.1.5. Suppose that f: RN x R satisfies Assumption 3.1.1, and that y, p are
such that (3.1.5) holds. Further suppose that u, are solutions of (9.1.2) such that the
sequence (uy,) is bounded in L p(RN ). Finally suppose that Assumption 9.1.1 is satisfied.
Then there exists a subsequence (uy,) converging to a solution u of (9.1.1) in L, (RM) for
all g € [p, o).

PROOF. We know from the above discussion that u,, = G,(u,) for all n € RV, Since
(u,) is bounded, Proposition 9.1.2 property (3) implies that there exists a subsequence
(4, ) such that

Up, = Gnk (unk) —u

in LP(RN). Now by Proposition 9.1.2 property (2) we get that G, (u,,) — G(u) in
L p(RN ). Theorem 3.2.1 implies that (u,) is bounded in L, (RM). Hence by interpolation,
convergence is in Ly (RN) forall g € [p, 00). O]

REMARK 9.1.6. (a) If we assume that | <y < (d +2)/(d — 2), then a bound in Lo(RN)
is sufficient in the above theorem.

(b) Solutions to semi-linear problems are in general not unique, so we do not expect the
whole sequence to converge. If we happen to know by some means that (u#,) has at most
one limit, then the whole sequence converges.

We next look at problems without growth conditions on the nonlinearity, but instead
assume that the solutions on €2, are bounded uniformly with respect to n € N. We still
assume that f: RV x R is Carathéodory (see Assumption 3.1.1 for what this means).

THEOREM 9.1.7. Suppose that f: RN x R is a Carathéodory function, and that
SUp,.eN 12, < oo. Further suppose that u,, are solutions of (9.1.2) such that the sequence
() is bounded in Loo(RN). Finally suppose that Assumption 9.1.1 is satisfied. Then
there exists a subsequence (uy,,) converging to a solution u of (9.1.1) in LP(RN) for all
p € [1, 00).

PROOF. Let M := sup,, oy llunlloo- Let ¢ € C°°(R) be a monotone function with v/ (§) =
Yifé < Mandy(§) = M + 1if |§] > M + 1. Then define fx, &) := f(x,¥()) and
by F the corresponding superposition operator. Then f is bounded and therefore satisfies
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Assumption 3.1.1 with y = 1. Since ||u,||lcc < M we clearly have F(un) = F(uy) and so
we can replace F by F in the definition of G,, G without changing the solutions. Hence
we can apply Theorem 9.1.5 to conclude that u,, — u in Ly(RY). By the uniform L .-
bound convergence is in L p(RN ) for all p € [2, 00), and by the uniform boundedness of

|2, | also for p € [1, 2). ]

REMARK 9.1.8. An L-bound as required above follows from an L ,-bound under
suitable growth conditions on the nonlinearity f as shown in Section 3.2.

9.2. Existence of nearby solutions for semi-linear problems

Suppose that the limit problem (9.1.1) has a solution. In this section we want to prove
that under certain circumstances the perturbed problem (9.1.2) has a solution nearby. In
the abstract framework this translates into the question whether the fixed point equation
(9.1.4) has, at least for n large enough, a solution near a given solution of (9.1.3). Of
course, we do not expect this for arbitrary solutions. Note that the results here do not just
apply to domain perturbation problems, but to other types of perturbations having similar
properties as well.

One common technique to prove existence of such solutions is by means of the Leray—
Schauder degree (see [65, Chapter 2.8] or [99, Chapter 4]). We assume that G is a compact
operator, that is, if it maps bounded sets onto relatively compact sets. Then, if U C E is an
open bounded set such that u # Ggq(u) for all u € dU, then the Leray—Schauder degree,
deg(I — Gg, U,0) € Z, is well defined. If we deal with positive solutions we can use the
degree in cones as in [3,44]. In order to do that we need some more assumptions. These
are satisfied for the concrete case of semi-linear boundary value problems as shown in
Proposition 9.1.2 with E = LP(RN) for some p € (1, 00).

ASSUMPTION 9.2.1. Suppose E is a Banach space and suppose
(1) G,G, € C(E, E) are compact for all n € N;
2) Ifu, - uin E, then G,,(u,) — G(u) in E.
(3) For every bounded sequence (u;) in E the sequence (G, (#,)),eN has a convergent
subsequence in E.

The following is the main result of this section. The basic idea of the proof for specific
domain perturbation problems goes back to [45]. The proof given here is a more abstract
version of the ones found in [52,8] for some specific domain perturbation problems.

THEOREM 9.2.2. Suppose that G,,, G satisfy Assumption 9.2.1. Moreover, let U C E be
an open bounded set such that G(u) # u for all u € dU. Then there exists ng € N such
that G,,(u) # u forallu € dU and

deg(I — G, U,0) = deg(I — G, U, 0) 9.2.1)

forall n > ny.

PROOF. We use the homotopy invariance of the degree (see [65, Section 2.8.3] or [99, The-
orem 4.3.4]) to prove (9.2.1). We define the homotopies H,, (t, u) :=tG, (u)+ (1 —1)G(u)
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fortr € [0,1], u € E and n € N. To prove (9.2.1) it is sufficient to show that there exists
no € N such that

u # Hy(t, u) (9.2.2)

foralln > ng,t € [0, 1] and u € dU. Assume to the contrary that there exist ny — 00,
ty, €10, 1] and u,, € oU such that u,, = H,, (¢, un,) for all k € N. As U is bounded
in £, Assumption 9.2.1 (1) and (3) guarantee that t,, — 1y in [0, 1], G, (u,,) — v and
G(up,) — win E for some v, w € E if we pass to a further subsequence. Hence

Up, = an (tnkv unk) = tnank (unk) + (1 - tnk)G(unk)

o =t + (1 — t)w

in E and so u,, — u in E and u € 9U since dU is closed. Now the continuity of
G and Assumption 9.2.1 part (2) imply that v = w = G(u), so that u,, — u =
toG(u) + (1 —19)G(u) = G(u). Hence u = G(u) for some u € dU, contradicting our
assumptions. Thus there exists ng € N such that (9.2.2) is true for all n > no, completing
the proof of the theorem. O

Of course, we are most interested in the case deg(/ — Ggq, U,0) # 0. Then, by the
solution property of the degree (see [99, Theorem 4.3.2]), (9.1.3) has a solutionin U. As a
corollary to Theorem 9.2.2 we get the existence of a solution of (9.1.4) in U.

COROLLARY 9.2.3. Suppose that G, G satisfy Assumption 9.2.1 and that U C E is open
and bounded with u # G(u) for allu € 9U. If deg(I — G, U, 0) # 0O, then there exists
no € N such that (9.1.4) has a solution in U for all n > ny.

Now we consider an isolated solution ug of (9.1.3) and recall the definition of its
index. Denote by B(up) the open ball of radius ¢ > 0 and centre up in E. Then
deg(I — G, B:(ugp), 0) is defined for small enough ¢ > 0. Moreover, by the excision
property of the degree deg(I — G, B:(up),0) stays constant for small enough ¢ > 0.
Hence the fixed point index of u,

i(G, ug) := slg% deg(I — G, B:(up),0)

is well defined.

THEOREM 9.2.4. Suppose that G, G satisfy Assumption 9.2.1. If ug is an isolated
solution of (9.1.3) with (G, ug) # 0, then for n large enough there exist solutions u,
of (9.1.4) such that u, — ug in E as n — oo.

PROOF. By assumption there exists 9 > 0 such that

for all ¢ € (0, g9). Hence by Corollary 9.2.3 problem (9.1.4) has a solution in B, (uq) for
all € € (0, &p) if only n large enough. Hence a sequence as required exists. O
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Without additional assumptions it is possible that there are several different sequences of
solutions of (9.1.4) converging to ug. However, if G € C Y(E, E) and ug is nondegenerate,
that is, the linearised problem

v = DG (up)v (9.2.3)
has only the trivial solution, then u,, is unique for large n € N.

THEOREM 9.2.5. Suppose that G,,, G € CYE,E) satisfy Assumption 9.2.1. Further
assume that DG, (u,) — DG (u) in L(E). If ug is a nondegenerate solution of (9.1.3),
then there exists ¢ > 0 such that (9.1.4) has a unique solution in Bg(uq) for all n large
enough and this solution is nondegenerate.

PROOF. As ugis nondegenerate  — DG (ug) is invertible with bounded inverse. Moreover,
since G is compact [65, Proposition 8.2] implies that DG (uq) is compact as well. By [99,
Theorem 5.2.3 and Theorem 4.3.14] i(G, ug) = =£1, so by Theorem 9.2.4 there exists a
sequence of solutions u,, of (9.1.3) with u,, — u as n — o0o. As the set of invertible linear
operators is open in L(E) we conclude that I — DG, (u,) is invertible for n sufficiently
large. Hence u,, is nondegenerate for n sufficiently large.

We now show uniqueness. Suppose to the contrary that there exist solutions u, and vy,
of (9.1.4) converging to ug with u,, # v, for all n € N large enough. As G,, € CUE, E)
we get

1
G(up) — G(vy) = / DG (tuy + (1 — H)v,) dt (uy — vp).
0

Hence if we set w, := ”52:5: 7» then [lw, |l = 1 and
G -G !
, = Gnln) = Gu®n) _ / DG, (tuy + (1 — 1)) di w, (9.2.4)
ltn — vpll 0

foralln € N. As u,, v, — ug we get tu, + (1 — t)v, — ug in E for all ¢+ € [0, 1] and
hence by assumption DG, (tu, + (1 — t)v,) — DG(ug) in L(E) for all ¢ € [0, 1]. By the
continuity of DG, and the compactness of [0, 1] there exists #, € [0, 1] such that

sup [ DG (tuy 4+ (1 — vy | = | DGy (tain + (1 — t)vy) |
t€[0,7]

Since tyu, + (1 — t,)v, — ug by assumption DG, (tu, + (1 —t)v,) = DG (ug) in L(E)
and hence

sup HDGn(tun + (1 — t)vn)” < 0.
1€[0,1]
neN

By the dominated convergence theorem

1
/ DG (tun + (1 — t)vy) dt — DG (uo)
0
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in L(E). As the set of invertible operators is open we see that

1
1 —/ DG, (tu, + (1 —t)v,) dt
0

has a bounded inverse for n sufficiently large. But this contradicts (9.2.4) and therefore
uniqueness follows. O

9.3. Applications to boundary value problems

We now discuss how to apply the abstract results in the previous section to boundary value
problems. In addition to the assumptions made on f in Section 9.1 we assume that the
corresponding superposition operator is differentiable. Conditions for that can be found in
[6, Theorem 3.12]. We also assume that there exists a bounded set B such that

Q,,QCB
foralln € N.

THEOREM 9.3.1. Suppose that f € C(RN x R) satisfies Assumption 3.1.1, and that y, p
are such that (3.1.5) holds. Further suppose that Assumption 9.1.1 is satisfied, and that
u €L p(RN ) is a nondegenerate isolated solution of (9.1.1). Then, there exists ¢ > 0
such that, for n large enough, equation (9.1.2) has a unique solution u, € L,(82) with
lup — ullp, < &. Moreover, u, — u € Lq(RN)for all g € (1, 00).

PROOF. By Proposition 9.1.2 all assumptions of Theorem 9.2.5 are satisfied if we choose
E = L,(R"). Hence there exist ¢ > 0 and u, € L,(R") as claimed. By Theorem 3.2.1
the sequence (u,) is bounded in Loo(RN) and therefore the convergence is in L (RN for
all ¢ € [p, 00). Since the measure of €2, is uniformly bounded, convergence takes place
in L,(RY) for g € [1, p) as well. O

REMARK 9.3.2. (a) We could for instance choose f(u) := |u|” ~'u, ora nonlinearity with
that growth behaviour. Then we can choose p big enough such that (3.1.5) is satisfied. If
y < (d +2)/(d — 2), then the theorem applies to all nondegenerate weak solutions.

(b) The above theorem does not necessarily imply that (9.1.2) has only one solution near
the solution u of (9.1.1) in L»(R"), because a solution in L, (R") does not need to be close
touin L p(RN ). However, if y < (d +2)/(d — 2), then u,, is the unique weak solution of
(9.1.2) in the e-neighbourhood of u in Ly(RY).

We next want to look at a problem without any growth conditions on f. In such a case
we have to deal with solutions in L., (R") only. The idea is to truncate the nonlinearity
and apply Theorem 9.3.1.

THEOREM 9.3.3. Suppose that f € C(RYN x R) satisfies Assumption 3.1.1, and that y, p
are such that (3.1.5) holds. Further suppose that Assumption 9.1.1 is satisfied, and that
u € Loo(RY) is a nondegenerate isolated solution of (9.1.1). Then, there exists ¢ > 0
such that, for n large enough, equation (9.1.2) has a unique solution u, € Ls(2) with
Sup,eN lunlloc < 00 and u, — u € Lq(RN)forallq € [1, 00).
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PROOF. Fix p > d/2 with d from Assumption 9.1.1. Because u € Ly (RY) and
f € C(B x R) we have F(u) € L ,,(]RN ), where F is the superposition operator induced
by f. By Theorem 2.4.1 and the assumptions on (A,, B3,) there exists a constant C
independent of n € N such that

lulloe = M := CUIF@lp + rollullp) + llullp.
Let ¥ € C*°(R) be a monotone function with

£ ifE < M+1,

ve) = sgnE(M +2) if|g] > M+ 2.

Then define f(x, &) = f(x,¥(&)). Then f is a bounded function on B x R and
f(x, &) = f(x, &) whenever || < M + 1. As f is bounded we can apply Theorem 9.3.1.
Hence there exists ¢ > 0 such that, for n large enough, equation (9.1.2) has a unique
solution u,, € L,(2) with ||u, — ul|, < . Moreover, u, — u € LP(RN). By what we
have seen above

lunlloo < CUF @a)llp + Aollallp) + llunll,

for all n € N. Because f is bounded, Lemma 3.1.2 shows that F (u,) — F(u) in LP(RN).
Hence, for n large enough

luplloo < M + 1.

By definition of F it follows that F (un) = F(u,) for n large enough, so u, is a solution
of (9.1.2). Convergence in L, (RN) for ¢ € [p, 0o) follows by interpolation and for
q € [1, p) since B has bounded measure. O

The main difficulty in applying the above results is to show that the solution of (9.1.1)
is nondegenerate. A typical example is to look at a problem on two or more disjoint balls
and get multiple solutions by taking different combinations of solutions. For instance if
we have a trivial and a nontrivial solution, then on two disjoint balls we get four solutions:
the trivial solution on both, the trivial on one and the nontrivial on the other and vice
versa, and the nontrivial solution on both. We can then connect the domains either as a
dumbbell domain with a small strip (see Figure 6.1) or touching balls (see Figure 7.1).
The dumbbell example works for Dirichlet and Robin boundary conditions, but not for
Neumann boundary conditions. For Neumann boundary conditions, the example of the
touching spheres applies.

To illustrate the above we give an example to the Gelfand equation from combustion
theory (see [72, §15]) due to [45]. The example shows that a simple equation can have
multiple solutions on simply connected domains.
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EXAMPLE 9.3.4. Consider the Gelfand equation
—Au = pe in L,

9.3.1
u=>0 on 082 ( )

on a bounded domain of class C2. If u > 0, then pue* > 0 for all u and thus by the
maximum principle every solution of (9.3.1) is positive. By [73, Theorem 1] positivity
implies that all solutions are radially symmetric if €2 is a ball.

It is well known that there exists ;1o > 0 such that (9.3.1) has a minimal positive solution
for u € [0, up] and no solution for u > g (see [4,41]). Moreover, for u € (0, (o) this
minimal solution is nondegenerate (see [41, Lemma 3]). Let now Q2 = By U Bj be the
union of two balls By and Bj of the same radius and €2, the dumbbell-like domains as
shown in Figure 6.1. If N = 2 and u € (0, uo), then there exists a second solution for the
problems on By and Bj. In fact, the two solutions are the only solutions on a ball if N = 2
(see [91, p. 242] or [72, §15, p. 359]). Note that this is not true for N > 3 as shown in [91].
Equation (8) on page 415 together with the results in Section 2 in [43] imply that there is
bifurcation from every degenerate solution. Since we know that there is no bifurcation in
the interval (0, wo), it follows that the second solution is also nondegenerate.

We now show that there are possibly more than two solutions on (simply connected)
domains other than balls. Looking at 2 = By U B; we have four nontrivial nondegenerate
solutions of (9.3.1). Hence by Theorem 9.3.3 there exist at least four nondegenerate
solutions of (9.3.1) on €2, for n large. Note that similar arguments apply to the nonlinearity
|u|P~'u for p subcritical as discussed in [45].

9.4. Remarks on large solutions

If all solutions of (9.1.1) are nondegenerate it is tempting to believe that the number of
solutions of (9.1.2) is the same for n sufficiently large. However, this is not always true,
and Theorem 9.3.1 only gives a lower bound for the number of solutions of the perturbed
problem. If there are more solutions on €2,, then Theorem 9.1.5 implies that their Lo-
norm goes to infinity as otherwise they converge to one of the solutions on €2 and hence
are unique. To prove precise multiplicity of solutions of the perturbed problem, the task is
to find a universal bound on the L., norm valid for all solutions to the nonlinear problem.
This is quite different from the result in Theorem 3.2.1 which just shows that under suitable
growth conditions on the nonlinearity, a bound in L ,(R") implies a bound in Loo(RY).
However, it is still unclear whether in general there is a uniform bound on the L ,-norm for
some p. Such uniform bounds are very difficult to get in general. We prove their existence
for solutions to

—Au = f(u(x)) in €,

9.4.1
u=~0 on 9§2, ( :
provided f is sublinear in the sense that
im &I =0 9.4.2)
lgl—>o0 ]

The above class clearly includes all bounded nonlinearities.
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PROPOSITION 9.4.1. Suppose that f € C(R) satisfies (9.4.2). Then there exists a constant
M depending only on the function f and the diameter of 2 such that ||ullooc < M for every
weak solution of (9.4.1).

PROOF. By (9.4.2), for every ¢ > 0 there exists « > 0 such that

Lf &)
—_— <&
€]

whenever [§| > a. Setting m, := supg| <, | f(§)| we get
[f(E)] <me +¢l§]

for all £ € R. In particular f satisfies (3.1.4) with y = 1, and so by Theorem 3.2.1 it
is sufficient to prove a uniform Lj-bound for all weak solutions of (9.4.1). If u is a weak
solution of (9.4.1), then from the above

||wn%=/ fwudx 5/ If(u)lluldxSf(mg+8|u|)|u|dx
Q Q Q
S/Qmeluldx+8||u||%§(ms|9|)1/2||bl||2+8||M||§-

Using an elementary inequality we conclude that
I1Vul3 < & me | + 26 ull3.

If D denotes the diameter of €2, then from Friedrich’s inequality (2.1.7)
lull5 < DI Vull} < &' D?me|Q| +2D%]lul3.

We next choose ¢ := 1/4D? and so we get
lull3 < 8D%me Q|

for every weak solution of (9.4.1). The right-hand side of the above inequality only depends
on the quantities listed in the proposition, and hence the proof is complete. O

A priori estimates similar to the above can be obtained also for superlinear problems,
but they involve the shape of the domain. An extensive discussion of the phenomena can
be found in [45, Section 5] as well as [46,48,35]. The techniques to prove uniform a priori
bounds are derived from Gidas and Spruck [75,74].

We complete this section by showing a simple example where large solutions occur.
More sophisticated examples are in [46,48,35], in particular the example of the dumbbell
as in Figure 6.1, where large solutions occur for the equation

—Au=uP 'y inQ,

(9.4.3)
u=20 on 0€2,

forl < p < (N +2)/(N —2). We give a simple example for the above equation, where
large solutions occur, similar to examples given in [45, Section 5].
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n— oo

Fig. 9.1. Attaching a small shrinking ball.

EXAMPLE 9.4.2. By [114, Section 1.2] the above equation has a positive solution u, of
Q = B, which is a ball of radius r. By a simple rescaling, it turns out that ||u, ||cc — 00
as r — 0. That solution is unique and nondegenerate by [45, Theorem 5], if N = 2.
Then consider a domain €2, constructed from two touching balls By U By, with a small
connection as shown in Figure 9.1. When we let n — o0, then from Theorem 5.4.5 we get
that €2, — €2 := Bj in the sense of Mosco. Since on every ball there are two solutions, the
trivial solution and a nontrivial solution, there are four solutions on the union By U Byj,.
If we make a small enough connection between the balls, then by Theorem 9.3.1 there
are still at least four solutions. Hence we can construct a sequence of domains €2,, with
the required property. However, we know that there are precisely two solutions on €2, the
trivial and the nontrivial solution. The solutions on €2, not converging to one of the two
solutions on €2 are such that ||u, ||cc — 0.

9.5. Solutions by domain approximation

Consider now the nonlinear Dirichlet problem

Au = f(u) inQ

9.5.1
u=20 on 092 ( )

on some domain €2, bounded or unbounded. We assume that f € C'(R). We then let ,
be open sets such that €2, — €2 and consider the sequence of problems

Apu= f(u) in,,

9.5.2)
u=>0 on 9€2;,.

The difference to the results in Section 9.3 is that we allow unbounded domains €2. One
possibility is to use the technique to prove results on nonsmooth or unbounded domains
by approximation by smooth bounded domains from inside applying the results from
Section 8.

THEOREM 9.5.1. Suppose that f € C'(R) and that Q, — S in the sense of Mosco.
Suppose that u, are weak solutions of (9.5.2) and that the sequence (u;) is bounded in

HY RN N LooRN). Then there exists a subsequence (uy,) converging to a solution u of
(9.5.1) weakly in H'(RN) and strongly in Lp,loc(RN)for all p € [2, o0).

PROOF. By the boundedness of (u,) in H L(RN) there exists a subsequence (i, )
converging to u € H'(RM) weakly. Since H!(RV) is compactly embedded into
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Lz,loc(IRN) we have u,, — uin Lz,loc(RN) as k — oo. Because (u,) is bounded in
Loo(RY), convergence takes place in L p,loc(RN ) for all p € [2,00). Since we have a
uniform bound on (u,,) which is bounded in Lo, (R") we can also truncate the nonlinearity
f as in the proof of Theorem 9.3.3 and assume it is bounded. Then from Lemma 3.1.2 we
get that f(uy,) — f(u) in L2,]00(RN)~

Now fix ¢ € C2°(€2). Then there exists a ball B with suppgp C B. As ©, — , using
Proposition 5.3.3, there exists ¢, € C2°(€2, N B) such that ¢, — ¢ in HY(RYN). Hence by
using Proposition 5.1.2 and the fact that the support of ¢, is in B for all n € N we get

lim (f (i), on) = (f (W), ¢).
k—o00
Since u,, — u weakly in H'(R") and ¢, — ¢ in H'(B) we have
lim ap, (un,, on) = a(u, @).
k— 00

Finally, by assumption a(u,,, ¢n,) = (f(un,), ¢n,) for all k € N we get a(u, ¢) =
(f(u), @) forall ¢ € C°(2), that is, u is a weak solution of (9.5.1). ]

Note that in general we cannot expect the solution u whose existence the above theorem
proves to be nonzero if €2,, or 2 are unbounded, or more precisely if the resolvents of the
linear problems do not converge in the operator norm.

REMARK 9.5.2. Note that under suitable growth conditions, a uniform L ,-bound or even
an L;-bound on the solutions of (9.5.2) implies a uniform L ,-bound by Theorem 3.2.1.

9.6. Problems on unbounded domains

Suppose that 2 C RY is an unbounded domain. By approximation by a sequence of
bounded domains €2,, we want to construct a nonnegative weak solution of

—Au=ul’>u inQ

9.6.1
u=~0 on dQ2 ( )

with subcritical growth p € (2,2N/(N — 2)). We also assume that the spectral bound of
the Dirichlet Laplacian is positive. It is given as the infimum of the Rayleigh coefficient

. Ivull3
s = inf 5 > 0. (9.6.2)
ueHy (@ lull3

Examples of such a domain are infinite strips of the form R x U with U a domain in RN~
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To construct a solution we let €2, be bounded open sets such that 2,, C Q2,41 C 2 for
alln € Nand |, .y 2, = €. We then show that a subsequence of the positive solutions
of

—Au=|ul”2u inQ,

9.6.3)
u=~0 on 9€2,

converges to a solution of (9.6.1) as n — o0. The solution of (9.6.3) can be obtained by
means of a constrained variational problem. We let

M, = {u € Hy(Q,): u> 0and ul}) = p}

and the functional
1 2
J(u) = < |Vul|“dx.
2 Ja,

Then J has a minimiser v, € M, for every n € N, and that minimiser is a positive weak
solution of

—Av =P inQ,
v=20 on 02,

with

fn = 2J (vg) = [|Vvall3.
The function

Uy = M;l/(p_l)vn

then solves (9.6.3). For a proof of these facts we refer to [114, Section 1.2]. We also get a
bound on the solutions u,, namely

2 —1 4 —1
IV l3 = P~ UVual3 = 1V, 7 V1 V0,13
= ||V, [|PPTD/ =D = 2 (v,)) P D/ =D (9.6.4)

since M,, C M, 4 for all n € N we also have J(v,+1) < J(v,). The sequences (Vv,) and
therefore (Vu,) are bounded in L, (2, RV). By (9.6.2) it follows that (u;) and (v,) are
bounded sequences in H& (2).

Note that the nonlinearity |u|”~2u satisfies Assumption 3.1.1 with g = 0 and y =
p—1 < (N+2)/(N—2). Since we can choose Ay (see Table 2.1), Proposition 3.2.1
shows that (u,) is a bounded sequence in L~ (£2). Hence there exists § > 0 such that
||u||f‘:o_2 < S forall n € N. By (9.6.2) and since u, is a weak solution of (9.6.3)

?)

2 p P— 2 p—2 2
slIVuullz = sllunlly < sllunlloo “lNunlly < llunlloo " Vunlls.

Hence 0 < s < |lu, ||§':o_2 for all n € N. We have thus proved the following proposition.
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PROPOSITION 9.6.1. Let s, S be as above. Then for every n € N the problem (9.6.3) has
a positive solution u, such that (u,) is bounded in H(} () N Loo(R2). Moreover, ||Vuy||2

is decreasing and 0 < s < ||un||go_2 < Sforalln € N.

The next task is to show that u,, converges to a solution of (9.6.1). We have seen that (u,,)
is bounded in H(} ()N L (£2). It therefore follows from Theorem 9.5.1 that a subsequence
of (u,) converges to a solution of (9.6.1).

PROPOSITION 9.6.2. Let u, be the solution of (9.6.3) as constructed above. Then there
exists a subsequence of (up, ) converging weakly in H 1(Q) 1o a solution u of (9.6.1).

The main question is whether the solution u# is nonzero. If the embedding H(} (RQ) —
L>(£2) is compact this is easy to see. If the embedding Hé (2) < L»(£2) is not compact,
then we cannot expect u to be nonzero in general. However, if we assume that 2 is
symmetric like for instance an infinite strip with cross-section of finite measure, we will
prove the existence of a nonzero solution of (9.6.1) by exploiting the symmetry to generate
compactness of a minimising sequence. We look at domains of the form

Q=R xU,

where U ¢ RV~! is a bounded open set. If we let 2, = (—n, n) x U, then by a result of
Gidas—Ni—Nirenberg (see [70, Theorem 3.3]), the solutions u,, of (9.6.3) is symmetric with
respect to the plane {0} x RV and decreasing as |x;| increases. By [97, Théoréme II1.2]
the sequence (u,) is compact in L,(2) for 2 < g < 2N/(N — 2). In the case of
N = 2 a similar result appears in [115, Section 4]. It therefore follows that there exists a
subsequence (u,,) converging strongly in L ,(€2). Using u,, as a test function we get

. 2 . 14 4 2
lim [Vup, I3 = lm (luy, Iy = llullp = [1Vulls.
k—o00 k—o00

As u,, — u weakly in HO1 (€2) it follows that u,, — wu strongly in HO1 (2). By
Proposition 9.6.1 the sequence (u,) is bounded in L, (£2) and so (u,) is bounded in C*(£2)
(see [76, Theorem 8.22]) as well. Hence, by Arzela—Ascoli’s theorem the subsequence also
converges locally uniformly on €2. The symmetry guarantees that the maximum of (u,,) is

in U x {0} and therefore the lower bound on |u, ||é’o_2 from Proposition 9.6.1 implies that
u #0.

However, without the symmetry, the solution may converge to zero. As an example look
at the semi-strip 2 = (0, co) x U which we exhaust by the domains 2, = (0,2n) x U.
Then the above proposition applies. The solutions on €2,, are just translated solutions on
(—n, n) x U. However, the maximum of the function u,, is in {n} x U, and moves to infinity
asn — oo. Because the solutions decrease away from the maximum, they converge to zero
in L 1o¢((0, 00) x U). This shows that the symmetry was essential for concluding that the
limit solution is nonzero. The lower bound on ||u,, ||§o‘2 from Proposition 9.6.1 and local
uniform convergence do not help to get a nonzero solution.

Similarly we could look at (9.6.1) on the whole space & = RY. We can then write
2 as a union of concentric balls €2,,, and try to use the spherical symmetry to get some
compactness from [97] similarly as above. However, since by [75] the equation (9.6.1) has
no positive solution on RY, such an attempt must fail.
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CHAPTER 2

Singular Solutions of Semi-Linear Elliptic Problems
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Abstract

We are concerned in this survey with singular solutions to semi-linear elliptic prob-
lems. An example of the type of equations we are interested in is the Gelfand-Liouville
problem —Au = Xxe" on a smooth bounded domain Q of RY with zero Dirichlet
boundary condition. We explore up to what degree known results for this problem are
valid in other situations with a similar structure, with emphasis on the extremal solu-
tion and its properties. Of interest is the question of identifying conditions such that
the extremal solution is singular. We find that, in the problems studied, there is a strong
link between these conditions and Hardy-type inequalities.
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1. Introduction

In this survey we are interested in singular solutions to semi-linear partial differential
equations of the form

—Au =Ag(u) inQ

1.1
u=>~0 on 0%2, (1.1

where Q is a bounded smooth domain of RV, A > 0 and g : [0, 00) — R satisfies
g is smooth increasing, convex, g(0) > 0 (1.2)

and superlinear at +oo in the sense

lim 8% oo (1.3)
u——+00 U
Some typical examples are g(«) = ¢* and g(u) = (1 + u)? with p > 1.
We are also interested in some variants of (1.1) such as
Au=0 in Q
ad
M ae@) onTy (1.4)
av
u=~0 on I,

where & > 0 and Q C R¥ is a smooth, bounded domain and I';, ' is a partition of 92
into surfaces separated by a smooth interface, and v is the exterior unit normal vector.
We shall consider as well the fourth-order equation

A%y = rg(mw) in B

u=>0 on dB (1.5)
0
au =0 on 0B,
av

where B is the unit ball in RV

Equations of the form (1.1) have been studied in various contexts and applications.
Liouville [85] considered this equation with g(u) = e" in connection to surfaces
with constant Gauss curvature. The exponential nonlinearity in dimension 3 appears in
connection with the equilibrium of gas spheres and the structure of stars, see Emden [53],
Fowler [60] and Chandrasekhar [29]. Later Frank-Kamenetskii [61] obtained a model
like (1.1) with g(u) = (1 — su)™e*/(1+e%) in combustion theory. Also in connection
with combustion theory, Barenblatt, in a volume edited by Gelfand [69], studied the case
g(u) = €" in a ball in dimensions 2 and 3. Since then, this problem has attracted the
attention of many researchers [10,19,20,24,34,35,62-64,76,79,83,93,94].

Boundary value problems of the form (1.4) with exponential nonlinearity arise in
conformal geometry when prescribing Gaussian curvature of a 2-dimensional domain and
curvature of the boundary, see for instance Li, Zhu [84] and the references therein. The
study of conformal transformations in manifolds with boundary in higher dimensions also
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gives rise to nonlinear boundary conditions, see Cherrier [31] and Escobar [54-56]. A
related motivation is the study of Sobolev spaces and inequalities, specially the Sobolev
trace theorem, see Aubin [6] and the surveys of Rossi [105] and Druet, Hebey [52].
In connection with physical models (1.4), exponential nonlinearity appears in corrosion
modelling where there is an exponential relationship between boundary voltages and
boundary normal currents. See [21,78,92,107] and [46] for the derivation of this and related
corrosion models and references to the applied literature. Nonlinear boundary conditions
appear also in some models of heat propagation, where u is the temperature and the normal
derivative g—ﬁ in (1.4) is the heat flux. In [86] the authors derive a similar model in a
combustion problem where the reaction happens only at the boundary of the container.

Higher-order equations have attracted the attention of many researchers in the last few
years. In particular fourth-order equations with an exponential nonlinearity have been
studied in 4 dimensions, in a setting analogous to Liouville’s equation by Wei [108], Djadli
and Malchiodi [48] and Baraket et al. [7]. In higher dimensions Arioli et al. [4] considered
the bilaplacian together with the exponential nonlinearity in the whole of RY and Arioli et
al. [5] studied (1.5) for g(u) = e in ball, which is the natural fourth-order analogue of the
classical Gelfand problem (1.1) with g(u) = e".

A general objective concerning equations (1.1), (1.4) and (1.5) is to study the structure
of all solutions (X, #) and the existence and qualitative properties of singular solutions.

These problems share the same basic result:

THEOREM 1.1. For problems (1.1), (1.4) and (1.5) there exists a finite parameter 1* > 0
such that:

(1) if 0 < & < A* then there exists a minimal bounded solution u;,
(2) if A > A* then there is no bounded solution.

We call A* the extremal parameter. The branch u; with 0 < A < A* is increasing in
A and the linearization of the nonlinear equation around the minimal solution is stable.
As L — A* the increasing limit u™* = lim; 4,+ u exists pointwise and is a solution with
parameter 1* in a weak sense to be given later on (the exact definition depends on the
problem). Depending on the situation, u™ maybe bounded or singular.

Some questions that we are interested in are:

— Can one determine in each situation whether u* is singular or not?

— Are there singular solutions for A > A*?
What are the singular solutions for A < A*?

— What happens to the singular solutions under perturbations of the equation?
In what follows we shall review in more detail some of the literature related with the
previous questions. Then we shall consider in more detail recent works of the author and
some collaborators: Dupaigne, Montenegro and Guerra, [43—45].

1.1. Basic properties

Theorem 1.1 and the properties mentioned after its statement can be obtained by the
method of sub and supersolutions. Indeed, the three problems (1.1), (1.4) and (1.5) have a
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maximum principle. Partly due to this reason we restrict the analysis of (1.5) to the ball,
since the maximum principle for A2 in this domain with Dirichlet boundary conditions
u = 3% = 0holds [15].

To be more concrete we sketch the argument for equation (1.1). We remark that for A
positive, 0 is a subsolution which is not a solution and for small positive A one can take as

a supersolution the solution to

—A{=1 inQ
=0 ondf.

Defining A* as the supremum of the values such that a classical solution exists, we see that
A* > 0 and for any 0 < A < A* there is a bounded solution u;, which is minimal among
all classical solutions.

To show that 1* is finite let ¢ be a positive eigenfunction of — A with Dirichlet boundary
condition and eigenvalue A1 > 0. Suppose that u is a classical solution to (1.1) and
multiply this equation by ¢;. Integrating and using (1.2), (1.3), which implies g(u) > cu
for some ¢ > 0, we find

)»1/ upr =A/ gWer zkc/ upr (16)
Q Q Q

which shows that A < XA /c. Since there is a constant C such that g(u) > 4Aju/A* — C for
allu > 0,if A*/2 < A < 1™ we have

/\1/ U1 :A/ MR zzm/ wpr — C' (17)
Q Q Q

for some constant C’. This shows that fQ u)@1 < C and implies that u* = limy_, ;= u;
exists a.e.
An important property of the minimal branch of solutions is its stability, that is,

p(=A —2g' ) >0, Y0<i<i¥ (1.8)

where i (—A — Ag’(u)) denotes the first eigenvalue of the operator —A — Ag’(u;) with
Dirichlet boundary conditions. We recall that

\V4 2_)\/ 2
p = inf Jo Vel g (u)g (1.9

peCe (@) Jo #?
and that there exists a first positive eigenfunction of —A — Ag’(u), that is,

—AY1 — Ag ()Y = pmiyr in Q
wl >0 in Q
Y1 =0 on 9%2,

where we may normalize ||¥1|,2(q) = 1 (see [70]).
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Fix 0 < A < A* and let us show that | > 0. Since A < )\f we may fix A < A < A* and
write i = uj, that is, the minimal solution with parameter A. Then by the positivity and
convexity of g we have

—A@ —uy) = rg (@) — rg(uy) > Mg(i) — g(up)) = rg' () (@ — uy).

Multiplying this inequality by | and integrating by parts we find

m/(ﬁ—ux)wl -0,
Q

But the integral above is positive because 1 > 0 and & > u; by the strong maximum
principle, and we conclude that p11 > 0.

Actually the stability characterizes the minimal solution, that is, if (X, ) is a classical
solution to (1.1) such that p;(—A — Ag’(u)) > 0 then necessarily u = u;. Indeed, since
u), is the minimal solution we have immediately u; < u. Now, by convexity of g

— Ay —u) = Mguz) — gw) = rg'(w)(us — u).

Since w1 (—A — Ag' (1)) > 0 the operator —A — Ag’(u) satisfies the maximum principle
and we deduce that u; > u.

The implicit function theorem can also be applied to problems (1.1), (1.4) and (1.5). It
implies that starting from the trivial solution (0, 0) there exists a maximal interval [0, X¢)
and a C! curve of solutions u()) defined in this interval. Then it is possible to prove that
this curve is exactly the branch of minimal solutions u; as constructed above and that
A* = Ag. For the results here we refer to [69,34,79,35].

1.2. A second-order semi-linear equation

In this section we recall some facts related to (1.1), in particular reviewing a few cases
where the solution structure is completely known, sufficient conditions for u* € L in
general domains, examples where u* ¢ L°°, and then some properties of the extremal
solution such as its stability and uniqueness.

Let us start recalling some of the results for the case g(u) = e* in the unit ball. In
dimension 1 this problem was first studied by Liouville [85]. Bratu [17] found an explicit
solution when N = 2. Later Chandrasekhar [29] and Frank-Kamenetskii [61] considered
N = 3 and Barenblatt [69] proved that in dimension 3 for A = 2 there are infinitely
many solutions. Joseph and Lundgren [76], using phase-plane analysis, gave a complete
description of the classical solutions to (1.1) when 2 is the unit ball and g(u) = " or
gw)y=_10+w?,p>1.

THEOREM 1.2 (Joseph and Lundgren [76]). Let 2 be the unit ball in RN, N > 1 and
gw) = e". Then
— IfN = 1,2 forany 0 < A < A* there are exactly 2 solutions, while for . = A* there
is a unique solution, which is classical.
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— If3 < N < 9 we have that u* is bounded and \* > Ly, where Ay = 2(N — 2). For
A = Ao there are infinitely many solutions that converge to U (x) = —2log |x|, which
is a singular solution with parameter \y. For |, — Lg| # 0 but small there are a large
number of solutions.

— If N > 10 then A* = 2(N — 2) and u* = —21log |x|. Moreover for any 0 < A < A*
there is only one solution.

When Q is the unit ball in RN, N > 3 and g(u) = (1 + u)?, p > 1 then:

— When1 < p < N+2 there are exactly two solutions for any 0 < A < A*, while for

A =A™ thereis a umque solution, which is classical.

— When p > %—f% and N < 2 + % +4 /% we have that u* is bounded and

A > Ap, where A, = %(N - %). For . = X, there are infinitely many solutions

__2
that converge to U, = |x| »=1 — 1, which is a singular solution with parameter X .
For | — Xp| # 0 but small there are a large number of solutions.

—pr>N+2andN>2+ 4p1+4/ [ then \* = A, and u* = U,. Moreover for

any 0 < A < A* there is only one solutton

For general domains Crandall and Rabinowitz [35] showed that if u* is a classical
solution then the branch of minimal solutions (X, u#;) can be continued as curve s €
(=68,8) — (A(s), uy) that “bends back”, that is, ug coincides with the minimal branch
for =8 < s <0, 2(0) = A*, ugp = u™ and for 0 < s < § we have A(s) < A* while
ug is a second solution associated to A(s). These authors and also Mignot and Puel [93,
94] gave sufficient conditions for #* to be a classical solution in general domains for some
nonlinearities.

THEOREM 1.3 (Crandall-Rabinowitz [35], Mignot—Puel [93]). Let 2 C RY be a bounded
smooth domain.

(1) If g(u) = €" then u™* is classical provided N < 9.

(2) When g(u) = (1 +u)? with p > 1, u™ is classical when

4p P
N <2 + +4 .
—1 p—1

The conditions on p and N in Theorem 1.3 are optimal if 2 is the unit ball by the
results of Joseph and Lundgren. A basic fact about the branch of minimal solutions that is
important in the proof of this result is that u; is stable, in the sense that the first Dirichlet
eigenvalue of the linearized operator —A — Ag’(u;) is positive, that is, 1 > 0, where ]
is given by (1.9). In particular

?»/Qg/(ux)fﬂszglvwlz Vo € C(Q). (1.10)

Let us sketch briefly the proof of Theorem 1.3 in the case of the exponential nonlinearity
g(u) = e". The aim is to obtain estimates for the minimal solution u; for 0 < A < A* that
are independent of A. Let j > 0 and take ¢ = ¢/** — 1. Then from (1.10) we have

jZ/ 21" |V, |2 zx/ e (e — 1)2. (1.11)
Q Q
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Multiplying equation (1.1) by 2/ — 1 and integrating yields

Zj/Qezj“*Wuﬂz =)L/Qe‘”(ez-’m -1. (1.12)

Combining (1.11) and (1.12) we see that if j < 2 then there is some C independent of A

such that
/ it < .
Q

Thus |lu;|lLe < C with C; independent of A for any ¢ < 5. Hence, if N < 9 by the
Sobolev and Morrey embedding theorems we have that ||u) ||p~ < C, and this shows that
u* is bounded, and consequently smooth.

Brezis and Védzquez [20] posed the question of finding whether #* is bounded for general
g(u). The result in this direction that holds for the most general nonlinearity and domain
is:

THEOREM 1.4 (Cabré [22]). Let Q2 be a smooth, bounded, strictly convex domain in RN
with N < 4. If g satisfies (1.2), (1.3) then the extremal solution u™ to (1.1) is bounded.

Before this result, Nedev [96] had proved that u™* is bounded if N < 3, without any
restriction on the domain. It is not known if the extremal solution u* is singular for some
domains and nonlinearities in dimension 5 < N < 9. Cabré and Capella [24] settled this
question in the radial case (see [23] for a related result in the entire space):

THEOREM 1.5 (Cabré—Capella [24]). Suppose g satisfies (1.2), (1.3) and let @ = Bj be
the unit ball in RN, N < 9. Then u* is bounded.

The proof of [24] is based on a rewriting of the stability inequality (1.10) in a form that

makes it independent of g. Indeed, let u; denote the minimal solution in 2 = Bj, which

is radial, and let us write u/A for the radial derivative %. Letn € CgO(Bl) and consider

¢ = nu',_in (1.10). Then
/ VUi V(usn®) + @) Vnl? > A / ¢ () (). (1.13)
B B

But i} satisfies
—Aul, + —1 u, = rg' (u)u)
X 2 g Up)u; .

Multiplying this equation by u;\nz and integrating by parts we find

N —1
/ Vil Vi) + / —W})*n* =2 / g () W) n’. (1.14)
B B r B
Combining (1.13) and (1.14) we obtain

N -1
f (})? (|Vn|2 - r—2n2> >0 VneCGO(BY). (1.15)
By
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This form of the stability can be used to deduce from it weighted integrability for u.

Indeed, by density we can argue that it holds for n = r=% fora < NT_Z, but it is only

useful to choose a such that |[Vy|? — %nz > 0. Now, if n = r~¢ then

N—1
Va2 — > P = (a2 _N— 1) r2-2,

Then forany 0 < a < «/N — 1, from (1.15) we deduce
1
f Wh)?rN 23 gy < C. (1.16)
0

We note that C depends on a but not on A. From (1.16) we can deduce now thatif N < 10
then |Ju;, ||z~ < C with a constant independent of A. Indeed, let 8 > 0 to be fixed later on
and0 <r < 1. Since u; (1) =0

1 1 1/2 1 1/2
o faww[04) ([ )"

Observe that N —24/N — 1 —3 < 1 whenever N < 10. Thus for N < 10, we may choose
N —2/N —1—-3 < B < 1 and it follows that

1 /2 | 1/2
u(r) < (/ ' (5)sP ds) (/ s ds) <C
0 0

with C independent of » and L. This shows that u* is bounded and hence a classical
solution.

The argument of [22] for a general strictly convex domain in RN, N < 4 follows the
same idea as for the radial case, but this time the role u/_is taken by |Vu,|. The proof is
more involved because the equation satisfied by |V, | is more complicated.

To continue the discussion of the properties of u* we shall define precisely the notion
of weak solution we will use when dealing with (1.1), and we adopt the one introduced by
Brezis et al. [19]:

DEFINITION 1.6. A function u € L' () is a weak solution to (1.1) if g(u)8(x) € L'(Q)
and

—/ UAC = A/ gw)c forall¢ € C*(Q), ¢ =0on oL,
Q Q
where
8(x) = dist(x, 092).
It is not difficult to show that u* = lim;_,;» u; is a weak solution in the above sense.
Moreover Nedev [96] proved that in any dimension u* € LP(2) for any p < % if
N > 4, forany p < +o0if N =4 andu* € L™ for N < 3.

A question of interest is whether weak solutions may exist for A > A*. Brezis et al. [19]
showed that this is not the case for (1.1):
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THEOREM 1.7 (Brezis—Cazenave—-Martel-Ramiandrisoa [19]). If A > A™ then (1.1) has
no weak solution.

This result can be restated as follows: if (1.1) has a weak solution for some A > 0 then
for any 0 < A’ < A, equation (1.1) has a classical solution. The proof of this assertion in
[19] is based on a truncation method specially adapted to the nonlinearity. Suppose u is a
weak supersolution of (1.1) with parameter A. In [19] they consider a C? concave function
¢ : [0, 00) — [0, 00) and set

v=¢u).
Assuming for a moment that « is smooth we can compute
Av=Ap(u) =¢'(w)Au+ ¢" w)|Vul* < ¢' () Au.
If ¢’ is bounded, the inequality
Av < ¢'(u)Au

can be proved in the sense of distributions when u, Au € L' (). Then, given 0 < 1 <
we seek a concave, bounded ¢ such that v becomes a supersolution to (1.1) with parameter
A . If u is a weak solution, then

—Av = —¢'(u)Au = 1" (u)g(u)
and we would like to have

AP (w)g(u) = 1 g (@)

In particular it is sufficient to achieve equality and directly integrating the ODE yields

$u) = H! (%H(u)), (1.17)

where

U ds
H = _
© /0 )

It can be checked that ¢ defined by (1.17) is concave, increasing with a bounded derivative.

Moreover it is bounded if fooo % < 400 and this leads to a proof of the statement in this

case. If on the contrary, fooo % = 400, then still v has better regularity that u, and
repeating this construction a finite number of times shows that for A” < A’ a bounded
supersolution exists, see the details in [19].

Using the same truncation method and a delicate argument Martel [87] was able to prove
the uniqueness of u*.

THEOREM 1.8 (Martel [87]). If . = A* then (1.1) has a unique weak solution.
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Going back to the discussion of whether u* is bounded or not, we have seen some ideas
to prove that under certain conditions u* is bounded. But there are few situations where
it is known that u* is singular. One of these examples is the case when € is the unit
ball in RY, N > 10 and g(u) = e*. In [76] it is shown through phase-plane analysis
that u* = —2log|x|. Brezis—Vazquez [20] found a new proof of this fact, showing a
connection with Hardy’s inequality which we recall:

(N —2)?

2
/ *"_5/ Vo forallg € CP@®RY), (N=3).  (L18)
4 R RN

N |x]?

This connection is a characterization of singular energy solutions.

THEOREM 1.9 (Brezis—Vizquez [20]). Let @ < RN be a bounded smooth domain.
Suppose u € HO1 (R2) is a singular weak solution to (1.1) for some A > 0 such that

x/ g (u)p? 5/ |Vp|* forallp € CZ(RQ). (1.19)
Q Q

Then u = u* and A = A*.

When @ = B;(0) in RY with N > 10 and g(u) = e* the explicit solution U =
—2log |x| with parameter Ay = 2(N — 2) satisfies condition (1.19) thanks to Hardy’s
inequality (1.18). Thus the previous result immediately yields u* = U and A* = A.
The same idea applies when g(#) = (1 + u)?, p > 1 in the unit ball: the solution
u= |x|_% — 1 satisfies (1.19) when N > 2 + % +4 /%.

The idea of the proof of Theorem 1.9 is as follows. First we remark that 1 < A* by
Theorem 1.7. If A = A* then the uniqueness result Theorem 1.8 implies that u = u*. So
we have to rule out the case 2 < A*, which we do by contradiction. By density we see
that (1.19) holds for ¢ € H(} (£2). Since by hypothesis u € H(} (2) we are allowed to take
¢ = u — u,, where u, denotes the minimal solution. We obtain, after integration by parts
and using the equations for u and u;,,,

/ (g(u;) — (g() + &' (u) (up, — u)))(u — up) < 0.
Q
But the integrand is nonnegative since u > u; a.e. and g is convex. This implies

g(uy) =gu) + g (w)(uy, —u) ae.in Q.

It follows that g is linear in intervals of the form [u) (x), u(x)] for a.e. x € Q. The union
of such intervals is an interval and coincides with [0, co) because u; = 0 on 92 and u is
unbounded, contradicting (1.3).
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1.3. Perturbation of singular solutions

In the search for nonradial examples where the extremal solution is singular, a natural
approach is to consider perturbations of the radial case. Let us consider the Gelfand
problem in dimension N > 3, that is

—Au=2xre" inQcCRY
(1.20)
u=>0 on 9€2.
In dimension N = 3 and when 2 = B is the unit ball, there are infinitely many singular
solutions, with a unique singular point which can be prescribed near the origin. This result
was announced by H. Matano and proved by Rébai [101]. Similar results hold when the
nonlinearity is g(u) = (1 + u)?.

THEOREM 1.10 (Rébai [101]). Let B be the unit ball in R3. Then there exists ¢ > 0 such
that for any & € B, there is a solution (\, u) of

Au = re" in B\ {&} (1.21)

which has a nonremovable singularity at &.

The solution in the above result has the behavior u(x) ~ —2log|x — &| and it can be
seen that (1.21) holds in the sense of distributions.

Pacard [98] proved that for N > 10, there exist a dumbbell shaped domain €2 and a
positive solution u# of —Au = e" in Q having prescribed singularities at finitely many
points, but ¥ = 0 may not hold on 2. Rébai [102] extended this result to the case
N = 3. When the exponential nonlinearity is replaced by g(u) = u®, Mazzeo and Pacard
[90] proved that for any exponent « lying in a certain range and for any bounded domain
Q, there exist solutions of —Au = u® in Q2 with u = 0 on 02, with a nonremovable
singularity on a finite union of smooth manifolds without boundary. Further results in this
direction can be found in [103,99] and their references.

We are interested in the existence of singular solutions to (1.21) in domains in R,
N > 4 which are perturbations of the unit ball. Givena C> map ¢ : B; — R andr € R
define

Q ={x+1ty(x):x € B}

We work with [f| sufficiently small in order that 2; is a smooth bounded domain
diffeomorphic to By and we consider the Gelfand problem in €2;:

—Au = 2re" in

(1.22)
u=0 on 082;.

Our main result is:
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THEOREM 1.11. Let N > 4. Then there exists 5 > 0 (depending on N and ) and
acurvet € (—6,8) — (A(t), u(t)) such that (A(t), u(t)) is a solution to (1.22) and
A(0) = 2(N —2), u(0) = log # Moreover there exists £(t) € By such that

u(x, 1) —1 +A(t) —2(N =2)| > 0 ast — 0.

Loo(82t)

1
Bl —Emp
(1.23)

The behavior of the singular solution at the origin is characterized as follows:
SR +log( ( )> +e(lx — EO))),
lx — &) A1)

where limg_, ¢ £(s) = 0 (see [43, Corollary 1.4]).
Once Theorem 1.11 is established it implies that for small ¢ the extremal solution is
singular in dimension N > 11.

u(x,t) =1In

COROLLARY 1.12. Let N > 11 and (A(t), u(t)) be the singular solution of Theorem 1.11.
Then u(t) is the extremal solution in Q2; and \(t) the extremal parameter.

Indeed, let u = u(z) denote the solution of (1.22) obtained in Theorem 1.11. Since
N > 11 we have 2(N — 2) < (N — 2)2/4 and it follows from (1.23) that if |¢| is chosen
small enough,

)\‘(t)eHu_l()g m H L®Q) <« g

Hence for ¢ € C°($2),

(N — 2)2/ @? / 2
At < < A\ s
® sz,e‘p 4 Jpy x—E@®12 T RN' #l

by Hardy’s inequality (1.18) and thanks to Theorem 1.9, u(#) is the extremal solution of
(1.22).

The proof of Theorem 1.11 is by linearization around the singular solution —2log |x]|.
First we change variables to replace (1.22) with a problem in the unit ball. The map id +ty
is invertible for # small and we write the inverse of y = x + 1t/ (x) as x = y + t¥ (¢, y).
Define v by

u(y) = v(y + 19/t ).
Then
Ayu = Ayv+ Lyv,
where L; is a second-order operator given by

k IV, 0P
Lo =2 v 5 Yot ‘” AP v uly
ik dyi dyi 0yi

i,j,k
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We look for a solution of the form

v(x) = log +¢, A=c"+upu, (1.24)

1
lx — £
where ¢* = 2(N — 2). Then (1.22) is equivalent to

gL — = 1y L
T =g x—g? |x —s|2
1 .
+L[<1ogm) in B (1.25)
¢=_10g|x—§|2 on dB.

Here the unknowns are ¢, & and w. From Hardy’s inequality (1.18) we see that whenever

cf < W-2° 2) , which holds if N > 11, if the right-hand side of (1.25) belongs to L?*(B)
then there is a unique solution in H0 (B). But typically solutions are singular at the origin,
with a behavior [x — £|7% for some o > 0 (see Baras and Goldstein [9], Dupaigne [50]).
Thus, although the linear operator —A — @ may be coercive in HO1 (B), this functional
setting is not useful since the nonlinear term that appears on the right-hand side of (1.25),
namely [P (e? — 1 — ¢), is too strong. Our approach is to consider other functional
spaces, more precisely, weighted Holder spaces specially adapted to the singularity. It
turns out that the singular linear operator has a right inverse in these spaces if the data
satisfies some orthogonality conditions. More precisely, if one wants solutions such that
|p(x)| < Clx — &]¥, the number and type of orthogonality conditions that appear depend
on v and the value ¢*. In our case we would like v = 0 and c* is given, and as we will
see, this requires N + 1 orthogonality conditions (if N > 4). Fortunately we have N + 1
free parameters: p and £ in (1.24), and this is the reason not to force the position of the
singularity of v. If N = 3 then only one orthogonality condition is required. This explains
that in Theorem 1.10 the position of the singularity can be prescribed arbitrarily near the
origin, while p or equivalently A has to be adjusted.

The proof of Theorem 1.11, which is presented in Section 2 is divided into the following
steps. First, in Section 2.1 we study the Laplacian with a potential which is the inverse
square to a point £&. The main result is the solvability of the associated linear equation
in weighted Holder spaces. The analysis in this section is related to the work of Mazzeo
and Pacard [90], see also [28,89]. We also study the differentiability properties of the
solution with respect to £ and we show that the previous results hold for perturbations of
the Laplacian with the same singular potential. Then the proof itself of Theorem 1.11 is in
Section 2.2.

A similar result can be obtained for power-type nonlinearities: given p > 1, consider
the problem

—Au=A(1+u)? in

(1.26)
u=0 on 082;.
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When r = 0, i.e. when the domain is the unit ball, it is known (see Theorem 1.2 or [76,20])
that the extremal solution is unbounded and given by u* = [x|~2/?=D — 1 if and only if
N > 11 and

4
N>6+ +4 P

p—1 p—1

THEOREM 1.13. Let N > 11 and p > 1 such that N > 6+ % +4 /%. Given t small,
let u*(t) denote the extremal solution to (1.26). Then there exists ty = to(N, ¥, p) > 0

such that if |t| < to, u*(t) is singular.

Going back to (1.20) naturally the question arises whether if N > 10 for any convex
smooth, bounded domain € R¥ the extremal solution u* is singular. The restriction of
convexity is reasonable since if 2 is an annulus it is easily seen that with no restriction on
N the extremal solution u* is smooth. This question, which appears in [20], was considered
by Dancer [36, p. 54-56] who showed that in any dimension there are thin convex domains
such that the extremal solution is bounded. Let 2 C R be a bounded open set with
smooth boundary. We assume furthermore that 2 is convex and 92 is uniformly convex,
i.e. its principal curvatures are bounded away from zero. Write RY = RM x R and
x = (x1,x2) € RN with x; € RV, x, € RM2, For e > 0 set

Qe = {x = (y1,ey2) : (y1, 2) € 2} (1.27)

and consider the Gelfand problem in €2;:

—Au = re"  in
(1.28)

u=>0 on 082.

THEOREM 1.14. Given ¢ > 0, let u} be the extremal solution to (1.28). If No < 9 then
there exists g9 = go(N, ) > 0 such that if € < &9, u}; is smooth.

The idea of the proof is to fix the domain by setting
Ve (Y1, y2) = u(yr, €y2).

Then v, is defined in Q2 and satisfies

2 24 v .
—(E&°Ay, + Ay)ve = 5he® In Q
{ ( ! y2)Ve J (1.29)

ve =0 on 092,

where A, denotes the Laplacian with respect to the variables y;, i = 1, 2. After taking
& — 0 one obtains an equation in each “slice” Qy = {y2 : (¢, y2) € Q} which lives in
RM2 with N, < 9. For all these equations there is an a priori bound for stable solutions as
seen, for instance, from the proof of Theorem 1.3. We get a contradiction with this a priori
bound, and at the same time manage to prove the convergence as ¢ — 0 by selecting for
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each ¢ > 0 small a value A, such that the minimal solution u, of (1.28) with parameter A
satisfies

maxu, = M, (1.30)
Qe

where M is a suitably large fixed number. This is possible, if we argue by contradiction,
that is, assuming there is a sequence of ¢ — 0 such that u} ¢ L°°(€2,). For the purpose of
proving convergence of v, it is important to establish: for some constant Cy we have

*
Ay < =2 (1.31)

and for some constant C independent of &

VvellLoo@) = C. (1.32)

For the last property we use the uniform convexity of €2, which allows us to find R > 0
large enough so that for any yp € 9% there exists z9 € R¥ such that the ball Bg(zo)
satisfies 2 C Bgr(zp) and yp € d Bg(z0). For convenience write for ¢ > 0

Le = &2Ay, + Ay,

Define (y) = R? — |y — zo|? so that £ > 0in Q and —L.¢ = 2eN; + 2N>. From (1.31)
we have the uniform bound £2A, < C. It follows from (1.29) and the maximum principle
that v, < C¢ with C independent of ¢ and yy. Since v.(y9) = ¢(y9) = 0, this in turn
implies that

IVue(yo)| = € Vyp € 92. (1.33)

Then, since the linearization of (1.29) around v, has a positive first eigenvalue, we deduce
(1.32). A complete proof can be found in [43], see also [36].

1.4. Reaction on the boundary

We consider the problem (1.4), that is,

Au=0 in Q
9
M e onTy (1.34)
v
u=20 on I,

where A > 01is a parameter, Q2 C R¥ is a smooth, bounded domain and Iy, > is a partition
of d€2 into surfaces separated by a smooth interface. We will assume that

g is smooth, nondecreasing, convex, g(0) > 0, (1.35)

.. g
lim inf
t—+00 g([)

> 1. (1.36)
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We recall that the branch of minimal solutions is stable in the sense that for 0 < A < A*:

. Jo IVl dx = [ f'(u)g? ds
_inf 5 >0
0eCl(Q),p=00nT, frl p-ds

(1.37)

Assumption (1.36) is not essential, but it simplifies some of the arguments and holds for
the examples g(u) = €*, g(u) = (1 + u)?, p > 1. It allows us to say immediately that u™*
is an energy solution in the following sense.

DEFINITION 1.15. We say that u is an energy solution to (1.34) if u € HI(Q), g(u) e
LY(I")) and

/ VuVe = )L/ g Vo e Cl(Q).
Q Iy
Indeed, from the stability of the minimal solutions u,

A/ g’(muis/ |wx|2=x/ g(u)u;.
I Q I

By the hypothesis (1.36) for some 0 > 0 and C > 0
(A +o)gwu < g wu>+C Yu > 0.

It follows that there exists C independent of A such that

)»/ gupu, <C
ry

and hence
f IVu,|* < C. (1.38)
Q
This shows that u* € H'(Q). Moreover g(u*) € L'(I'1). Indeed, let ¢ be the solution to
Ap =0 1inQ
d
9 =1 only
av
=0 onlj.

Then

/VMAWﬂ:)»/ g(u,).
Q I

From (1.38) we deduce ||g(u,\)||L1(Fl) < C with C independent of A and the assertion
follows.

We are interested in determining whether the extremal solution u™ is bounded or singular
in the cases g(u) = ¢" and g(u) = (1 + u)?, p > 1. For this purpose we remark that, as
for (1.1) (cf. Theorem 1.9), the stability of a singular energy solution implies that it is the
extremal one.
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LEMMA 1.16. Suppose g satisfies (1.35), (1.36). Assume that v € H' () is an unbounded
solution of (1.34) for some A > 0 such that

,\f g (v)g? 5/ Vo> Vo e C'(Q), 9 =00nT,. (1.39)
r Q

Then A = A* and v = u™.

We shall give in Section 3.1 a proof of this fact under hypothesis (1.36). We note here,
though, that the argument is simpler than for Theorem 1.9 because we know immediately
that u* € H'(Q) and we do not need to rely on a uniqueness result for x* similar to
Theorem 1.8. The advantage of this approach is that Lemma 1.16 holds also under more
general conditions, which include the case that €2 has a corner at the interface I'y N I's.

For smooth domains the uniqueness of u* holds only assuming that g satisfies (1.2) and
(1.3) and in a more general class of weak solutions. We will discuss this in Section 3.2.
In fact, in that section we will develop some tools and results in the context of problem
(1.34), that are now classical for (1.1). These are basically the notion of weak solution
and the nonexistence of weak solutions for A > A* as in Brezis ef al. [19], the regularity
results for u* in low dimensions of Nedev [96] and the uniqueness of u* in the class of
weak solutions, see Martel [87]. Throughout that section we will assume that g satisfies
only (1.2) and (1.3).

We would like to construct singular solutions for some nonlinearities, and as a model
case we consider first g(u) = e". Probably the simplest singular solution one may
construct is

1
up(x) = / K(x,y)log—dy forx e Rﬂ\:, (1.40)
aRY |1

where

2xy _
K@ y) = gosix =yl N (1.41)

is the Green’s function for the Dirichlet problem in RY on the half space RY =
{(x’, xy) / xy > 0}. Then ug is harmonic in Rﬁ and

1
uop(x) = 1ogm for x € aRY, x # 0.

A calculation, see [45], shows the following:

LEMMA 1.17.
BT
— = A ne" IRY,
oy o,N€e on IR}
where

yiry-3 .
N - L2732 N >4,
N = ( ) ) yN = (1.42)

1 if N = 3.
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Let
Qo= {xeRY 1up(x) >0} T =3dQnIRY =090\ RY.

The boundary 92y is not smooth itself but I';, I'; are, and it can be checked that
Theorem 1.1 still holds in this case.

Since the singular solution has the form ug(x) = —log|x| for x € 8Rﬁ its linearized
stability is equivalent, by scaling, to

2
|4
[ werzaon [ £ voecr@D.
RY aRY x|
Let us recall here Kato’s inequality: for N > 3
o? —
/ Vol > HN/ ., Ve CPRY), (1.43)
RY aRY |x|

where the best constant

| fey 10 .

Hy:=inf{ ———: 9o H R}, ¢ #0 (1.44)

v aRY
ORY x|
is given by
H F(%)z N=>3 (1.45)
N=42_"N>, =9 :

F(N42)2

and I is the Gamma function. A proof of it was given by Herbst [73] and we will give later
on in Section 3.3 a self-contained proof of (1.43). Actually we are able to improve this
inequality in a similar fashion as was done by Brezis and Vazquez [20] or Vizquez and
Zuazua [106] for (1.18) (see also [11,20,42,68,106] for other improved versions of Hardy’s
inequality).

It is not difficult to verify that Ao y < Hy if and only if N > 10 (a proof can be found
in [45]). Thus we have:

THEOREM 1.18. Let f(u) = e". In any dimension N > 10 there exists a domain Q@ C RN
and a partition in smooth sets 'y, I'y of 92 such that u* & L*°(Q).

Naturally the question becomes whether for all N < 9 and all domains & € R" one
has u* € L°°(2). A first attempt using the ideas of Crandall-Rabinowitz [35] does not
yield the optimal condition on the dimension. For convenience, let u = u; be the minimal
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solution of (1.34). Working as in [35] we take ¢ = e/* —1, j > 0in (1.37) and multiply
(1.34) by ¢ = €%/ — 1. We obtain

A . 2 A .
— et (eJ” — 1) ds < — et (62]“ — 1) ds.
I

Jj? J Jry

It follows that

(l N l)/ 25D g < z/ S g
J 2] Jn JJr
< %/ eUthu g +%/ et g
J 'NA J rnB

where A = [(1/j —1/2)e@/+Du < ‘J-!e%l)"] and B = [(1/j — 1/2)eZ/+Du > ‘]-!e<1‘+1>"].
Given j € (0, 2), we see that # remains uniformly bounded on A, while

E/ e(jH)”dsSl(l,—l)/ D g
J JrinB 2\j 2)Jr

We conclude that ¢ is bounded in L>/T1(92) independently of A. If 2j +1 > N — 1 we
obtain by elliptic estimates a bound for u in C¢ (), for some @ € (0, 1). Thusif N < 6
we can choose j € (0, 2) suchthat N —1 < 2j 41 < 5 and obtain a bound for u in C*(Q)
independent of A.

The above argument proves

PROPOSITION 1.19. Let g(u) = e and assume Q@ C RY is a smooth bounded domain
such that 0Q = I'y U 'y, where I'1 C SR{X and 'y C Rﬁ. Assume further that N < 6.
Then the extremal solution u™ of (1.34) belongs to L*°(2).

We are able to overcome this difficulty under some assumptions on the domain, showing
that the method used to prove Proposition 1.19 is not suitable for problem (1.34). In
Section 3.4 we will give a proof of:

THEOREM 1.20. Let g(u) = €“, N < 9 and suppose Q2 C Rﬁ is an open, bounded set
such that 0Q2 = I'y U 'y, where I'1 C BRﬁ and Tr C RY, Qs symmetric with respect
to the hyperplanes x1 = 0, ..., xy—1 = 0, and Q is convex with respect to all directions
X1y ..., XN—1. Then the extremal solution u™ of (1.34) belongs to L*°(2).

Our proof is based on a lower bound of the form:

k
minf — £ 5 (1.46)

x—0,xel’ log(1/|x|)

Then we show that this behavior is too singular in low dimensions N < 9 for the extremal

solution to be weakly stable. Our proof of (1.46) is a simple blow-up argument, but is

limited to the exponential nonlinearity.



Singular solutions of semi-linear elliptic problems 103

Next we look at (1.34) in the case g(u) = (1 +u)”, p > 1. Given0 < a < N — 1
define

wa(x)szN K(x, y)|yl™®dy forx e RY, (1.47)
d

+

where K is defined by (1.41). Clearly, wy, > 0 in Rﬁ’. Moreover wy is harmonic in Rf

and wy extends to a function belonging to C“(Rﬁ \ {0}) with
W (x) = |x|7% forall x € B]Ri\_’ \ {0}. (1.48)
It is not difficult to verify that for some constant C(N, o) we have

Wy

- (x) = C(N,)lx|™* " vx e aRY \ {0}.

In Section 3.5 we shall prove

LEMMA 1.21. For0 < a < N — 1 we have:

C(N,a)=2r(%+%)r(7_1_%>. (1.49)
rer (42 -4)

An heuristic calculation shows that for (1.34) with nonlinearity g(#) = (1 4+ u)?, the
1

expected behavior of a solution u which is singular at 0 € 92 should be u(x) ~ |x|r-T.

The boundedness of u* is then related to the value of C(N, ﬁ). Observe that C (N, ﬁ)

is defined for p > % In the sequel, when writing C (N, ﬁ) we will implicitly assume
that this condition holds.

Let us write x = (x/, xy) with x’ € RV~ For the next result we will assume that
is convex with respect to x’, that is, (rx’, xy) + ((1 — 1)y’, xy) € Q whenever r € [0, 1],
x=(',xy) € Qandy = (', xy) € . We shall also denote by Iy the projection on
8R$, namely Iy (x’, xy) = x’ forall x = (x/, xy) € Rf.

THEOREM 1.22. Consider (1.34) with g(u) = (1 + u)?. Assume Q C Rﬁ is a bounded
domain such that 92 = I'{ Uy, where '} C BRﬁ and Ty C RY, Q is convex with respect
tox and Ty () =T1. If p C(N, ﬁ) > Hyorl <p< % then u* is bounded.

The same result holds if €2 is convex with respect to all directions x1, ..., xy—_1 and Q
is symmetric with respect to the hyperplanes x; = 0, ..., xy—1 = 0. The proof (see [45])
of this result is also through a blow-up argument, but this time we do not prove a lower
bound such as (1.46).

As a converse to the previous result we have:

THEOREM 1.23. Consider (1.34) with g(u) = (1 + w)?. If p C(N, pL) < Hy and

=T
p=> % there exists a domain Q such that u™ is singular.
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We shall not give the details here but just mention that u = w L 1 considered in

={xe Rﬁ lu(x) > 0}, with '} = 3Q N ARY, ', = a2\ 8Rf is a singular solution
to (1.34). It satisfies the stability condition (1.39) by Kato’s inequality (1.43).

The condition p C(N, ﬁ) < Hy is not enough to guarantee that the extremal solution
is singular for some domain. Actually this condition can hold for some values of p in the
range % <p< % In this case a singular solution exists in some domains, but it
does not correspond to the extremal one This is similar to what happens to (1.1) with

g(u) = (1+u)P and p inthe range — < p < N—+2 . For that problem in the unit ball B

2
there exists a weak solution u = |x| »~T — 1 which is not the extremal solution (since it

_N+2JN—-1

<p< N—4t2 \/7 it satisfies condition

is notin H'), but for p in the smaller range N’X 5
(1.19), see Theorem 6.2 in [20].
1.5. A fourth-order variant of the Gelfand problem

In this section we turn our attention to (1.5) with exponential nonlinearity, that is,

A%u = re* inB

u=a on dB (1.50)
ou
—=b on 0B,
av

where a, b € R. One of the reasons to consider this equation in the unit ball B = B1(0)
is that the maximum principle for A% with Dirichlet boundary condition (1 = g—fj =0)
holds in this domain, see [15], a situation that is not true for general domains [5]. But also
most our arguments require the radial symmetry of the solutions. As a consequence i,
0 < A < A* and u* are radially symmetric.

Equation (1.50) with @ = b = 0 was considered recently by Arioli et al. [5]. They give
a proof of Theorem 1.1 for this problem and show that the minimal solutions of (1.50) are
stable in the sense that

/(AW > A/ e g?, Vo e C(B), (1.51)
B B

see [5, Proposition 37]. These authors work with the following class of weak solutions,
which we will adopt here: u € H?(B) is a weak solution to (1.50) if ¢* € L'(B), u = a
on 0B, g—‘: =bondB and

/ Aulgp = A/ e"p, forallp € C;°(B).
B B

They also show that if A > A* then (1.50) has no weak solution, but it does not seem to
be possible to adapt their proof for problems like (1.5) with a general nonlinearity. The
problem stems from the fact that the truncation method, as described after Theorem 1.7
seems not well suited for the fourth-order equation.
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Regarding the regularity of u*, the authors in [5] find a radial singular solution U, to
(1.50) with a = b = 0 associated to a parameter A, > 8(N — 2)(N — 4) for dimensions
N = 5,...,16. Their construction is computer assisted. They show that A, < A* if
N < 10 and claim to have numerical evidence that this holds for N < 12.

We start here by establishing the fact that the extremal solution u* is the unique solution
to (1.50) in the class of weak solutions. Actually the statement is stronger:

THEOREM 1.24. If

ve HX(B), e’ € L'(B), vlpp =a, 3|35 < b (1.52)
and
/ AvAgp > X*/ e’p VoeC(B)¢=>0, (1.53)
B B

then v = u*. In particular for A = A* problem (1.50) has a unique weak solution.

The proof of this result can be found in Section 4.2, while in Section 4.1 we describe
the comparison principles that are useful for the arguments. It is analogous to Theorem 1.8
of Martel [87] for (1.1) but our proof does not seem useful for the general version of this
problem (1.5). Again, the reason for this limitation is that truncation method developed in
[19] is not well adapted to this fourth-order equation.

The results of [5] are an indication that #* maybe bounded up to dimension N < 12.
We have

THEOREM 1.25. For any a and b, if N < 12 then the extremal solution u* of (1.50) is
smooth.

Our method of proof is different to the one leading to Theorem 1.3 and is similar to the
scheme we used for the problem with reaction on the boundary. Indeed, using the same
blow-up argument as for the proof of Theorem 1.20 in Section 3.4 it is possible to show
that if u™* is singular then

o ut(r)
liminf —————— > 1 (1.54)
r—0 log(1/r%)
(a complete proof can be found in [44]). Now, if N < 4 the problem is subcritical, and the
boundedness of u™ can be proved by other means: no singular solutions exist for positive
A (see [5]) but in dimension N = 4 they can blow up as . — 0, see [108].

So assume 5 < N < 12 and that ™ is unbounded. Fix o > 0. By (1.54), multiplication

of (1.50) by ¢ = |x|*~V*2¢ and integration by parts gives

x/ x|fN2E > 4N = 2)(N — Doy (1 — a)é +0(1), (1.55)
B

where wy is the surface area of the unit N — I-dimensional sphere SN=1and O(1)
represents boundary terms, which are bounded as ¢ — 0. Using the weak stability of



106 J. Davila

u* (1.60) with ¢ = |x]| e multiplied by an appropriate cut-off function yields

A / eu|x|47N+2$
B

2 2
N2(N — 4)2 N4
< (V=D 5 erM%:wM_£;_+0m, (1.56)
16 B 28

since (AY)? = (N>(N —4)2/16 4+ O(e))|x|N*+2¢. From (1.55) and (1.56), and letting
¢ — 0 and then 0 — 0, we find

N*(N —4)?
16

This is valid only if N > 13, a contradiction.
The constant N2(N — 4)2/16 appears in Rellich’s inequality [104], which states that if
N > 5then

N(N — 4)? 2
/‘(A¢fzi——£———l—/i L Vg e CPRY). (1.57)
RN 16 Ry x4

8(N —2)(N —4) <

The constant N2(N — 4)?/16 is known to be optimal as seen from functions such that
= |x| 3+ This inequality will play an important role in proving that u* is singular if
N >13and b =0.

Going back to Theorem 1.24 we mention that it can be used to deduce properties of the
extremal solution in case it is singular. In [5] the authors say that a radial weak solution
u to (1.50) is weakly singular if lim, .o ru’(r) exists. For example, the singular solutions
U, of [5] verify this condition. As a corollary of Theorem 1.24 we show

COROLLARY 1.26. The extremal solution u* to (1.50) with b > —4 is always weakly
singular.

We prove this corollary in Section 4.2. A weakly singular solution either is smooth or
exhibits a log-type singularity at the origin. More precisely, if « is a non-smooth weakly
singular solution of (1.50) with parameter A then (see [5]) the following refinement of
(1.54) holds:

8(N —2)(N — 4)
A

lim u(r) + 4logr = log ,
r—0
lim ru'(r) = —4.
r—0
In view of Theorem 1.25, it is natural to ask whether u™* is singular in dimension N > 13.
‘We show that this is true in the case a = b = 0.

THEOREM 1.27. Let N > 13 and a = b = 0. Then the extremal solution u* to (1.50) is
unbounded.

The proof of Theorem 1.27 is related to Theorem 1.9 and a similar result holds for (1.50):
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PROPOSITION 1.28. Assume that u € HZ(B) is an unbounded weak solution of (1.50)
satisfying the stability condition

A/ eg? < /(Aw)z, Vo € CS°(B). (1.58)
B B

Then A = 1* and u = u*.
See the proof in Section 4.2. When a = 0 and b = —4 we have an explicit solution
u(x) = —4log|x|

associated to A = 8(N — 2)(N — 4). Thanks to Rellich’s inequality (1.57) the solution
u satisfies condition (1.58) when N > 13. Therefore, by Theorem 1.25 and a direct
application of Proposition 1.28 we obtain Theorem 1.27 in the case b = —4.

For general values of » we do not know any explicit singular solution to the equation
(1.50) and Proposition 1.28 is not useful. We instead find a suitable variant of it (see a
proof in Section 4.1):

LEMMA 1.29. (a) Let uy, up € H*(Bg) with "1, "2 € LY(Bg). Assume that
A%uy < reé"' in Bg
in the sense

| awagsif eny voecrsn. oo (1.59)
Br Br

and A%us > Ae"2 in B in the similar weak sense. Suppose also

ou

duq 2
uilapg = u2lap, and a—nlaBR = 8—n|aBR-

Assume furthermore that u| is stable in the sense that
/\/ et < | (Ap)? Vo e C(Br). (1.60)
Bg Bg

Then
uy <up in Bpg.

(b) Let uy, us € H?*(Bg) be radial with "1, ¢2 € LY (Bg). Assume A%u; < ie'!
in BR in the sense of (1.59) and A%uy > re' in Bg. Suppose uilyp, < uzlppy and

3“1 |3 Bp = an 2|5y, and that the stability condition (1.60) holds. Then u; < us in Bg.

The idea of the proof of Theorem 1.27 consists in estimating accurately from above the
function A*¢*”, and to deduce that the operator A% — A*e"” has a strictly positive first
eigenvalue (in the HOZ(B) sense). Then, necessarily, u™* is singular. Upper bounds for both
A* and u* are obtained by finding suitable sub and supersolutions. For example, if for
some A there exists a supersolution then A* > A;. If for some A, one can exhibit a stable
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singular subsolution u, then A* < Ap. Otherwise Ay < A* and one can then prove that the
minimal solution u;, is above u, which is impossible. The bound for u* also requires a
stable singular subsolution.

It turns out that in dimension N > 32 we can construct the necessary subsolutions and
verify their stability by hand. Indeed, assume @ = b = 0, N > 13 and let us show

u* <u=—4log|x| in Bj. (1.61)
For this define u(x) = —4log |x|. Then u satisfies

A% = 8(N —2)(N — 4)e" inRV

7

u=~0 on dB;
9
_u=_4 on 0 B;.
on

Observe that since i is a supersolution to (1.50) with @ = b = 0 we deduce immediately
that A* > 8(N — 2)(N — 4).

In the case A* = 8(N — 2)(N — 4) we have u; < u forall 0 < A < A* because u is a
supersolution, and therefore u™ < i holds.

Suppose now that A* > 8(N —2)(N —4). We prove that u; < u forall §(N—-2)(N—4) <
A < A*. Fix such A and assume by contradiction that u; < i is not true. Note that forr < 1
and sufficiently close to 1 we have u; (r) < u(r) because u;(l) = 0 while u'(1) = —4.
Let

Ri=infl0<R <1 | uy <iiin (R, 1)

Then 0 < Ry < 1, up(Ry) = i(Ry) and u(Ry) < u'(Ry). So u; is a solution to the
problem

A%u = re" in Bg,
u=u;(Ry) ondBg,
ou

Pl us (R1) ondBg,
while u is a stable subsolution to the same problem, because of (1.57) and 8(N — 2)(N —
4) < N*2(N —4)?/16 for N > 13. By Lemma 1.29 part (b) we deduce i < uy in Bp,
which is impossible.

An upper bound for A* is obtained by considering again a stable, singular subsolution to
the problem but with another parameter:

LEMMA 1.30. For N > 32 we have

A< 8(N —2)(N — 4)e>. (1.62)
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PROOF. Consider w = 2(1 — r2) and define
u=1u—w,

where u(x) = —4log|x|. Then

A%u = 8(N —2)(N — 4)14 = 8(N —2)(N — 4)e = 8(N — 2)(N — 4)e"tv
r
< 8(N —2)(N — 4)e?e".

Also u(1) = u'(1) = 0, so u is a subsolution to (1.50) with parameter Ag = 8(N —2)(N —
4)e?.

For N > 32 we have Ao < N2(N — 4)2/16. Then by (1.57) u is a stable subsolution of
(1.50) with AL = Ag. If A* > A9 = 8(N — 2)(N — 4)e2 the minimal solution u;, to (1.50)
with parameter A exists and is smooth. From Lemma 1.29 part (a) we find u < u;, which
is impossible because u is singular and u;, is bounded. Thus we have proved (1.62) for
N > 32. O

With the above remarks we can now prove Theorem 1.27 in the case N > 32.
Combining (1.61) and (1.62) we have that if N > 32 then e < r48(N — 2)(N —
4)e* < r~*N2(N —4)2/16. This and (1.57) show that

. fB(A(p)z —AF fB eu*(pz

>0
0eCE(B) [p@?

which is not possible if #* is bounded.

For dimensions 13 < N < 31 it seems difficult to find subsolutions as before explicitly.
We adopt then an approach that involves a computer-assisted construction and verification
of the desired inequalities. More precisely, first we solve numerically (1.50) by following
a branch of singular solutions to

A%u = e inB
u=2~0 on dB

(1.63)
ou
— =1 on dB.
av
We start with + = —4, where an explicit solution is known, and follow this branch to

t = 0, transforming first (1.63) with an Emden—Fowler-type change of variables, which
allows us to work with smooth solutions. This numerical solution, which is represented as
a piecewise polynomial function with coefficients in Q that are kept explicitly, serves as
the desired subsolution. The verification of the conditions mentioned before is done with a
program in Maple, and in such a way that it guarantees a rigorous proof of the inequalities.
This and the proof of Theorem 1.27 for 13 < N < 31 is described in Section 4.3.

For general constant boundary values, it seems more difficult to determine the
dimensions for which the extremal solution is singular. Observe that u* is the extremal
solution of (1.50) if and only if u* — a is the extremal solution of the same equation
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with boundary condition # = 0 on 9B and so we may assume a = 0. But one may ask if
Theorem 1.27 still holds for any N > 13 and any b. Here the situation becomes interesting,
because the critical dimension for the boundedness of u* depends on b and is not always
equal to 13.

THEOREM 1.31. (a) Let N > 13 and b > —4. There exists a critical parameter
b™** > 0 such that the extremal solution u* is singular if and only if b < b™,
(b) Let b > —4. There exists a critical dimension N min > 13 sych that the extremal
solution u* to (1.50) is singular if N > N™",

The proof of this result can be found in [44]. Let us remark that it follows from
Theorem 1.31, part (a), that for b € [—4, 0], the extremal solution is singular if and only if
N > 13. We also deduce from this result that there exist values of b for which N™" > 13.
We do not know whether u#* remains bounded for 13 < N < N™in,

Finally let us mention that it remains open to describe fully the bifurcation diagram of
(1.50), in the spirit if the work of Joseph and Lundgren (Theorem 1.2) for the second-order
problem with exponential nonlinearity.

1.6. Other directions

The literature on the kind of problems we have mentioned is extensive. Nevertheless we
would like mention other related directions which have been the matter of recent studies.

In general domains there are few results on the structure of solutions to (1.1). Let
us mention here the results of Dancer [37-39]. For analytic nonlinearities g such that
g(u) ~ ufe" as u — 400 in a bounded smooth domain €2 in R3 he shows that there is an
unbounded connected curve of solutions 7 = {(A(s), u(s)) : s > 0} starting from (0, 0)
such that [|u(s)| + |A(s)| — +ocass — +oo and —A — A(s)g’(u(s)) is invertible except
at isolated singularities. This curve has infinitely many bifurcation points outside any
compact subset, which include the possibility that the curve “bends back’ at some of these
points. In [37] Dancer also shows that a sequence of solutions to (1.1) with g(u) = ¢* in a
bounded smooth domain in three dimensions, remains bounded if and only if their Morse
indices are uniformly bounded. This is a consequence of a related result that asserts that
any solution to

—Au=¢e u<0 inR3

has infinite Morse index. The proof of [37] uses a result of Bidaut-Verén and Verdn [14],
that characterizes solutions to

—Au=1re" inR3\ By (1.64)
such that

inR?\ B. (1.65)
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n [14] it is proved that any solution to (1.64), (1.65) satisfies

r—+00

1 2
lim Qmﬁﬂ—bg7>=2w@)+ng in C* of §2
r

for any k > 1, where r, 6 are spherical coordinates and w is a smooth solution to
Agpo+e* —1=0 onS2 (1.66)

Here A is the Laplace—Beltrami operator on S? with the standard metric. It is known
that all continuous solutions to (1.66) arise from a single solution and the conformal
transformations of 2, see Chang and Yang [30].

We would like to mention some results for problems similar to (1.1) but where the
Laplacian is replaced by a nonlinear operator. For example Clément et al. [33] considered
the p-Laplacian and k-Hessian operators Sy (D?u) defined as the sum of all principal k x k
minors of D2u. Their results were extended by Jacobsen and Schmitt [74,75] and we shall
describe them next. Consider

FY W PuY et =0 0<r <1
u>0 0<r<l (1.67)
' (0) =u(l) =0,

where «, 8, y satisfy

a>0
y+1>a«a (1.68)
B+1>0.

This includes the case of the Laplacian (« = N — 1, 8 =0, y = N — 1), the p-Laplacian
withp >1(e=N—-1,8=p—2,y = N —1)and the k-Hessian operator (« = N —k,
B =k—1,y = N — 1). The main result in [74] characterizes in terms of «, 8 and y the
multiplicity of solutions as a function of A.

THEOREM 1.32. Suppose a, B, y satisfy (1.68) and define

E=y+l-a
y+B—a+2
— =

Case l. If a — B — 1 < O there exists a unique \* > 0 such that (1.67) has a unique
solution for .. = A*, and exactly 2 solutions for 0 < A < A*.

Case2. If 0 <a—B—-1 < gj_sl then (1.67) has continuum of solutions (A, u) with

u(0) — 400 and X oscillating around (o — B — 1)(8€)P+1.
Case 3. If ;55 < a — B — 1 then the equation has a unique solution for 0 < A <

(@ — B — 1)(8E)PTY and no solution for » > (a — B — 1)(8&)PTL. Moreover
u(0) = +ooash — (o — p — 1)(8&)PF1,

§ =
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The problem (1.1) for the p-Laplacian operator in general smooth, bounded domains,
that is,

—Apu=2Agu) inQ
u=>0 on 92

has also been the subject of study. We mention the case g(u) = e" considered by
Garcia-Azorero and Peral [65] and Garcia-Azorero et al. [66] who showed that the
extremal solution is bounded if N < p +4p/(p — 1) and that this condition is optimal.
Recently Cabré and Sanchon [27] (see also [25]) also considered this problem for general
g, extending the ideas of [19,20] to this setting.

Another direction of interest is the parabolic counterpart of (1.1). Consider

ur — Au=irgw) in(0,7) x
u=>0 on 92 (1.69)
u(0) = uog in €2,

where g is a nonlinear function, A > 0 and ug > 0, ug € L°(R2).

It is well known that if ug € L°(2) and g is Lipschitz, then (1.69) has a classical
solution defined on a maximal time interval.

Problem (1.69) with exponential nonlinearity was considered by Fujita [62,63]. Lacey
[80] and also Bellout [12] proved, under certain extra conditions, that the solution of (1.69)
blows up in finite time for A > A*, see also [81]. In this direction we would like to mention
the following results due to Brezis et al. [19]. Roughly speaking they imply that with
initial condition u#y = 0, the solution to the parabolic problem (1.69) is global if and only
A < A%, that is, if and only if the stationary problem has a weak solution.

THEOREM 1.33 (Brezis et al. [19]). Assume g : [0,00) — o0 is a C! convex
nondecreasing function such that there exists xo > 0 with g(xo) > 0 and

o

d

/ L (1.70)
X0 gu)

Then if (1.69) has a global solution for some ug € L°(2), ug > 0 then there is a weak

solution to the elliptic problem (1.1).

This result has also a converse.

THEOREM 1.34 (Brezis et al. [19]). Assume g : [0,00) — o0 is a C! convex
nondecreasing function. If (1.1) has a weak solution w then for any initial condition
ug € L°°(R), 0 < ug < w the solution to (1.69) is global in time.

Peral and Vazquez [100] considered also the parabolic problem (1.69) with the
exponential nonlinearity in 2 = Bj and with A = 2(N — 2), since for this parameter
U(x) = —2log|x]| is a weak solution of the stationary problem. They are interested
in singular initial conditions and hence they work with the following notion of weak
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solution: u € C((0,00); Wy>(By)) such that u,, Au, e* € L'([z,T] x Bj) for all
0 <t < T < +o00, equation (1.69) holds a.e. and u(¢, ) — ug in L%(By) ast — 0.
First they take an initial condition ug satisfying 0 < ug(x) < U (x). They show that (1.69)
possesses a minimal and a maximal solution u satisfying 0 < u(z, x) < U(x). Moreover
it becomes classical for # > 0. They show that if 3 < N < 9 then any solution satisfying
the previous conditions converges to the minimal solution u; as t — 4o00. If N > 10 then
u(t,-) — U ast — +o00o. These authors also study the possibility of having solutions of
the parabolic problem above the singular solution U and establish the following

THEOREM 1.35. Consider (1.69) with g(u) = ", A, = 2(N — 2) and 2 = By. Then there
is no weak solution defined on (0, T) x By such that u(t,x) > U(x), and ugy # U.

The solutions in the above result are shown to blow up completely (such as in Brezis
and Cabré [18]) and instantaneously. Dold et al. [49] studied the blow-up rate of (1.69)
with Q = By and g(u) = e? or g(u) = u?, p > %—f% Martel [88] showed that if the
initial condition u satisfies o € L() N W, (), up > 0 and Aug + rg(ug) > O,
then the solution u to (1.69), which is defined on a maximal time interval [0, T,), blows
up completely after 7,, if 7, < +oco. This means that for any sequence g, of bounded

approximations of g such that
gn € C([0,00),[0,n)) forallx >0, g,(x) T g(x),asn — +o0
the sequence of solutions u, of (1.69) with g replaced by g, satisfies

un(x,1)
dist(x, 082)

for any ¢ > 0. The hypothesis on the initial condition says, roughly speaking, that
u;(0) > 0 and hence u is monotone nondecreasing in time, which is seen to be necessary
(see below and [59]).

An interesting result of Fila and Polac¢ik [59] is the following. Consider (1.69) with
g(u) = €" in the unit ball 2 = B; and with a radial initial condition ug € C (By). If
N < 9 and the solution u to (1.69) is global, i.e. is a classical solution defined for all
times, then u is uniformly bounded, that is,

— 400 asn — —+oo uniformly for ¢ € [T}, + €, 00)

sup  |u(r, t)] < 4o0.
t>0,rel0,1]
In dimensions N = 1, 2 this holds for general domains and initial conditions, see [57].

In [59] the authors also show that for g(u) = e" and also in the radial setting in
dimension 3 < N < 9, certain stationary solutions can be connected by solutions that
blow up in finite time but can be continued in an L' sense. An L' solution of the parabolic
equation (1.69) is a function u € C([0, T]; L' ()) such that g(x) € L'((0, T) x ) and

¢ t t
/ugp dx—/ fugo, dx ds :/ /(uAgp—i—Ag(u)ga)dxds
Q T T JQ T JQ

forall0 <t <t <Tandgp € C2([0, T1 x Q) with ¢ =0on [0, T] x 9K2. To describe
the result [59] we use the notation, following [58]. The solutions to (1.1) with g(u) = "
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in the unit ball By with 3 < N < 9 can be written as a smooth curve
(A(s),u(s)), s>0
such that

max u(s) = u(s)(0) =s.
B

This curve satisfies
(@) limg—0A(s) =0, limg—, 400 A(s) = 2(N —2)
(b) the critical points of A(s) form a sequence 0 < 51 < 52 < ... and the critical values
A(sj) = A satisfy

A >A3..0.> A1 4 2(N —2),
M <t<...12(N-=2).

For0 < A < A*let§p(A) < 51(A) < ...denote the sequence of points s such that A(s) = A.
This sequence is finite if A # 2(N — 2) and infinite if A = 2(N — 2). Write ui = u(s;).
The minimal solution corresponds to u; = ug.

Fila and Poacik [59] showed that if A € (A, A3) there exists a smooth initial condition
uq such that the solution u to (1.69) satisfies:

(1) u(-, t) blows up in finite time 7,,,,

(2) u(-,t) can be extended to an L' global solution (i.e. define on (0, T) for all T > 0),

3) u(-,t) - uy ast — +oo, where u; = ug is the minimal solution (the convergence

is CL ((0,11))
(4) u(-,t) is defined and smooth for all r € (—oo, T;,) and u(-,t) — u%

This solution is called an L' connection between the equilibria ui and ug.

Later Fila and Matano [58] extended the results of [59] showing that for any k > 2 there
isan L' connection from u} to u}. They also show that if an L' connection from u} to u*
exists then k > j + 2. See also previous work by Ni et al. [97], Lacey and Tzanetis [82].

Nonlinear elliptic and parabolic equations such as (1.1) and (1.69) but with explicit
singular terms in them have also been a matter of recent studies. Let us mention Brezis and
Cabré [18], who showed that if # > 0 and

u2

—Au >

_W in Q

in the sense of distributions (assuming u, u?/|x|?> € LIIOC(Q)), in a domain 2 containing
the origin, then u = 0. Dupaigne [50], Dupaigne and Nedev [51] have studied elliptic
equations with a singular potential of the form:

—Au —a(x)u = f(u) + Ab(x) in Q
u=>0 on 92,

where a, b, f, . > 0. They characterize, under some assumptions, in terms of the linear
operator —A — a(x) and the nonlinearity f(u) the cases where there are solutions for
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some A > 0 or not. For instance if a(x) = c/|x|2, f(u) = u?, p > 1, then there is a
solution for some A > 0 if and only if ¢ < (N —2)?/4 and p < po = 1 + 2/a, where

a= NZ2-/(N=2)7—de W. See also Kalton and Verbitsky [77].

We have mentioned already that the analysis of singular operators such as the Laplacian
with a potential given by the inverse square distance to a point has been used to construct
singular solutions to a variety of nonlinear problems, [28,89-91,98,99,101-103]. But in
fact the same techniques can be applied to construct solutions in exterior domains which
in some sense are singular at infinity, or in other words, that decay slowly at infinity. A
model equation is

Au+u” =0, u>0 inRV\D, (1.71)
u=0 onadD, Iim u(x)=0 (1.72)
|x]— 400

with supercritical p, namely p > N—fz

THEOEEM 1.36 ([40,41)). Let D be a bounded domain with smooth boundary such that
RN\ D is connected. For any p > N+2 there is a continuum of solutions u;, A > 0, to
(1.71), (1.72) such that

uy(x) = ﬂl’%l|x|_%(l +o(1)) as|x| > oo (1.73)

and u, (x) — 0 as A — 0, uniformly in RN \ D, where

2 N2 2
=i (v

The idea of the proof is by linearization around w(x), the unique positive radial solution
Aw+w? =0 inR", w(0) = 1. (1.74)

Note that all radial solutions of Au + u” = 0 defined in all RY have the form

2
—T

wy(x) = A~ TwA|x]), A >0. (1.75)

We look for a solution u, in the form of a small perturbation of w;_. This naturally leads
us to study the linearized operator A + pwf “in RV \ D under Dirichlet boundary
conditions. Since w; is small on bounded sets for small A, an inverse can be found as
a small perturbation of an inverse of this operator in the whole R" and then, by scaling,
it suffices to analyze the case A = 1. Thus we need to study A + pw?”~! in RY. Note

1 2
that at main order one has w(r) = B7=Tr  7-1(1 + 0(1)) as r — +o00 [72], and hence the
singular potential has the form pB/r>(1 4+ o(1)). We construct an inverse in weighted L™
norms for p > %4_; however if %; N +2 <p< N 'H the linearized operator is not surjective,

having a range orthogonal to the generators of translatlons We overcome this difficulty
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by adjusting the location of the origin. The invertibility analysis for p > N +1 is strongly
related to one of Mazzeo and Pacard [90] in the construction of singular solutlons with
prescribed singularities for % <p<¥ +§ in bounded domains. At the radial level,
supercritical and subcritical in this range are completely dual.

Problems (1.71)—(1.72) has also a fast decay solution, that is a solution u# such that
limsup) |, 4 o 117 Nu(x) < 400, provided N+2 < pand p — ¥+ is small, see [41].
A related result for supercritical problems in bounded domains is the following.

Consider

Au+ul =0, u>0 inD\ Bs(Q), (1.76)
u=0 ondDUJBsQ), (1.77)

where D is a bounded domain with smooth boundary, Bs(Q) C D and § > 0 is to be taken
small.

THEOREM 1.37 (del Pino and Wei [47]). There exists a sequence

N+2
N -2

<pir<pr<p3<..., with lim p;y=+4oc0 (1.78)
k—+o00

such that if p > N+2 and p # pj for all j, then there is a o > 0 such that for any § < &,
Problems (1.76), (1 77) possess at least one solution.

2. Perturbation of singular solutions

2.1. The Laplacian with the inverse square potential

We consider the linear problem

—A¢ —

C
— in B
lx — slzd) & 2.1

¢=h onoB,

where B = B1(0), £ € B and c is any real number. The main results are Propositions 2.1
and 2.3 below, which assert the solvability of (2.1) in weighted Holder spaces assuming
that the right-hand side verifies certain orthogonality conditions, provided & is close to the
origin. We use the weighted Holder spaces that appear in [101,8,28], which are defined as
follows. Given 2 a smooth domain, £ € Q,k > 0,0 <a < 1,0 <r < dist(x,92)/2 and
u € CL¥(B\ {£)) we define :

k
leare = sup > ri|Viu(x)l
rlx—§1<2r j—o

ket [ wp V00 = vku(yn} |

r<lx—&|,ly—&|<2r lx — y|*
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Let d = dist(§, 02) and for any v € R let

||u||k,a,v,§;£2 = ||”||Ck.a(§\3d/2(g)) + sup r_v|u|k,oz,r,§~
0

d
<4
<F72

Define the Banach space

Ch (@) = {ue CRl@\ () © llullkawen < oo}

It embeds continuously in the space of bounded functions if v > 0.

For the analysis of (2.1) when & = 0 it is convenient to decompose all functions in
Fourier series. So we recall that the eigenvalues of the Laplace—Beltrami operator —A on
SN=1 are given by (see [13])

m=k(N+k—2), k=>0.

Let my denote the multiplicity of Ay and ¢k 7, =1, ..., my the eigenfunctions associated
to Ax. We normalize these eigenfunctions so that {¢x; : k > 0,1 = 1,...,mg} is an
orthonormal system in L2(SN—1). We choose the first functions to be

_ ! __m (NP N
901 = TSNz <P1,1—(fSN71x12)1/2— v ) T P=lo N

Let r = |x| and 6 = x/|x| denote polar coordinates in RV .
First we study the kernel of the operator A + ¢/|x|?. Thus we look for solutions to

—Aw———w=0 inRY\ {0} 2.2)
|x|?

of the form w(x) = f(r)gx,(6) which yields the ODE:

N-—-1 —X
I+ - f’+cr2kf=0, forr > 0. (2.3)

Equation (2.3) is of Euler-type and it admits a basis of solutions of the form f(r) = ;’_‘J‘ki ,

where a,ﬁc are the roots of the associated characteristic equation, i.e.

N-2 [[N=2\2
of = — j:\/( : )~ 2.4)

Note that ozkjE may have a nonzero imaginary part only for finitely many k’s. If kg is the
first integer k such that oz,?E € R then

N -2
+ +
Sog <oy <,

.<ak0+1<ak0<

whereas, if kK < kg, we denote the imaginary part of a,j by

o= (5

Fork > 0,1 =1, ..., my, we have a family of real-valued solutions of (2.2), denoted by
w! = w,l’[, wy = w,%ﬁl and defined on RV \ {0} by:
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if (85232 —c+x >0

w! =% g (0), w?=r% g(6),

if (85232 —c+x =0

1

_N=2 2
w =r 2z logreri(0), w

_N=2
=17 ¢r10),

if 22)2 —c+ 2 <0

N-2 N-2

wl=r""7 sin(by log r)gk.1(0), wz(x) =r" 2 cos(bylogr)pr(6).

Then the functions Wy ; defined by
if A52)? —c+ae > 00 Wia(n) = w' () —w?),
if (A52)2 —c+a <00 W) =w' (),
solve (2.2) and satisfy
Wi ilap = 0.
The main result in this section for the case § = 0 is
PROPOSITION 2.1. Letc,v € R and assume

3k such that ak_] eR and —ap

I<V<—Olk1+1.

Let g € Cgf[z,o(B) and h € C**(3B) and consider
c
—Ap——¢p=¢g inB
|x|?
¢=h ondB.

Then (2.10) has a solution in Cf’g (B) if and only if

aw,
fngJ:/ R k=0, kg V=1, ... my
B 0B

on

Under this condition the solution ¢ € Cz ’g (B) to (2.10) is unique and it satisfies

||¢||2,(x,v,0;B = C(”gHO,a,U—Z,O;B + ”h”Czﬂ(aB))a
where C is independent of g and h.

Note that with the hypotheses of Lemma 2.1 we have

_ N -2
V> -y =

2
This implies that the integrals on the left-hand side of (2.11) exist.

2.5)

(2.6)

2.7)

(2.8)

2.9)

(2.10)

@2.11)

(2.12)

(2.13)
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PROOF OF PROPOSITION 2.1. Write ¢ as

my

o0
P =D draee®), x=r0.0<r<1,0esV"
k=0 [=1

Then ¢ solves —A¢p — #qj = g in B\ {0} if and only if ¢ ; satisfies the ODE

y N-1, c— Ak
¢k,l + . ¢k,l + }"2 ¢k,l = —8k,l O0<r< 1, (214)

forallk >0and/ =1, ..., my, where

8ki(r) = / gy (6)do, O0<r<1,0¢€ sN=1,
SN-1
Note that if ¢ € L)°(B) then there exists a constant C > 0 independent of r such that
e (r)| < Cr. (2.15)
Furthermore, ¢ = h on B if and only if ¢y ;(1) = hy; for all k, [, where

s = / 7(0)gr.1(6) dB.
SN—l

Step 1. Clearly, supp<,; <4 27V gk.1(t)] < oo and observe that (2.11) still holds when g is
replaced by gk ¢k, and h by hy k. We claim that there is a unique ¢ ; that satisfies
(2.14), (2.15) and

Gri(1) = hy . (2.16)

We also have

[r,i(r)| < Cr” < sup 127" |g ()] + Ihk,z|> ., O0<r<l. (2.17)
0<t<1
Casek =0, ..., k1. A solution to (2.14) is given by:
oifo, ¢ R
17 /s\%2 s
bl (r) = -/ s(-) sin (bk log -)gk,,(s)ds, (2.18)
b Jy r r
° ifa;:l = ak_J = %:
r s N2 s
b= [ 5(2) 7 tog (s ds, 2.19)
0 r r

e+ + —2.
° lfak,l e R, o #F 5=

Dr1(r) = ﬁ / )T = () s s (2.20)

In each case, (2.17) holds and (2.16) follows from (2.11).
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Concerning uniqueness, suppose that ¢y ; satisfies (2.14) with gx ; = 0 and (2.16) with
hi,1 = 0. Then ¢y ; is a linear combination of the functions w!, w? defined in (2.5)—(2.7).
By (2.9), (2.13) and (2.17), ¢x; has to be zero.

Case k > ki + 1. Observe that (2.14) is equivalent to

—A¢k1+ | |2 s = Gs in B\ {0},
where ¢~>k,[(x) = ¢ri(x]) and g ;(x) = gri(x]). Since ozki € R we must have
A —C > —(H)2 and hence the equation

—A¢k1+ |2 ¢k1 in B

| (2.21)

bxy =hk; ondB,

has a unique solution ¢~>k, 1 € H, where H is the completion of C8°(B ) with the norm

A —C

2 2 2
- 5

||§0||1-1 /I;H(N +—|x|2 @

see [106].
To show (2.17), observe that for some constant C depending only on N, A and v,

Api(r) =r"C ( sup 27|3ka ()] + Ihk,zl)
0<t<l1

is a supersolution to (2.21) and — Ay ; is a subsolution. To see this, we emphasize that the

condition —at; > v > —(N — 2)/2 implies V2 4+ (N =2)v + ¢ — A < 0. It follows that

|k 1 (x)] < Ag.(|x]) for 0 < [x| < 1.

We note that ¢y ; is uniquely determined. Indeed, any solution w of (2.21) such that
lw(x) < Clx|" satisfies, by a scaling argument, |Vw(x)| < C|x|"~! and this together with
(2.13) implies w € H'(B), which is contained in H. Uniqueness for (2.21) in H'(B) can
then be proved by an improved Hardy inequality (see [20]).

The computations above also yield the necessity of condition (2.11). Indeed, assuming
a solution ¢ € LJ°(B) exists, since ¢y satisfies the ODE (2.14) we see that for
k=0,...,k the difference between ¢y ; and one of the particular solutions (2.18), (2.19)
or (2.20) can be written in the form ck,lr""/:r + digr % . Since ¢y (r)| < Cr' and
v > —a,:l we have c; ; = di,; = 0 and this implies (2.11).

Step 2. Define form > 1

G = {g =D gra(er6) : x| g(x) € L“(B)}
k=0 1

and

&
|
oyl
Il
Ms
~[~

hic19k,1(0) = hiy € R} .
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Let gm € G, iy € Hy, be such that (2.11) holds. Write

gn() =Y > gki(M@1©),  hn(0) = hi1gx1(6).
k=0 k=0

Let ¢ ; be the unique solution to (2.14), (2.15) and (2.16) associated to gk ;, hx.; and define
G (x) =Y 4o > D1 (r)@r.1(9). We claim that there exists C independent of m such that

lm ()] < Clx]” (Sup P gm0 + sup Ihml> . 0<xl <L (2.22)
B B

By the previous step, (2.22) holds for some constant C which may depend on m. In
particular, choosing m = kj, we obtain a bound on the first components ¢y ;, k = 0...kj.
Hence, it suffices to prove (2.22) inthe case gx; = Oand hy; =0,k =0, ..., k;. Working
as in [101], we argue by contradiction assuming that

I |1~ o8y = Con(llgm X 1> ooy + Imll Lo ))s

where C,, — o0 as m — oo (this argument also appears in [28]). Replacing ¢,, by
Om/lm|x|17" | L (B) if necessary, we may assume

Pm x| llLoemy = 1,
I (2.23)
lgmlxI“ "Ly + llhmllLe@p) — 0 asm — oo.

Let x,, € B \ {0} be such that |, (x)|[xm| ™" € [4, 1. Let us show that x,, — 0 as
m — oo. Otherwise, up to a subsequence x,, — xo # 0. By standard elliptic regularity,
up to another subsequence, ¢,,, — ¢ uniformly on compact sets of B \ {0} and hence

—Aq&—#qbzo in B\ {0}

¢ =0 onodB.
Moreover ¢ satisfies |¢ (xg)||xo| ™" € [%, 17 and |¢(x)| < |x|” in B. Writing

p) = > Y i ®).

k>ki+1 1

we see that ¢y ; solves (2.3). The growth restriction |¢x ;(r)] < CrY and the explicit
functions w!, w? given by (2.5)—(2.7) rule out the cases oz,?E ¢R, o = a,j and force

k1 = ak,lr_“k_. But ¢ ;(1) = 0 so we deduce ¢; = 0 and hence ¢ = 0, contradicting

| (x0)|l1xo| ™" # 0.
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The above argument shows that x,,, — 0. Define r,;, = |x,,| and
Un(x) =1, " (rmx), X € Biyp,.
Then [v,, (X)| < [x" in Biyy,,, [vm(32)] € [$.1]and

C _ .
— Ay (x) — R (x) =r27Vg(rmx) in By, \ {O}.

But
T V18 0rm] < NgmWIYP Ve x|" ™2 = 0, asm — oo
by (2.23). Passing to a subsequence, we have that ’;—;Z — xo with |xo] = 1, v, — v

uniformly on compact sets of R \ {0} and v satisfies

—Av— S v=0 inRN\{0}.
x|?

Furthermore, |v(x)| < |x|” in RN \ {0} and |v(xg)| # 0. Write

o0

v() =Y > v (M) era©).
1

k=0

Then |vg ;(r)| < Cr’ for r > 0. But vx; has to be a linear combination of the functions
w', w? given in (2.5)—(2.7), and none of these is bounded by Cr" for all r > 0. Thus
v = 0 yielding a contradiction. This establishes (2.22).

Step 3. Finally, a density argument shows that if %, g satisfy (2.11) then there exists a
solution ¢ to (2.10) and satisfies (2.22). From (2.22) if we assume that g € Cgf‘z’o(B) and

h € C*>%(dB), using Schauder estimates and a scaling argument it is possible to show that
the solution ¢ found above satisfies (2.12). L]

COROLLARY 2.2. Assume (2.9), (2.10), (2.11) and that v > 0. If |x|?g is continuous at
the origin, then so is ¢.

PROOF. Let (a,) denote an arbitrary sequence of real numbers converging to zero, g(x) =
Ix|2g(x) and ¢, (x) = ¢ (ayx) for x € B\ /4, (0). Then ¢, solves

c glapx) .
—Ap, — —= ¢, = B 0).
o |x|2¢n |x|2 m l/oz,,( )

Also, (¢,) is uniformly bounded so that up to a subsequence, it converges in the topology
of CL*(RN \ {0}) to a bounded solution ® of

()

AP - —p =22
x| x|

in RV \ {0}.

Now @ + g(0)/c is bounded and solves (2.2), so it must be identically zero. It follows
that the whole sequence (¢,) converges to —g(0)/c. Let now (x,) denote an arbitrary
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sequence of points in RN converging to 0 and «,, = |x,|. Then, ¢(x,) = ¢n(|§ﬁ) and
up to a subsequence, ¢ (x,) — —g(0)/c. Again, since the limit of such a subsequence is
unique, the whole sequence converges. O

Now we would like to consider a potential which is the inverse square to a point
& € By, that is, we consider the problem

—A¢p — 2¢_ & 5 T Mo 2+Z Mklvkls in B
x —5| X — €] —s| L
o=h ondB,
(2.24)
where

x—§

Vine(x) =n(lx —&EDWi > fork>1,1=1,...,myg, (2.25)
— 280

n € C®M)suchthat0 < n < 1,n # 0and supp(n) C [3—1, %] and gp > 0 is fixed (suitably
small).
We have:

PROPOSITION 2.3. Assume

3ky such that a,; eR and — a,:l <v< —a,:lH. (2.26)

Then there exists eg > 0 such that if |&€| < eo and go € CS’?(B) satisfies
llgo — LllLo(B) < 0,

then given any g € Coa(B) and h € C*%(3B), there exist unique ¢ € Cvg(B) and
Ho, k1 € R (k =1, Jki, 1 =1, , my) solution to (2.24). Moreover we have for
some constant C > ( independent of g and h

ki myg

Ipll2.ae:s + ol + YD lukil < Ciglowve:s + 1hlc2ap).  (2:27)
k=1 I1=1

PROOF. We work with 0 < |&| < &g, where g9 € (0, 1/2) is going to be fixed later on,
small enough. Let R = 1 — 2¢¢. This implies in particular that Br(§) C B.

We define an operator 77 : C>%(dBg(£)) — C*(dBr(£)) x R as follows: given
¢o € Cz""(BBR(é)), find ¢ € Ci’g(BR(E)) and yp, yk,; the unique solution to

—Ad1 — |x—C§|2¢1: €|2+ZZV1¢1V1¢15 in Br(§)

é1 = o on dBg(§),

(2.28)
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and set T1(¢o) = (%, v0). This can be done (see Step 1 below) by adjusting the constants
vo and yx ; in such a way that the orthogonality relations (2.11) in Lemma 2.1 are satisfied.
Similarly, there is a unique (;;1 eC 5? (Bgr(£)) and yo, v, such that

7 c 7 8 ~ 80
—A¢y — b1 = +%
Ix — &2 Ix — &2 Ix — &2
a, & 2.29
+ YD PaVire in Br(§) (2.29)
k=1 [=1
$1=0 on dBg(&).

Given ¢1, 7% as in (2.29), we define ¢, by

Apy - —— = —5 57— in B\ Br(®
lx — &2 lx — &2 lx — &2
Ay 3¢
on on
¢ =h ondB.
We also define an operator 75 : C1"*(dBg(£)) x R — C>*(dBg(£)) by
(Y, y0) = ¢209Br5),
where ¢» is the solution to
c 80 .
—A¢y — $2 = in B\ Br(§)
lx — &2 lx — &2
]
92 _y on 9BR(E) @2.31)
on
¢ =0 on dB.

As we shall see later (see Step 2), equations (2.30) and (2.31) possess indeed a unique
solution if & is sufficiently small, because the domain B \ Bg(§) is small.

We construct a solution ¢ of (2.24) as follows: choose ¢g € C>% (3 Bg(£)), let ¢ be the
solution to (2.28) and let ¢, be the solution to (2.31) with ¥ = % and yg from problem
(2.28). Then set

| ¢+ inBr()
¢2+d> in B\ Bg(£),

and (o = Yo + Y0, Mk = Yk, + Vk1. If we have in addition

¢1+d1=¢2+¢>  ondBr(&), (2.32)

then ¢, j1o and i ; form a solution to (2.24).



Singular solutions of semi-linear elliptic problems 125

With this notation, solving equation (2.24) thus reduces to finding ¢g € C 2")‘(8 Br(&))
such that (2.32) holds i.e.

Ty o Ti(¢o) + 2= o in dBR(E).
The fact that this equation is uniquely solvable (when & is small) will follow once we show

that || 73| — 0 as g9 — 0, while || T} ]| remains bounded.

Step 1. Given ¢g € C>*(dBg(£)) there exist ¥ and vk such that (2.28) has a unique
solution ¢y in C;'¢ (9B (£)).

In this step we change variables y = x — & and work in Bg(0). Solving for y; in the
orthogonality relations (2.11) yields

R faBR ¢08WOO( )
S5, 80O +EIYIT2Wo0(%)

and a computation, using |[|go — 1|z (Bg) < €0 shows that

Yo = (2.33)

_ y _
/ 80 +H)IYI?Woo (%) = RN 2CW. )+ 0eo).
Bgr
where C (N, c¢) # 0. In particular this integral remains bounded away from zero as R — 1
(R =1—2gpand ¢g — 0) and hence yy stays bounded.

Regarding yx ; we have

OWki oy -2
- + W
Vel = Rfag,-\,(o)¢0 ( ) VO/BRgO(yz Olyl™ kl( ) (2.34)
S, nUYDWie ()

and we observe that fBR 77(|y|)Wk,1(%)2 is a positive constant depending on k, !/ and R
(which stays bounded away from zero as R — 1). Using Lemma 2.1, it follows that || 77 ||
remains bounded as R — 1 1i.e. when gg — 0.
Step 2. For & small enough equation (2.31) is uniquely solvable and ||75| < CI&|. Let
zo0=1-— |x|2. Then zo(|yo| SUP B\ B (&) % + SUpy g, (&) |W])) is a positive supersolution
of (2.31). This shows that this equation is solvable and that for its solution ¢, we
have the estimate |¢2| < CI§|(Iyol + supypg, ) I'W[). This and Schauder estimates yield
P20l c2eBreyy < ClEIUVOl + W20 (9B (&)))s Which is the desired estimate.

Finally, estimate (2.27) follows from (2.12) and formulas (2.33), (2.34). O

Consider each & € By, functions go(-, ), g(-, &) € CS:?(B) and h(-, &) € C2*(3B).

By Proposition 2.3 there is a unique ¢ (-, §) € Ci’g(B) solution to (2.24). We want to
investigate the differentiability properties of the map & — ¢ (-, &).

PROPOSITION 2.4. Assume the following conditions:

dkq such that o € R and — o <V < =0 L,
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N
V> -5 +2 (2.35)

and
v—1# —a .
Let eg > 0 and for § € B, let go(-, &), g(-, §) be such that

Ag = sup (llgoC. )l ,ave;8 + 1D:go(-, E)llo,a,v—1,6:8) < 0O (2.36)

£€By,
and

A= sup (gC, E)1,av,6:8B + 1Deg(-, E)l0,0,v—1,6:8) < 0.
§€By

Let h(-, &) € C3*(dB) with

gSl;p AC, Elc3apy + I1Deh( 8 c2eap)) < 00
€By,

Let ¢ (-, &) denote the solution to (2.24). Then there exists &g > 0 and a constant C such
that if &9 < &9 and if |g0(+, §) — () < €0, |t] < €0 and &1, & € By, then

o +52,82) — ¢+ &1, 8D 12,0,0-1,0:8,, = ClE2 — &1l (2.37)

Moreover the map & € Bg, — ¢ (-; &) is differentiable in the sense that

Dggp(x,8)n = Tli_r)r})%(qﬁ(x,é +n) — P(x,§)) existsforallx € B\ {§}
(2.38)

andn € RN Furthermore Deg(-,8) € Cifl,g(B)’ the maps & € Bg, — [0, ik, € Rare
differentiable and

ki my

IDep (- E)la.av1.6:8 + [Dgptol + D Y 1Depuat]

k=1 I=1
<CUgC.E)o.ave:p + I1Deg(-, E)llo.ev—1.6:8
+ 1A )l c2eapy + I1Deh(-, 8l c2eam))- (2.39)

The proof of this result can be found in [43] and we omit it. For simplicity we have
stated Proposition 2.4 under the assumption v — 1 # —oy. A similar result also holds if

v—1= —oy but estimate (2.37) has to be replaced by:

(- +82,86) — ¢+ 81, 8D 2,0,5-1,0:81, = ClE2 — &1,
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where v —§ < v < v for some § > 0 and with the constant C now depending on v.
Similarly, (2.39) is replaced by

ki my
IDep (- E)lla.ai—1.6:8 + [Deptol + D Y 1Deput]
k=t 1=l (2.40)
<CUgC.E)Mo.c.v.e:8 + 1DegC, E)ll0.a.v—1.6:B

+IAC ))lc2ap) + 1Deh(, E)llc2epp))-

Next we extend Proposition 2.3 to an operator of the form —A — L, — ;Iz’ where L,

x—§
is a suitably small second-order differential operator. We will take L; of the form

L,w=aij(x,t)Dijw+b,-(x,t)D,-w+c(x,t)w. 241

LEMMA 2.5. Suppose that the coefficients of L, satisfy: a;j(-,t), bi(-, 1), ¢;(-,t) are
C%(B) and for some C it holds

laij G Ol o) + 161G Dll e + G Dllcag) < Clel.
Assume

3k such that o, € R and - O <V <=0 g

Then there exists g > 0 such that if |§] < ¢o, |t| < €o and go € Co’g (B) satisfies
llgo — 1||LOC(B) < &0, then given any g € CV g (B) and h € C*>(dB), there exist unique
¢ € Cu,g (B) and o, prg e R(k=1,..., ki, I =1,..., my) solution to

Ap—Lip— ———¢ = + o2
A L
x—EP7 T Ix 5|2 x — €7
+ZZMlekl$ in B (2.42)
=11=1
¢o=h on dB.
Moreover
ki my
Ipl2.ave:s + ol + Y D lukal < Ciglowve:s + Ihllcrapr).  (243)
k=1 I=1

PROOF. Fix h € C%%(B) and |§] < &), where gy is the constant appearing in
Proposition 2.3. For g € CS:?(B) let¢p = T(g/|x — §|2) be the solution to (2.24) as
defined in Proposition 2.3. Then (2.42) is equivalent to ¢ = T'(g/|x — £|> + L;¢). Define

T(@) =T(g/lx — &> + Lig).

We apply the fixed point theorem to the operator 7 in a ball Bg of the Banach space
Cf? (B) equipped with the norm || - [|2,¢.v.¢: 8-
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Note that by Proposition 2.3 we have ||T(g/|x — §|2)||2,a‘v,§;3 < Cdlgllo,a,v,e:8 +
||h||Cz,a(3B)). Using this inequality, for [|¢||2,4,v,e:3 < R we have

IT@N2.av.88 < CUglo.ave s + IILi@lloav—2.68 + 1l c2enp)
= CdIgllo.av.s + 1R + |2l c2a35)) < R,

if we first take ¢ so small that C|¢| < %, and then choose R so large that C(||gllo,¢,v.e;8 +

R
IAllc2ep)) < 5-
For [[¢1l2,a,v,6;8 < R, |$2112,a,v,6;8 < R we have

IT(p1) = T @) rawen < CILi(1 — ) l0.wv—2.6:8
<Clt|ll¢1 — ¢2||2,cc,v,§;B,

and we see that T is a contraction on the ball Br of Cz’g(B) if ¢ is chosen small

enough. L]

The previous results on differentiability also hold for perturbed operators of the form
—A—L;— —.
lx—&>

PROPOSITION 2.6. Assume the following conditions:

3k such that o, € R and - o <V < =0 4

N
S §
v > > +
and
Y —— (2.44)
Let eg > 0 and for & € Bg, let go(-,§), g(-,§) € Cl:g(B) be such that

Aop = sup (llgoC, E)ll1av.e:B + 1Dego(-, E)llo,a,v—1,6:8) < 00
§€By

and

A= SSUP g€ N aw.e:B + 1Dg (. E)l0,a,v—1.6:8) < 00.
€By,

On the operator L; we assume
||aij('9 t)”cl,a(E) + ”bl(9 t)”cl,a(E) + lleC, t)”cl,oz(E) < Clz|.
Let h(-, &) € C3>%(3B) with

sup ([12C, E)lc3py + 1Deh(, )llc2ayp)) < 00

SEBEO
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and let ¢ (-, &) denote the solution to (2.42). Then there exist &y > 0, C > 0 such that if
g0 < €0, lgo(-, &) — LllLo(By < €0, It| < €0 and &1, &, € By, we have

lo( +82,82) — ¢+ &1, 8D 2,00-1,0:8,, = Cl52 — &1 (2.45)

Furthermore,
1
Dep(x; &) = }l_gr(l) ;(¢(x; E+1n) —(x; £)) exists Vx € B\ {§}, Vn e RY,

the maps & € B, (0) — o, i, € R are differentiable and

||D§¢(X; 5)”2,&,1}—1,&';8 < C(lgC, S)”O,a,v,’g‘;B + ”Df;:g(" S)”O,a,v—l,’;‘;B

(2.46)
+ 1hC E)llc2e@p) + 1Deh(, E)llc2e 9 p))-

The argument uses again the fixed point theorem. Details can be found in [43].

2.2. Perturbation of singular solutions

Recall that ¢* = 2(N —2). Hence, if N > 4then N — 1 < ¢* < 2N and therefore a; >0,
a, < 0(cf. (2.4)). As mentioned before we choose v = 0. We see that (2.26) holds now
with k; = 1. We may thus apply Proposition 2.3 and Lemma 2.5. In dimension N > 5,
since (2.35) and (2.44) hold, we may also apply Propositions 2.4 and 2.6.

Write

Vie =Vige £=1,...,N,

where V¢ ¢ is defined in (2.25), and set

- 1
fx,t)y=1L <log —)
T g
and note that
I1f e, )lx — € lo.a,—2.6 < Clel. (2.47)
Concerning (1.25) we prove:

LEMMA 2.7. Write ¢ = ¢* = 2(N — 2). Then there exists g > 0 such that if |&| < &,

|t| < eo, there exist ¢ € Cg:;(B) and [o, ..., Ly € R such that
Ap—Lip— — = — (1)t o e?
“Ab— Lot — _ 1 ——
T —eRT T x—gP2 lx — &2
5 N
+f@.0+) wiVie inB (2.48)

i=1

1
¢ =—log—— ondB.
lx — &2
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If N = 5, we have in addition that:
o the map & € B, — ¢ (-, §) is differentiable in the sense that

D¢ (x, 8)n = Tli_r)%%@(x,é +1n) —d(x.8)) exists forall x € B\ {§}

andn € RN,
o for v < 0 small, De¢ (-, &) € C%f‘l é(B)’ the maps & € Bg, — o, ;i € R are
differentiable and there exists a constant C independent of & such that
ki my

1Dep -, E)llwi—1.6:8 + [ Detol + Y | Dejual < C. (2.49)
k=1 I=1

PROOF. Case N > 5.

Let &g be as in Lemma 2.5. Consider the Banach space X of functions ¢ (x, &) defined
forx € B, & € Bg,, which are twice continuously differentiable with respect to x and once
with respect to £ for x # & for which the following norm is finite

lollx = sup [[9C. E) 2,068 +AID:A (. E)ll2,05-1.:B:

§€By,
where A > 0 is a parameter to be fixed later on and v < 0 is close to zero.
Let Bg = {¢ € X||¢llx < R}. Using Lemma 2.5 we may define a nonlinear map
F : Br — X by F(y) = ¢, where ¢ (-, &) is the solution to (2.42) with

- 1
g=c@ —1—y)tlr =€l fwn. g=e'. h=—log .

(2.50)

We shall choose later on R > 0 small. Observe that in Lemma 2.5 the constants C in (2.43)
and &g associated to go = e?, stay bounded and bounded away from zero respectively as
we make R smaller, since e ® < ¥ < e for v € Bg.

Let us show that if ¢ is small then one can choose R small and A > 0 small so that
F : Brp — Bg. Indeed, let ¢ € Bg and ¢ = F (). Then by (2.43), (2.47) we have

Ipl2.a068 < Cllce” —1—9) + |x — &> F(x, Dllo.wos: s + 1E])

R
< C(R*+ |t| + |&]) < >

provided R is first taken small enough and then |¢| and |§| < &g are chosen small. Similarly,
recalling (2.40),

2.51)

I Dedll2,0,5-1.6;B
< Cllee” =1 —y) + [x — & F(x. Dllo.00.6:
+ leDe(e” — 1 —¥) + De(lx — £ F(x, ) llo.wi—1.6:8 + 1)
<C(R2+r+R—2+1> <K
- A - 2A

if we choose now A small enough.
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Next we show that F is a contraction on Bg. Let ¥, ¢» € Bg and ¢p = F(Yrp),
L =1,2. Let /le, i =0,..., N be the constants in (2.42) associated with ;. By (2.43)
and repeating the calculation in (2.51)

N
i1 < R. (2.52)
i=0

Let ¢ = ¢1 — ¢». Then ¢ satisfies

Vi1 — Va1 —
_A¢_L’¢_|x—cs|2¢zc(e Tt 1%)

Ix — & Ix — &2
Y _ LYo 21
¢ € (1) 2, €
e T T T

N
1 2 .
+ Z(uf ) - M§ ))Vi,f in B
i=I

¢ =0 on dB.
(2.53)
Apply (2.43) with gy = % h = 0and
eV —1—y e2—1—1yn (z)gllfl — W2
P R . ppa—— (2.54)
lx — & lx —§&] lx —§&]
to conclude that
al 1 2
Ipll2woe + Y I = u?1 < Clighoaos- (2.55)
i=0

Using (2.52), we have in particular that |u62)| < R and it follows from (2.54) and (2.55)
that

o1 — P21l2,0.0.6 < CRIY1 — V2ll2,0,0.- (2.56)
Thanks to (2.46) we also have the bound
I1De (@1 — ) l11ai-1.6:8 < C(lle? — v — " = ¥2)ll0,0.6:8
+ IDg (" — i — (" — YD) llo.0.i-1.6:8)

< CR”wl - w2”2,a,0,v;B
+ CRIIDe (Y1 — ¥2) ll0,0,5—1,6;B- (2.57)

Combining (2.56), (2.57) we obtain
IFW1) — F(¥2)llx < CRIY1 — Y2llx.

This shows that F' is a contraction if R is taken small enough.
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Case N = 4. In this case (2.35) fails for v = 0 and estimates like (2.45) or (2.46) may
not hold. So we work with the Banach space X of functions ¢ (x, &) which are twice
continuously differentiable with respect to x and continuous with respect to & for x # &,
for which the norm

¢llx = sup ll¢C, E)l2.00:8

SGBSO

is finite. Working as in the previous case, we easily obtain that F' is a contraction on some
ball Bg of X. O

PROOF OF THEOREM 1.11. We define the map (&€, 1) — ¢ (&, t) as the small solution to
(2.48) constructed in Lemma 2.7 for ¢, § small. We need to show that for  small enough
there is a choice of & such that u; =Ofori =1,..., N. Let

Vi £) = Wi j(x —&)m(x =€), j=0....,N, (2.58)
where 1 € C*°(R) is a cut-off function such that 0 < n; <1,

{m(r):O forrf% (2.59)

1
m@)=1 forr> 7.

Multiplication of (2.48) by {/\J (x; &) and integration in B gives

/ <—A@(x;§)—L;%(x;§) ———Vi(x; 5))‘15
B |x Sl

1 aVi(x;6) 3¢ ~
+ [ 1 : —f —V;
/33 e an g on I8

=/ e =1 §)+M0/| Vw6
+fo(x,r)V,-(x;s)+Zm/Bvi,g?j(x;s).
i=1
When & = 0 the matrix A = A(§) defined by

A,,,(g):/ VieVi(x; ) fori,j=1...N
B

is diagonal and invertible and by continuity it is still invertible for small £&. Thus, we see
that u; = 0fori =1,..., N if and only if

Hj¢,t)=0, Vj=1,...,N, (2.60)
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where, given j =1,..., N,

¢
) _ C ¢_ _ /\. . e /\- .
Hf@”’—/gu_az(e 1 ¢>V,(x,s>+uo/;—lx_azvf(x,s)

o 1 AV £)
_|_/f(x,t)V](x,‘§) /aBIOg lx — &2 n

f —V,<x s)—L<—A@(x;s>—L,@(x;s)

A 5))¢

If this holds, then w1 (&,1) = --- = un(,1) = 0 and ¢ (&, 1) is the desired solution to
(1.25) (with p in (1.25) equal to o (&, 1)).
Observe that

9 [ / 1 aV,-(x;s>]
— log
aSk B |x - §|2 on £=0

AV (x; 0 1 9 av
=2/ m—ig—2+/ log i3 8)
0B 0B

on Ix — 298  on £=0
AV, ;0
=2/ PRAZICILN 261)
OB 8}1
For j = 1,..., N we have W; ;(x) = (|)c|_0’/J'r - |x|_°‘f_)<pj(|§—‘) for x € 3B, and hence
W, - o —af

+
o () = (o —a)g;(x) = Tgv o i
Case N > 5. By Lemma 2.7, ¢ (-, §) is differentiable with respect to £&. We may then
compute the derivatives of the other terms of H;. For instance

0
—1 - V =0
ask/B |x—é|2(e PV s S)L 040

because the expression above is quadratic in ¢ and the computation can be justified using
estimate (2.49).
Similarly

o]
0&k o B lx— $|2 / s:o_.

Finally, using that ¢|s—o = 0 and integration by parts, we find

BU 95 /(Av LV CVM
& LJap, on 7 Jp ! SENFTER £=0,1=0

oV; 8¢ 3¢ ¢ ¢
LB
op on & Jp 06 |x|° &

(2.62)
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But when § = O, dé satisfies
ad a 0 1 ad
_ _¢_L2_¢:ﬂ_2 Z ’u'V,»O in B
06 P& 08 I 06k 263
a9
— =2x; ondB
08k
sinceat§ = 0,¢ = 0and u; = 0for 0 < i < N. By the conditions (2.11) we find
y
%’g" =0 and
. anl
i _ o Jop Tt <N. (2.64)

08k fB VioWi,i -

The integral above is zero whenever i # k and thus, using (2.63), (2.64) in (2.62) we obtain

{1, 20 (a5
&g 9B on ! B ! v |x|2 ! £=0,1=0

oW,k

BV X ~
:Zf Xk—— de Ko /Vk,OVj =0

ag OV fB VoW k

thanks to (2.59). This and (2.61) imply that the matrix (%—I;Z(O, O)) ~is invertible.
ij
We may then apply the Implicit Function Theorem, to conclude that there exists a
differentiable curve t — &(¢) defined for |¢| small, such that (2.60) holds for & = £(1).
Letting v(x) = log m 4+ ¢(x,&(t)) forx € Band u(y) = v(y + ty(y)) fory € Q;,
we conclude that u is the desired solution of (1.22).

Case N = 4. We use the Brouwer Fixed Point Theorem as follows. Define H =
(Hy, ..., Hy) and

B(E) = (Bi.....By) with B;() f log ——— 2V
= (Bi,...,By) wi (&) = .
/ aB  |x — &2 on
By (2.61), B is differentiable and D B(0) is invertible. (2.60) is then equivalent to

§=G(),
where
G() = DB(0) ' (DB(0)é — H(&,1)).

To apply the Brouwer Fixed Point Theorem it suffices to prove that for ¢, p small, G is a
continuous function of § and G : B, — B,. The following two lemmas are proved in
[43].

LEMMA 2.8. G is continuous for t, & small.

LEMMA 2.9. If p > 0 and |t| are small enough then G : B_p — B_p.
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3. Reaction on the boundary
3.1. Characterization and uniqueness of the extremal solution

In this section we are interested in the characterization of the extremal solution presented
in Lemma 1.16. As mentioned in Section 1.4 we shall prove this characterization under
the assumptions that g satisfies (1.35) and (1.36), since the argument is simpler and works
in the case that I'y and ', form an angle. Later on in Section 3.2 we shall prove the
uniqueness of the extremal solution for the problem with reaction on the boundary, which
is the analog of Theorem 1.8 for g satisfying (1.2) and (1.3), assuming that d€2 is smooth.

LEMMA 3.1. Suppose that u € H'(Q) is a weak solution to (1.34). Then for any
0 < A < A* (1.34) has a bounded solution.

PROOF. Let u be an energy solution to (1.34). We basically use the truncation method of
[19]. For this the first step is to show that if ® : [0, co) — [0, c0) is a concave C? function
such that ®" € L then ®(u) is a supersolution, in the sense that

f VO u)Vey > A/ ' (g Vo e CH(RQ), 9 >0. 3.1
Q I

Indeed, let h = Ag(u) and for m > 0 let
hy =h if || <m
hypy =1 hy=—-—m ifh<—-m

hypy =m if h > m.

Let u,, denote the H! solution of

Auy, =0 in
17
v

Uy =0 on I';.

=h, only

Note that u,, — u in H' () and in L' (I'1). Let ¢ € C'(Q), ¢ > 0. Using &’ (u,,)¢ as a
test function we find that

/ Vum(cb//(um)vum(p + <1>’(Mm)V§0) dx — / (D/(Mm)hm@ =0.
Q

Iy
Using that ®” < 0 and ¢ > 0 we have
/ V(@ (uy,)Vedx > / M ® ()@ dx.
Q I

Now we let m — o0o. Since ®" € L it is not difficult to verify that

/V(CD(um))dex—)/V(Cb(u))V(pdx
Q Q
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and
/th'(um)wdx—)/ h®' (u)p dx
I Iy

since we have convergence a.e. for a subsequence and
i ® () @] < 9 lloo @L< k] € L'(T1)

since h = Ag(u) € L1 (I).
Now note that under (1.36) we have g(¢) > ct* for some @ > 1 and ¢ > 0 and hence

® ds
/ — < +00. (3.2)
o &)
Let 0 < A/ < A and define
®(t)=H 'WHu)/N, (3.3)
where
Hu) = /u ﬂ (3.4)
0o 8(s)

Then it is possible to verify that ® is a C* concave function with bounded derivative. Since
AD (u)g(u) = A g(®(u)) it follows from (3.1) that v = P (u) satisfies

[ vovezi [ st voec'@. ¢z
Q r

and is thus a supersolution to (1.34) with parameter A’. Now, condition (3.2) implies that
v = ®(u) is bounded. By the method of sub and supersolutions (1.34) with parameter A’
has a bounded solution. O]

PROOF OF LEMMA 1.16. Under hypothesis (1.36) the argument to prove Lemma 1.16
is similar to that of Theorem 1.9 but simpler because we can immediately say that u* €
H'(Q) and we do not need to rely on a uniqueness result for x* similar to Theorem 1.8.
By Lemma 3.1 A < A*. Now, if A < A* then exactly the same argument as in Theorem 1.9
leads to a contradiction. Thus A = A*. We wish to show that v = u*. Since v is a
supersolution to (1.34) we see that u; < v for all 0 < A < A* and taking A — A™ we
conclude u* < v. For the opposite inequality observe that by density (1.39) holds for
@ € H' () such that ¢ = 0 on I'2. By hypothesis v € H' () and since g satisfies (1.36)
we have u* € H'(Q). Thus we may choose ¢ = v — u*. We obtain

(g™ — (g(w) + &' (W) (U™ — v)(v —u*) <0.
I
But the integrand is nonnegative since v > u* a.e. and g is convex. This implies
g =gw)+g W)W —v) ae only.

It follows that g is linear in intervals of the form [u#*(x), v(x)] for a.e. x € I";. The union
of such intervals is an interval of the form [a, 0o) for some @ > 0. Assuming this property
for a moment we reach a contradiction with (1.36).
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To prove the claim above we follow the argument of Dupaigne and Nedev [51]. First we
show that #*(I"y) is dense in [essinfr, u*, ess supr, u*]. Indeed, if not, then there exists
a nontrivial interval (a, b) such that {x € I'{ : u*(x) < a} and {x € '} : u*(x) > b}
both have positive measure in I';. Hence there is a smooth function n : R — R with
0 < n < 1 such that n(u™), is either 0 or 1, but such that {x € 'y : n(u*(x)) = 0} and
{x € T'; : n(u*(x)) = 1} have positive measure. Since u* € H'!(Q) we have n(u*) €
H'(Q) and therefore n(u*) € HY?(I'y) and has values 0 and 1. But it is known, see for
instance Bourgain et al. [16], that a function in W*?(I"y; Z) with sp > 1 is constant.
This contradiction shows that indeed u*(I'1) is dense in [essinfr, u™, esssupp u™]. Let
S C I'1 by a compact set with dist(S,I) > 0. By the strong maximum principle
essinfg(v — u™) > 0. It follows that Uycg[u™(x), v(x)] 2 Uyeslu®(x), u™(x) + €] and
hence is an interval [a, 00), because ess supr, u* = 400 as u* is unbounded. O

3.2. Weak solutions and uniqueness of the extremal solution

Throughout this section we will assume that g satisfies (1.2) and (1.3).

An important tool in the proofs in [19,87] is Hopf’s lemma, so before adapting their
arguments we need to find a suitable statement that replaces this lemma for problems with
mixed boundary condition. Let us recall a form of Hopf’s lemma combined with the strong
maximum principle which will be our model. Let 2 ¢ RY be a bounded smooth domain.
If u satisfies

—Au=h inQ
(3.5
u=0 ono2
with h € L*°(2), h > 0, h # 0 then there exists ¢; > 0 such that
c16 <u inQ, 3.6)

where
8(x) = dist(x, 0Q2).

The bound is sharp in the sense that u < ¢,8 for some ¢, > 0 by Schauder’s estimates. The
constant ¢ in the lower bound of (3.6) above can be made more precise in its dependence
onh

cS(x)(/gSh) <u(x) VxeQ,

where ¢ > 0 depends only on 2. This estimate was proved by Morel and Oswald
(unpublished) and can also be found in [18].
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Let us consider the following linear problem with mixed boundary condition

Au=hy inQ

el

ey onmy (3.7)
v

u=0 onl>y,

where hy, hy are smooth functions defined on Q and I'; respectively. Here 'y, I'; is a
partition of 9€2 into surfaces separated by a smooth interface. More precisely I'1, ['; C 92
are smooth N — 1-dimensional manifolds with a common boundary I'y N "y = I which is
a smooth N — 2-dimensional manifold.

We shall define next a function which will play the role of § for (3.5). The definition is
motivated by the fact that the function

1
v=1ImGE"?) = —[{/x2 +y2 —x, z=x+iy
V2

is harmonic in the upper half of the complex plane {z € C| Re(z) > 0}, and satisfies the
mixed boundary condition

9
V(x,0) =0 x>0, 8—”(x,0)=0 x <0
y

For x in a small fixed neighborhood of 92 we write X for the projection of x on 9€2, that
is, x is the point in €2 closest to x. We let v(x) denote the outer unit normal vector to <2 at
X. Given x € 9 in a fixed small neighborhood of I we write I (x) for the point in / with
smallest geodesic distance on 9€2 to x. Then there exists a neighborhood U/ of I in ©2 and
r > 0 such that

xXeU — (I(x),d;(x),8(x)) el x (—r,r)x(0,r) (3.8)

is a diffeomorphism, where d; (x) denotes the signed geodesic distance on 92 from x to
I (x) with the sign such that

di(x) <0 ifx ely, di(x) >0 ifx eTs.

We define ¢ (x) for x € U as:

C(x) = \/ﬁ where t = §(x), s = d; (%),

and we extend ¢ to 2 \ U/ as a smooth function such that

inf ¢ >0 and ¢ =0 onIL\U.
r\u

The next result is the analog of (3.6) for (3.5).
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PROPOSITION 3.2. Let hy € L*®(Q), hi > 0and hy € L), ho > 0 and assume
h1 #£ 0orhy # 0. Let u be the solution to (3.7). Then there exist constants c1, ¢3 > 0 such
that

c1t <u<ci inQ. 3.9)

PROOF. For convenience we write U, as the neighborhood of 7 in 2 introduced in (3.8).
We will show, using suitable barriers, that (3.9) holds in U/, for some » > 0 small. Using
then the strong maximum principle and the usual Hopf’s lemma we will establish the
desired inequality in €2.

Recall that t = §(x) and s = dj(x) are well-defined smooth functions on U,. For a
function v(s, ) its Laplacian can be expressed as

. 9% n 9%v
952 a2

where O(t + |s|) denotes a function bounded by ¢ + |s| in U, O(1) a bounded function,
|D?v| and |Dv| are the norms of the Hessian and gradient of v respectively. Indeed, let
us consider a smooth change of variables of a neighborhood of x( in / onto an open set in
RN=2 thatis ¢ : B,(xo) NI — V C R¥~2. Define the map

Av + O(t + |s])|D*v| + 0(1)| Dy, (3.10)

V(x) = (0 (X)), di (%), 8(x)) = (z,5,.1) € V x (—r, 1) x (0,r) C RV,

We shall write y = (z,s,1), thatis z = (y1,...,YnN=2), S = yn—1, ¢ = yy. Then
Y1, ..., yn are local coordinates of a neighborhood of x¢, and
1 kl
Bv =iy (vee ay,v), 3.11)
oyt eyt : . . .
where g;; = (3—y’_, Tj> is the Euclidean metric tensor in the coordinates y1, ..., yy,

g = det(g; ;) and gk is the inverse matrix of g; ;. By construction of v/, whent =5 =0
(which corresponds to the interface I) the coefficients g;; are O wheneveri = N — 1, N
or j = N — 1, N, since at I Dy maps the normal vector v = % to the vector ey, the
vector % perpendicular to / and tangent to d€2 to ey—1 and vectors in the tangent space

to I to vectors of RY with the last two components equal to 0. Hence if k = N — 1, N or
[ =N —1,N wehave g/ = O(r + |s|) and formula (3.10) follows from (3.11).
Let us introduce polar coordinates for s, #:

s = rcos(f), t = rsin(0).
As a first term for the subsolution we take
ui = r'/?sin(6/2).
Then according to (3.10) and since |D%uy| = O(r—3/%), |Du| = O(r—1/?) we have

Aui = O~ 177, (3.12)
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Letl1/2 <y <a < 1,b > 0 and define

up = re(sin(y0) + b6?).
Using (3.10) again we find

Auy = r®2 ((a2 — y?)sin(y0) + o?b6? + 2b> + 0@

> cr® 2+ 00, (3.13)
for some positive constant c. Set
u=uy+uj.
By (3.12) and (3.13) there exists 9 > O but small such that
Au > cr?™® inthe region r < ro

for some ¢ > 0. Let us compute the normal derivative:
ou ou 1 du
v arli=0 ?%‘ezn

where ¢ > 0, if b is taken sufficiently small.

We use the maximum principle in the region D contained in U/, which in terms of the
polar coordinates is given by

= ol (y cos(ym) +2bm) < —cr

D={r<ry0<0 <m}.
The boundary of D consists of
0D = My U M UM,

where
M ={0<r<rp,0=m}=0DNTI,
My={0<r<ryg,0=0=0DNT,
M;={r=rp,0<6 <m}=0DNC.
We have
Au<0, Au>0 inD
ou ou
— >0, — <0 onM
dv av
u=0, u= on M
and

u>cu onMs,

for some ¢ > 0. This follows from the standard strong maximum principle and Hopf’s
lemma applied to u, since the distance from M3 to the interface / is strictly positive. It
follows that

u>cu inD.

This yields the lower bound for u.
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To obtain the upper bound for « in (3.9) choose
U =uy—uy,
where «, y, b are as before, thatis 1/2 <y <o < 1,b > 0. By (3.12) and (3.13)
A< —cr* 2400 Y+ 007 < —er*? (3.14)
for small » for some positive fixed c. Similarly

w o 1 om . e
_ S = —r®"(ycos(ym) +2bm) > cr® ", (3.15)
=0 r 00

O=m

E at

where ¢ > 0, if b is taken sufficiently small. Applying the maximum principle in the same
region D as before we find u < Cu in D. O

One consequence of (3.9) is that even if Ay, hy are smooth the solution u to (3.7) is
in general not smooth, having at worst a behavior of the form u(x) ~ dist(x, I )12 and
|Vu(x)| ~ dist(x, 1)~/2.

We need to define the notion of weak solution to (1.4), and before this, we need to define
what we understand as weak solution to a linear problem. Define the space Lé (I'y) as the
space of measurable functions % : I'y — R such that fl‘l |h|¢ < +00. We define the class

of test functions 7 as the collection of ¢ € C?(2) N C(R) such that ¢ = 0 on 'y, Ag
can be extended to a continuous function in 2, for any x € 92\ I there is r > 0 such
that V¢ admits a continuous extension to QN B,(x)and g—f, which is now well defined in
I'1 \ 1 and can be extended as a continuous function on I'y. In particular, given n; € c(Q),
12 € C(I'7) the solution ¢ to

—Ap=mn inQ
d
% _ 4 only (3.16)
av
=0 only,

is in 7. Moreover by Proposition 3.2 we see that ¢ satisfies
lpl <C¢ inQ. (3.17)

LEMMA 3.3. Given h € Lé(F]) there is a unique uy € LY(Q), up € LY (")) such that

9
f Ui (—Ag) +/ <h<p —u2—‘”) —0 VpeT. (3.18)
Q r av

Moreover
larllzig) + luzllpiryy < ClAlly - (3.19)

and if h > 0 thenuy, uy > 0.



142 J. Davila

PROOF. We deal with uniqueness first. Suppose u; € LY(Q), ur € L1(IM) satisfy (3.18)
with & = 0. Given n € C3°(T"y) let ¢ be the solution to (3.16) with n; = 0, n2 = n. Then
¢ € 7 and by (3.18)

/ uyn = 0.
Iy

Hence up = 0. Then given n € C;°(£2), setting ¢ as the solution to

(3.20)

—Ap=n inQ
¢ =0 ond

we deduce [ uin = 0. It follows that u; = 0.
We prove (3.19) in the case u1 > 0, up > 0. For this we may take n; = 1 and n, = 1 in
(3.16). Then from (3.18) and (3.17) we see that (3.19) holds.
For the existence part we take h € LY(T}), h > 0 and let h,, = min(m, h). Then
¢
Auy, =0 in
d
Gm_ hy, onTy
ov
Uy =0 on I
has a solution u,, € H' () and we have the bound
lum — ”n”LI(Q) + llum — ”n”Ll(Fl) < llhn — hm”L}(rl)-

Thus u,, — uy in L'(Q) and u,,|r, — up in L' (I'y). For ¢ € T we have

0
/ Mm(—Afﬂ)-i-/ Mma_w_hmwzo'
Q Iy v

Passing to the limit shows that u, u satisfies condition (3.18). We see also that u; > 0,
uy > 0. For general 7 we may rewrite it as the difference of two nonnegative functions. [

If i is smooth then we may find a solution u € 7 to

Au=0 inQ

3

M _h onry (3.21)
dv

u=0 onl,
and u1, up in Lemma 3.3 correspond to u restricted to €2 and I'; respectively.

DEFINITION 3.4. We say thatu; € LY(Q), us € L1(I")) is a weak solution to (3.21) if they
satisfy (3.18). In the sequel, when referring to a weak solution u; € LY(Q),u € L'(I) to
(3.21) we will identify u| and u5 as just u, and according to the context we write u € L'(Q)
oru e LY(I')).
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Weak supersolutions are defined as:

DEFINITION 3.5. We say that u € L'(I'y) is a weak supersolution to (3.21) if

0
/ U1 (—Ag) +f (h(p - uz—‘”) >0 VoeT,¢>0. (3.22)
Q r av
We consider the problem (1.4), that is,
Au =0 in Q
0
M ae@) onTy (3.23)
ov
u=2~0 on .

DEFINITION 3.6. We say that u € L'(I'1) is a weak solution to (3.23) if g(u) € L}(T'1)
and (3.23) holds in the sense of Definition 3.4 with 4 = Ag(u).

Let us remark that only with hypotheses (1.2) and (1.3) the extremal solution u* is a
weak solution in the sense of Definition 3.6. Indeed, the same calculations as in (1.6) and
(1.7) with ¢1 > 0 the first eigenfunction for

Ap; =0 in

d
A A1 onT
ov

01 =0 on I
show that

/ gu)pr < C
I

with C independent of A. Note that by Proposition 3.2 we have { < Cg; and it follows
that

/ gt = C. (3.24)
N
To show that u* € L'(Q) let x solve
—Ax =1 inQ

0

& =0 onl}y

av

x =0 onTlj.

By Proposition 3.2 we have x < C¢ and hence, after multiplying (3.23) by x and
integrating by parts we have

/MA=)»/ MAXSC/ gut =C
Q r, r,

by (3.24). Hence u* € LY(Q), g(u*) € Lé([‘l) and it is not difficult to verify that it
satisfies Definition 3.6.
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Our next result is an adaptation of a result of Nedev [96] for (1.1), that shows that u*
is bounded in dimensions N < 3 for that problem. It also provides some estimates of the
form g(u*) in L? for some p > 1 in any dimension. The argument is the same as in [96]
except that some of the exponents change slightly.

THEOREM 3.7. Assume g satisfies (1.2) and (l 3) Then if N < 2 we have u* € L*°(Q).

If N > 3 then g(u™) € LP(T"y) for1 < p < 2(N 2) and u* € LP(I'y) for1 < p < —1.

PROOF. We estimate the minimal solution u; for 0 < A < A*. Let
t
Y() = f g'(s)* ds
0
and multiply (3.23) by ¥ (u; ) to obtain
/ g (w)*|Vuy > = 2 f )Y (uy). (3.25)
Q I

We shall use the notation g(u) = g(u) — g(0). Using the weak stability of u; with g(u;,)
we have

A / g w)gu)” < / g (w)?|Vuy .
r Q
Hence, by (3.25) we have

/ 8/(%\)5’(%)2:/ 8(MA)1/f(MA)=f g(uk)l//(u;»)—l-g(O)/ Y (uy).
I I I I

(3.26)
As in [96] let

h(t) = /Ot g ($)(g' (1) — g'(s)) ds.
Then from (3.26) we have

/1‘] gu)h(uy) < g(0) /l“u W (un). (3.27)
But

Jlim :((’t)) (3.28)

Indeed, for any M > 0, by the convexity of g we have

M M
h) > /0 ¢ (1) — g () ds = fo ¢/()(g' (1) — g (M) ds

= (g(M) — g(0)(g'(t) — &' (M).
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Dividing by g’(¢) we have

0
limnt - = (5(M) — g(0)

(by (1.3) lim;—, 1 g’ (¢) = +00). Since M is arbitrary we deduce (3.28).
On the other hand

t
Y() = /0 g ()2 ds < g (HE(1). (3.29)
Thus, by (3.27), (3.28) and (3.29) we find

/ gu)h(uy) <C  and V() <C
I I

with C independent of A and also
/ g(un)g'(up) < C.
I

The convexity of g implies g’(¢#) > g(¢)/t, and hence

= 2
/ 8" _ (3.30)
r, U

It follows that g(u;) € L'(I'y) since, one needs to control f g(uy) in the region where
u) > M, and there, % > u, if M is large enough. By regularity theory

lu)llLparyy <C forl < p < %—:é (any p < o0 if N =2).
Let0) <a < 1and

A={reTi:gw) <w/™),  B={xeli:gw)/u = §w)™ ).

Then A, B cover all I'1. By (3.30)

/ gu) @ <cC
B

/g(um < f i < ¢
A A

if p/a < N=2. Choosing o = ZN=2)

and

we see that

lg@ ey < C forl < p < ZN=D

Repeating this process yields the desired conclusion. O
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Next we show, following the argument of Brezis, Cazenave, Martel and Ramiandrisoa,
that there are no weak solutions for A > A*.

THEOREM 3.8. Assume g satisfies (1.2) and (1.3). Then, for A > \*, problem (3.23) has
no weak solutions.

For the proof we need the following:

LEMMA 3.9. Leth € Lé(l"l) andu € LY(T')) be weak solutions of 321). Let ® : R — R

be a C? concave Sfunction with ® € L*® and ®(0) = 0. Then ® (u) is a weak supersolution
to (3.21) with h replaced by @' (u)h.

PROOF. Form > Qleth,, = hif|h| <m, h,, = —mifh < —mand h,, = mif h > m,
and let u,, denote the H' solution of (3.21) with h replaced by h,,. Note that u,, — u in
L'(Q) and in L1(I'y) by (3.19). Let ¢ € 7, ¢ > 0. Using ®'(u,, )¢ as a test function we
find that

/ Vi, ((D”(Mm)VMmQO + CD/(um)V§0) dx — / CD/(um)hm(p =0.
Q I

Using that ®” < 0 and ¢ > 0 we have

/ V(D (unm)) Ve dx —/ B ® ()@ dx > 0 (3.31)
Q

I

and integrating by parts
dp ’
D (um)(—Ap) + D Um)— — hin® (um)e > 0.
Q I av

Now we let m — 0o. We have

/ [P (um) — Pw)||Agldx < ||A(P||oo||q)/||oo/ lum —uldx — 0
Q Q

0
1D (1) — (u)| ‘—*‘)‘ dx <
v

dg
—H 1D oo [ ltm —uldx — 0
0 |

Iy I

and

/ hn ® () dx — h® (u)p dx
I Iy

since we have convergence a.e. (at least for a subsequence) and
I ® ()| < 19 [loolh]¢ € L' (Ty)
by the assumption & € L; Tp). O]

LEMMA 3.10. If (3.23) has a weak supersolution w > 0 then it has a weak solution.
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PROOF. The proof is by the standard iteration method: set up = 0 and u1 as the solution
to

Aug41 =0 in Q2
d
B hgu) onT)
ov

ug+1 =0 on ;.

The uy is an increasing sequence bounded above by w which belongs to L'(Q)and L' (")),
and g(uy) is increasing, bounded above by g(w) € Lé(l"l). The limit 4 = limg_ 4o Ug
thus exists and is a weak solution. O

PROOF OF THEOREM 3.8. Assume that (A, u) is a weak supersolution to (3.23). Let
0 < A < A and ® be defined as in (3.3), (3.4). By Lemma 3.9 we see that ®(u) is a
supersolution to (3.23) with parameter A’. Suppose first that g satisfies fooo ds/g(s) <
+00. Then ®(u) is also bounded and hence (3.23) with parameter A’ has a bounded
solution.

Next we consider the case fooo ds/g(s) = +o00o. Asin [19] let ¢ > 0 be small and let
A =(1—¢)i. Letv; = ®(u). Then 0 < v; < w. But H is concave, so

u— v
g’
Recall that by definition of ® and H (3.3), (3.4) we have H(v;) = (1 — ¢)H (u). Hence

H(u) < H) + u—v)H'(v1) = H(v) +

u — v
g(vy)

eHu) <

and therefore

g(vy) < cﬁ <C+u e LlTy). (3.32)

Then by Lemma 3.10 there exists a weak solution u; to (3.23) with parameter (1 — &)

such that ;7 < v; and by (3.32) we have g(u;) € LY(I'y). Thus u; € LP(I"y) for any

p < % (p < o0 if N = 2). Repeating this process, we define vy = ®(u1) and as before

obtain g(vz) < C(1 +uy) € LP(T"y) forany p < % (p < o0 if N = 2). Then there

is a solution u» < vy to (3.23) with parameter (1 — €)%x and it satisfies g(un) € LP(I'1)

for p < % By induction there is a solution uj to (3.23) with parameter (1 — e)*x and
k k—1

satisfying g(ug) € LP(I'y) for any % >1— N;_ll provided 1 — = > 0. Fork > N we

find uy € L°°(T"y). O
Finally this is the uniqueness result of [87] in the context of problem (3.23).

THEOREM 3.11. Suppose that g satisfies (1.2) and (1.3). Then for » = 1*, problem (3.23)
has a unique weak solution.

PROOF. Let uy, u;y be different solutions to (3.23), and without loss of generality we may
assume that | = u* is the minimal one, so that u, > uy in Q.
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First we show that (3.23) has a strict supersolution v. For this we note that any convex
combination v, = fuj + (1 — t)un, t € (0, 1) is a supersolution, by the convexity of g.
Suppose v; is still a solution for all 0 < ¢ < 1. Then

g (tuy(x) + (I — Nua(x)) = 1g(u1(x)) + (1 —1)g(uz(x)) ae.onl

and for all + € (0,1). Then there is a set E of full measure in I'j such that
g (tur(x) + (1 — Hua(x)) = tg(ur(x)) + (I — t)g(uz(x)) holds for t € (0,1) N Q and
x € E. This means g is linear in [u(x), up(x)] for a.e. x € I'1. The union of the
intervals [u(x), up(x)] with x in a set of full measure in I'; is an interval. The argument
is the same as in the end of the proof of Lemma 1.16, with the only difference that in
this case, we do not have the information that u; = u* is in H'(Q). But now, thanks
to Theorem 3.7 we know that g(u*) € LP(I"y) for some p > 1. Then by L” theory
[2,3] we also have Vu* e LP(I'y) for some p > 1 and therefore u* € WhP(I).
As in the proof of Lemma 1.16, this is sufficient to guarantee that u*(I'}) is dense in
[essinfr, u™*, ess supp, u*]. The conclusion from the previous argument is that u 1, u; solve
a problem with a linear g, say g(¢) = a + bt. By a bootstrap argument, u1, u, are bounded
solutions. Recall that by the implicit function theorem the first eigenvalue of the linearized
operator at u* is zero. Let ¢; > 0 denote the first eigenfunction of the linearized operator,
that is,

Ap; =0 in
a
gl = A*bp; onTy
av

91 =0 on .

Since u* solves (3.23) with g(¢) = a + bt, multiplying that equation by ¢; and integrating
by parts yields

/ A*(a + bu)g =f Abug;.
Iy I'y

Then a = 0 and we reach a contradiction.
We claim that there is some & > 0 such that

Au =10 in

0

= =Mg)+e onT) (3.33)
v
u=>0 on 'y

has a weak supersolution. Indeed, there is a strict supersolution v to (3.23). Let V be the
solution of

AV =0 in Q
aVv N

— =A"g(w) onl}y
av

V=0 on I
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and let x solve

Ax =0 in

3

X1 onTy (3.34)
Jv

x =0 onTl;.

By Proposition 3.2 there is a constant ¢ > Osothatv —V > ex. Hencew =V 4 ¢ex <v
and
ow

i Ag(v) +e>Ag(w)+¢
v

and thus w is the desired supersolution.
Let O < &1 < ¢. Then there exists a bounded supersolution to

Au=0 in

d

8_u =A*g(u)+e; only (3.35)
v
u=>0 on I'p.

To see this, define @ : [0, co) — [0, o0) so that

(1) '
/ ds = / ds for all u > 0.
0o A*g(s)+en 0o A*g(s)+e

A calculation as in [19] shows that @ satisfies the hypothesis of Lemma 3.9. If
fooo ds/g(s) < +oo then ® is bounded. Let w be a supersolution of (3.33). Then
by Lemma 3.9 ®(w) is a bounded supersolution for (3.35). By the method of sub and
supersolutions there is a bounded solution to (3.35).

It fooo ds/g(s) = 4oo then an iteration with ® as in the proof of Theorem 3.8 still yields
a bounded solution to (3.35). In fact, let

! ds
He(f)=f —_—
0o A*g(s)+e

and let 0 < &1 < &. Then we may restate the definition of ® as ® = H5_11 o Hg or

H, (®(t)) = Hp(t) forallz > 0.
Denoting by w the supersolution to (3.33) and v = ®(w) we thus have
Hey () = He (). (336)

The function H, is concave and v < w, S0

He(w) — He(v) < H. (v) = 1

- (3.37)
w—v Atg(v) + e
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But, thanks to (3.36)

v 1 1
Hy(w) — He(v) = He, (v) — He(v) = /0 <A*g(s) +e1 AMg(s) + 8> ds

v 1

- —— ds.
ZE=e) | G2

(3.38)

From (3.37) and (3.38) we see that

g(v) < M

& — ¢

The rest of the argument proceeds as in the proof of Theorem 3.8.
Since (3.35) has a bounded supersolution it also has a bounded solution w. Let A" > A*
to be chosen later, and set

/

W= Fw —E1X,
where x is the solution of (3.34). Then observe that

oW X /
— =Agw)+ —e —e1 = AMg(w). (3.39)
av A*

We now choose A'/A* close to 1, so that

and therefore
w>W. (3.40)

This is possible because w € L and therefore w < Cyx for some constant C > 0,
by Proposition 3.2. Then (3.39) combined with (3.40) implies that W is a supersolution of
(3.23) with 1* replaced by A’. This is in contradiction with A* being the maximal parameter
for (3.23). O

3.3. Kato’s inequality

In this section we will prove

THEOREM 3.12. Let B = B (0) be the unit ball in RN, N > 3. Then forany 1 < q <2
there exists c = ¢(N, q) > 0 such that

2
@ 2 00 /N
|V¢|22HN/ 2 4 clgl . Vg e CC®Y N B).
/MmB aRYNB |x| Wha®{NB) 0
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REMARK 3.13. (a) The singular weight ﬁ on the right-hand side of (1.43) is optimal,
in the sense that it may not be replaced by # with ¢ > 1. This can be easily seen by
choosing ¢ € Hl(Rﬁ) such that ¢(x) = |)C|‘NT?2+0%1 in a neighborhood of the origin.
Moreover, the infimum in (1.44) is not achieved.

(b) In dimension N = 2 the infimum (1.44) is zero.
(c) Using Stirling’s formula it is possible to verify that

Hy=Y"310(2 N — (3.41)
N= N as 0. .

Let us turn our attention to the proof of Theorem 3.12. Following an idea of Brezis

and Vazquez (equation (4.6) on page 453 of [20]) it turns out to be useful to replace ¢ in

(1.43) by v = ¢/w, where w = wy with @ = % as defined in (1.47). Observe that

C(N, NTJ) = Hy by (3.57) and hence w is harmonic in the half space Rf and satisfies

Jw w
— = Hy— ondRY.
aw Ny +

PROOF OF THEOREM 3.12. When N > 3, C°(RY \ {0}) is dense in H'(RY). So it
suffices to prove (1.43) for ¢ € C(‘)’O(Rﬁ \ {0}). Fix such a ¢ # 0 and let w be the function
defined by (1.47). Notice that, on supp ¢, w is smooth and bounded from above and from

below by some positive constants. Hence v := % e C° (M) is well defined. Now,
¢ =vw, Vo = vVw + wVv and

Vo2 = V2|V |? + w?| Vo2 + 2vwVoVw.

Integrating

/ |w|2=/ v2|Vw|2+/ w2|W|2+z/ vwVoVw
RY RY RY RY

+ + + +

and by Green’s formula

ow
/ v2|Vw|2=/ vw— —f wV > Vw)
RY aRY v JrY

+

0
=/ vzw—w —2/ wvVwVo,
aRY v RY

since w is harmonic in RY. Thus,

Jw
/ |ch|2 =/ w2|Vv|2+/ viw—
RY RY aRY v

+ +

2

9

=/ w2|Vv|2+/ o (3.42)
]Rﬁ 3Rﬁ w v
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Jw
But by (3.57) & ©) _ Hx for y ¢ dRY and hence,

w(x) Txl

2
/N Vol > HN/(’ L +/ wl Vo2 Vg e H'RY). (3.43)

RY rRY [x[  JRY
The second term on the right-hand side of the above inequality yields the improvement of
Kato’s inequality when ¢ has support in the unit ball.

Now we assume ¢ € Cgo(Rﬁ \ {0} N B) and, as before, set v = %. Our aim is to prove
that given 1 < g < 2 there exists C > 0 such that

2 2 1
I:= wVu|© > = lellyig. (3.44)
RY c
In spherical coordinates

1
1=f rN_l/ w2(r0)|Vo(r6)|*de dr,
0 st

where SI" =5N RN and S1 {x € RV /|x| = 1} is the sphere of radius 1. From (3.56)

we have w(x) > —|x| for some C > 0andallx € BN RN Hence

1> —/ r/ |V(r6)|?de dr.
Clo Jst

Let us compute the Sobolev norm of ¢:
1
o5, =/ IVol|?dx =/ rN“/ |Vo(ro)|do dr
' RYNB 0 st
1
:/ pN-1 /+|Vv(r9) w(rd) + Vw(ro) v(ro)|4do dr
0 5
1
gcq/ rN_1/+ Vo) wrd)| + |[Vwro)|9|v(r0)|9do dr.
0 5
Define
=/ N= 1/ IVu(ro) |9 |w(re)|9do dr
I —/ N= 1/ IVw(r0)|9|v(r0)|9d6 dr.

Since w(x) < Clx|™ ** we have by Holder’s inequality

I )
I < c/ N1 2 / IVu(r6)|9d6 dr
S

2—q

N 2 T
U / IvU(re)lzdedr} U r(N12[1+g)2f1dr:| —ci?,
0

(3.45)

since g < 2.
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Using |[Vw(x)| < C|x|_% we estimate /5:
R
I < C/ f rY T T2 ()| dr de.
st Jo
From the classical Hardy inequality
1 » \ [!
| s ar < (—) | o ar
0 y +1 0
(p=1,y>~—1,feCi0,1)) we deduce
Y b oNo1og
/ N o) dr < c/ rPN1=T 4 v (re) | dr
0 0
and therefore
b oNoie
I < c/ / PN vy r0) |4 dr db.
s Jo

Holder’s inequality yields

q

1 2 Uy Ng g2 1-
L<C / / FIVo(ro)* dr do f f NI g de
st Jo s Jo

=CI?, (3.46)

[

where we have used g < 2. Gathering (3.45) and (3.46) we conclude that (3.44) holds. [J

3.4. Boundedness of the extremal solution in the exponential case

In this section we shall give a proof of Theorem 1.20. We proceed by contradiction,
assuming that u* is unbounded. A central point in the argument is to obtain some
information of the singularity that «™* should have at the origin. More precisely, we claim
that for any O < o < 1 there exists r > 0 such that

1
u*(x) > (1 — o) log o Vx eIy, |x| <r (3.47)
X

Observe first that for all 0 < A < A* the minimal solution u; is symmetric in the variables
X1, ..., XN—1 by uniqueness of the minimal solution and the symmetry of Q2. Moreover,
using the symmetry and convexity assumptions on {2 combined with the moving-plane
method (see Proposition 5.2 in [32]) we deduce that u; achieves its maximum at the
origin.
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Assume by contradiction that (3.47) is false. Then there exists o > 0 and a sequence
xr € I'1 with x; — 0 such that

1
u*(xp) < (1 —o)log m (3.48)

Let s = |xx| and choose 0 < A < A* such that
1
max uy, = u;,(0) =log—. (3.49)
Q Sk

Note that Ay — A*, otherwise ), would remain bounded. Let

1
LY

log é Sk

vr(x) =

Then 0 < v < 1, v, (0) = 1, Avg = 01in 4 and

AV 1
— )= T SkAk exp(uy, (sxx))
av log i
A
< Ko,
log m

by (3.49). By elliptic regularity vy — v uniformly on compact sets of @ to a function v
satisfying 0 < v < 1, v(0) = 1, Av =0 in Rﬁ, g—z = 0on BRf. Extending v evenly to
RN we deduce that v = 1. Since |xi| = sx we deduce that

Upy (xk)

. — 1,
logg

which contradicts (3.48).
Now we use (3.47) to obtain a contradiction with the stability property of u*. Let

2
2

N+e
$() = [opy K(x, )y~ dy and ¢ (x) = fypy K (x, y)|y|" 2" dy. Then,

¢ |—Ne oY —N-+e
K T K 2 3.50
™ olx| ” ¥ lx] , (3.50)

where the constants Ky, Ky are given by
Ky =2rone+ O(e?) and Ky = Hy + O(e).

Indeed, since u( and ¢ are harmonic in €2,

A dug
w—= | ¢—.
IQ av IQ ov
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Clearly, frz ‘4)% < C, for some constant C independent of €. So

1 1
1\ 1 1
K¢/() log <;) ;r2_N+6rN_2dr = )LOQN/(; ;rZ_N"'SrN_zdr +0()
A
- _°8~N +0().

Now, fo log Ly =1+egr = L so weend up with

Ky = Ao,ne + 0(82).
Similarly, since ¥ and w (defined in (1.47)) are harmonic in €2, we have

/ Y dw
w—= [ Y—.
aQ ov 0 av

As before the boundary terms on I'; are bounded independently of ¢ so

1 1
K,,,/ r e dr = HN/ redr + 0(1).
0 0
Hence,
Kw = Hy + O(¢).

Multiplying (1.34) by ¢ and integrating by parts twice yields

ad ad ad
/ M,\_¢ = ¢ﬂ = ¢e“k + A ¢ﬂ <A [ ¢, 3.5
s v v r, v Iy

Let n € C®(RN) be such that n = 1 in Bg(0), where R > 0 is small and fixed, and n = 0
on I';. Using the stability condition (1.37) with ny yields

0
A f iy < f V)P = / ) / () AGY)
I'NBr(0) Q 9 oV Q

</ awl// +C, (3.52)
r

1NBR(0) v

where the constant C does not depend on ¢ and A. Since Y2 = ¢ on BRﬁ combining (3.51)
and (3.52) we obtain

/ ¢ oy
u;— <
9 OV JrinBgo) 9V

and letting & 7 A* we find

/ u%i awlﬂ+c.
1o}

Jdv '1NBR(0) Jdv

—v+C
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Using (3.50) we arrive at

K¢/ u*|x|]7N+8SK¢/ x|'"NV*t 4
'1NBg(0) '1NBR(0)

1 H 1
T'1NBR(0) e )»0 €

where wy_ is the area of the N — 1-dimensional sphere. We rewrite this inequality as

R 1 H 1
/ r Uty dr < —2—N +0 (—) . (3.53)
0 &= AN €

Let o > 0 and r(o) > 0 be such that (3.47) holds for |x| < r(c). Then using (3.47) and
(3.53) we find

r@ -1 1 Ky 1 Hy 1
(1-0) log—rfldr<-—+C=— +0(-). (3.54)
0 r e K¢ e )»()N &

and thus

Integrating

1 L )+ 1 €] L < 1 Hy 0 1
(I=0)| 5r(@ o7 (o) log o) _82k0N+ (8)

Letting ¢ — 0 yields

H
(1-0)< .
Ao,N

As o is arbitrarily small we deduce Hy > Ao . But
Hy > Aoy ifandonlyif N > 10 (3.55)

(see [45]). This proves the theorem. O

3.5. Auxiliary computations

PROOF OF LEMMA 1.21. We write x = (x/,xy) € RY with x’ € R¥"!, xy > 0. It
follows from (1.47) and a simple change of variables that

we (x', xy) = we(e(x), xy) for all rotations e € O(N — 1),
and similarly

wo(Rx', Rxn) = R™%wy (X', xp). (3.56)
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Differentiating with respect to xy yields

d 0
W (Rx', Rxy) = o1 2%« ', xn).
IxXN oxn

Letx € HRQY ,x = (x’,0) and plug R = ﬁ = ﬁ in the previous formula to find

a d a !
) = — e (2, 0) = e (-2 (S 0)).
o Dxn axn \ I

Define

CN.a) = - ¥ ( al 0) (3.57)

dxy \|x'I"

and observe that it is independent of x” € RN 1.
Using (3.56) and the radial symmetry of w in the variables x’, there exists a function
v : [0, 00) — R such that

/
wa (s x) = 5w <|x—| x—N> = X (x—N> . (3.58)
X

X'
Writing = |x'|, t = %, we have
rr% () = we(x', rt), Vx' e RN ¥ =r
The equation Aw = 0 is equivalent to
A+'(1) + Qa+4—N)tw'(t) +al@— N +3)w(@) =0, >0, (3.59
while (1.48) implies
v(0) = 1.
The initial condition for v’ is related to (3.57)
v'(0) = —C(N, ).

In addition to these initial conditions we remark that w, is a smooth function in Rﬁ and
this together with (3.58) implies that

lim v(#)t% exists. (3.60)
11— o0

Using the change of variables z = ir with i the imaginary unit and defining the new
unknown /(z) := v(—iz) equation (3.59) becomes

(1=2h"(2) — Qa+4— N)zh'(z) — a(e — N +3)h(z) = 0, (3.61)
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with initial conditions

lim h(in) =1, lim Oh’(it) —iC(N, a). (3.62)

t>0,1— t>0,t—

On the other hand (3.60) implies

lim  h(it)t® exists. (3.63)

teR,1—o00

The substitution
g2) =1 -z 1 %) (3.64)

transforms equation (3.61) into

2
(1-29g"(2) — 228'(2) + (v(v +1)— ] 'L_LZZ) 2(z) =0, (3.65)

with

2—-N N —4
pmat S =2 (3.66)
The general solution to (3.65) is well known. Indeed, equation (3.65) belongs to the
class of Legendre’s equations. Two linearly independent solutions of (3.65) are given by
the Legendre functions P}(z), Q) (z) (see [1]), which are defined in C \ {—1, 1} and
analytic in C \ (—oo, 1] (see [1, Formulas 8.1.2 — 8.1.6]). Moreover the limits of P} (z),
0" (2) on both sides of (—1, 1) exist and we shall use the notation

Pl (x +1i0) = lim Pl (z), —-1<x<1,
z—x,Im(z)>0 (3 67)
Pl(x—i0)= lim Pl'z), -1<x<]l, '

z—x,Im(z)<0

and a similar notation for QY.
The solution g of (3.65) is therefore given by

g(2) = c1Pl'(2) + 20 (2),

for appropriate constants c1, c2. These constants are determined by the initial conditions
(3.62), which imply:

c1PM(0 +i0) + 20" (0 +i0) = 1, (3.68)
d . d . .
clapy(0+10)+ch—ZQl;(0+10) = iC(N, a). (3.69)

In order to evaluate C(N, «), we also use condition (3.63), which is equivalent to

. . . N_1 .
lim R(clP‘f‘(lt) + 2O (Et))t 27 exists. (3.70)

t—>00, te
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But according to [1, Formulas 8.1.3, 8.1.5]

Pl'(z) ~ 7" as|z| »> o0

OM(z) ~ 277! as|z| — oo.
This and (3.64), (3.70) imply that ¢; = 0 and we obtain from (3.68), (3.69)
L0 (0+i0)

C(N,a) =—i 0F01i0)

From the properties and formulas in [1] the following values can be deduced:

TG+H5+9)
rG—%+1

TG+5+D

PG-5+2)

QM0 +i0) = —i2h~ 2 eimm—iv

d _—
QL0 +i0) = 2w
<

The relations (3.71), (3.72), (3.73) and the values (3.66) yield formula (1.49).

4. A fourth-order variant of the Gelfand problem

4.1. Comparison principles

LEMMA 4.1 (Boggio’s principle, [15]). Ifu € C*(By) satisfies

A%u >0 in Bg
0

u:a—”=0 on 0BR
n

thenu > 0 in Bg.

LEMMA 4.2. Let u € L'(Bg) and suppose that

/ uA2<p >0
Bgr

159

(3.71)

(3.72)

(3.73)

orall p € C4(§R) such that ¢ > 0in Bg, ¢|ap, =0 = ?—(plaB . Then u > 0 in Bg.
R on R

PROOF. Let ¢ € C3°(2), ¢ > 0 and solve

A2(p=§ in Bg
d
(p:a—(p:O on 0Bg.
n

By Boggio’s principle ¢ > 0 in Br and we deduce that fBR u¢ > 0. Since ¢ € Cj°(R),

¢ > 0 is arbitrary we deduce u > 0.

O
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LEMMA 4.3. Ifu € H2(BR) is radial, A2y > 0in Bp in the weak sense, that is
/ AulAp >0 Vo e Ci°(Br), ¢ =0
Bpr

and ulyp, >0, g—ZIBBR < 0thenu > 0in Bg.

PROOF. We only deal with the case R = 1 for simplicity. Solve

Aup = A%u in By
du
uy = —1 =0 on 331
an

in the sense u; € HOZ(Bl) andel AuiAg = fBl AuAg forall g € C3°(By). Thenu; > 0
in B; by Lemma 4.2.

Let up = u — u; so that A%2up, = 0 in By. Define f = Aup. Then Af = 0in By
and since f is radial we find that f is constant. It follows that uy = ar® + b. Using the
boundary conditions we deduce a + b > 0 and a < 0, which imply u; > 0. O

Similarly we have

LEMMA 44. Ifu € HQ(BR) and A%*u > 0 in By in the weak sense, that is
/ Aulgp >0 Vo € C3°(Bgr), ¢ 20
Bg

and ulypy =0, g—Z|33R <O0thenu > 0in Bp.

The next lemma is a consequence of a decomposition lemma of Moreau [95]. For a
proof see [67] or [68].

LEMMA 4.5. Let u € Hoz(BR). Then there exist unique w,v € HOZ(BR) such that
u=w+uv w>0, A2v§0inBRandeRAwAv=0.

PROOF OF LEMMA 1.29. (a) Letu = u| — uy. By Lemma 4.5 there exist w, v € HOZ(BR)
such that u = w + v, w > 0 and A2y < 0. Observe that v < 0so w > u; — up. By
hypothesis we have

| st —uap i [ @ —emg voecF R0 =0,
BRr Bgr
and by density this holds also for w:
(Aw)? = / Ay —u)Aw <A | (€ —e)w, 4.1)
Bg Bg Bg

where the equality holds because || g AwAv = 0. By density we deduce from (1.39)

/\f e w? 5/ (Aw)>. (4.2)
Br Bg



Singular solutions of semi-linear elliptic problems 161

Combining (4.1) and (4.2) we obtain

/ M’ < ("' — e")w.
Bg Bg

Since u; — u» < w the previous inequality implies
0< ("t —e"2 — " (u] — un))w. (4.3)
Bpr

But by convexity of the exponential function e*! — "2 — "1 (| — u3) < 0 and we deduce
from (4.3) that (e"! — "2 — "1 (u; — up))w = 0. Recalling that u; — up < w we deduce
that u; < us.

(b) We solve foru € HO2 (BR) such that

f AulAg = / A(uy —ur)Ap Vo € CgO(BR).
Br Br

By Lemma 4.3 it follows that # > u| —u>. Next we apply the decomposition of Lemma 4.5
to @i, thatis i = w + v with w, v € H3(Bg), w > 0, A*>v < 0in Bg and J5, AwAv =0.
Then the argument follows that of Lemma 1.29. O

4.2. Uniqueness of the extremal solution
PROOF OF THEOREM 1.24. Suppose that v € H?(B) satisfies (1.52), (1.53) and v % u*.

Notice that we do not need v to be radial.
The idea of the proof is as follows:

Step 1. The function
L + )
uo=-W* +v
072
is a supersolution to the following problem

A%u = 2*e" + une” in B

u=a ondB (4.4)
ou
— =b on dB
on

for some u = puo > 0, where n € Cgo(B), 0 < n < 1is a fixed radial cut-off function
such that

n(x)=1 forlx| <3, 1) =0 forl|x|> 3.

Step 2. Using a solution to (4.4) we construct, for some A > 1*, a supersolution to (1.50).
This provides a solution u; for some A > A*, which is a contradiction.
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Proof of Step 1. Observe that given 0 < R < 1 we must have for some ¢y = ¢o(R) > 0
v(x) = ut(x) +co |x| =R 4.5
To prove this we recall the Green’s function for A2 with Dirichlet boundary conditions

AlG(x,y) =8, x€B
Gx,y)=0 xe€0B

0G
—(x,y)=0 x€0B,
an

where §y is the Dirac mass at y € B. Boggio gave an explicit formula for G (x, y) which
was used in [71] to prove that in dimension N > 5 (the case 1 < N < 4 can be treated
similarly)

(4.6)

d(x)%d(y)?
Gx, y) ~ Ix — y**¥ min (1, fx)—(lyj) ,
X =y

where
d(x) =dist(x,dB) =1 — |x]|,

and a ~ b means that for some constant C > 0 we have C"la < b < Ca (uniformly for
X,y € B). Formula (4.6) yields

G(x,y) > cd(x)*d(y)* (4.7)

for some ¢ > 0 and this in turn implies that for smooth functions v and # such that
U — i € Hy(B) and A*(3 — ii) > 0,

- - IAG - . (v —ut)
v(y)—u(y):/ ( 3 (X,Y)(U—H)—AxG(X,)’)—> dx
0B Ny on

+/BG(x,y)A2(5 — i) dx
> cd(y)? /B(A2~ — A%id(x)*dx.
Using a standard approximation procedure, we conclude that
v(y) — u*(y) > ed(y)*r* /B(e” —e""Yd(x)*dx.

Since v > u*, v # u™ we deduce (4.5).
Let up = (u* + v)/2. Then by Taylor’s theorem
1
24

1 1
e’ =e"0 4+ (v —ug)e™® + E(U — up)?eo + B(U — 1) + — (v — ug)*e®

(4.8)
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for some ug < & < v and
X 1
e =e" + (u* —up)e'® + E(u* — ug)?e'o
1 1
+ g(zf’< —up)’e0 + ﬁ(u* — ug)*eh 4.9)
for some u™ < & < up. Adding (4.8) and (4.9) yields
1 * 1
E(ev +é") > e 4 g(v — u*)?eto, (4.10)

From (4.5) with R = 3/4 and (4.10) we see that ug = (u* + v)/2 is a supersolution of
(4.4) with o := co/8.

Proof of Step 2. Let us now show how to obtain a weak supersolution of (1.50) for some
A > A*. Given u > 0, let u denote the minimal solution to (4.4). Define ¢ as the solution
to

A%p; = une* in B

91 =0 on dB
0
il =0 on dB,
an

and ¢; be the solution of

A’ =0 inB
¢ =a ondB
a

ﬂ:b on dB.
an

If N > 5 (the case 1 < N < 4 can be treated similarly), relation (4.7) yields
¢1(x) > c1d(x)* forall x € B, (4.11)

for some c¢1 > 0. But u is a radial solution of (4.4) and therefore it is smooth in B \ By /4.
Thus

u(x) < Moy +¢y forallx € By, 4.12)

for some M > 0. Therefore, from (4.11) and (4.12), for A > A* with A — A* sufficiently
small we have

A A .
F_1 u<g@+ F_l ¢ in B.
Letw = )f‘—*u—gol —()f\—*— 1)¢@2. The inequality just stated guarantees that w < u. Moreover

A
A’w = e + )\—ljne“ —une' > e > re”  inB
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and
d
w=a & b ondB.
on
Therefore w is a supersolution to (1.50) for A. By the method of sub and supersolutions a
solution to (1.50) exists for some A > A*, which is a contradiction. ]

PROOF OF COROLLARY 1.26. Let u denote the extremal solution of (1.50) with b > —4.
We may also assume that @ = 0. If u is smooth, then the result is trivial. So we restrict
to the case where u is singular. By Theorem 1.25 we have in particular that N > 13. If
b = —4 by Theorem 1.24 we know that if N > 13 then u = —4log |x| so that the desired
conclusion holds. Hence we assume b > —4 in this section.

For p > 0 define

up(r) =u(pr) +4logp,

so that

A%u, = 2*e"r in By,.
Then

% P u'(1)+4>0.

Hence, there is § > 0 such that
up(r) <u(r) foralll-é<r=<1,1-6d<p=<1.
This implies
uy,(ry <u(r) forall0<r <1,1-8§<p=<1. 4.13)
Otherwise set
ro =sup{0 <7 < lu,(r) > u(r)}.
This definition yields
u,(ro) = u(rg) and u/p(ro) < u'(rp). 4.14)
Write o = u(rg), B = u’(ro). Then u satisfies
A%u = re"  on By,
u(rg) = o
u'(ro) = B

while u,, is a supersolution to this problem, since u;) (ro) < B by (4.14). But this problem
does not have a strict supersolution, and we conclude that

u(r) =up(r) forall0 <r <r,
which in turn implies by standard ODE theory that
u(r) =uy(r) forall0 <r <1,

a contradiction. This proves estimate (4.13).
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From (4.13) we see that

du,
dp

p=1(r) >0 forall0 <r <1. (4.15)

But

du,
dp

1(r) =u'(r)r+4 forall0 <r <1

p:

and this together with (4.15) implies
du, I, 1
—L )= —W(or)pr+4) >0 forall0<r<—,0<p<1, (4.16)
dp p P

which means that u, (r) is nondecreasing in p. We wish to show that lim,_, o u, (r) exists
for all 0 < r < 1. For this we shall show

8(N =2)(N —4)

1
up(r)z—4log(r)+log( ) foral0 <r < —,0<p <1.
0

)\’*
4.17)
Set
8(N —2)(N —4

uo(r) = —41og(r) + log (%)
and suppose that (4.17) is not true for some 0 < p < 1. Let

ri =sup{0 <r < 1/plu,(r) < up(r)}.
Observe that A* > 8(N — 2)(N — 4). Otherwise w = —4logr would be a strict

supersolution of the equation satisfied by u, which is not possible by Theorem 1.24. In
particular, r; < 1/p and

up(r)) = uo(ry) and  u)(r1) = ug(ry).
It follows that u is a supersolution of
A*u = A*e" in By,

u=2A on 4B,

ou
— =B on 4B,
on

(4.18)

with A = u,(r1) and B = u;)(rl). Since u,, is a singular stable solution of (4.18), it is the
extremal solution of the problem by Proposition 1.28. By Theorem 1.24, there is no strict
supersolution of (4.18) and we conclude that u, = ug first for 0 < r < ry and then for
0 < r < 1/p. This is impossible for p > 0 because u,(1/p) = 0 and ug(1/p) < 0. This
proves (4.17).
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By (4.16) and (4.17) we see that
v(r) = gi_)n%)up(r) exists forall 0 < r < 400,
where the convergence is uniform (even in C* for any k) on compact sets of RV \ {0}.
Moreover v satisfies
A%v =A%  in RN\ {0}. (4.19)
Then for any r > 0

v(r) = limo uy(r) = lin}) u(pr) +4log(pr) —4log(r) = v(l) —4log(r).
p— p—

Hence, using equation (4.19) we obtain

8(N — 2)(N — 4)) o)

v(r) = —4logr + log ( e

But then
uy(ry =u'(pr)p — —4, asp — 0,
and therefore, withr = 1
pu'(p) = —4 asp—0. O (4.20)

PROOF OF PROPOSITION 1.28. Let u € H*(B), » > 0 be a weak unbounded solution of
(1.50). If A < A* from Lemma 1.29 we find that u < u;, where u, is the minimal solution.
This is impossible because u; is smooth and u# unbounded. If A = A* then necessarily
u = u* by Theorem 1.24. O

4.3. A computer-assisted proof for dimensions 13 < N < 31

Throughout this section we assume a = b = 0. As was mentioned before, the proof of
Theorem 1.27 relies on precise estimates for u* and A*. We first present some conditions
under which it is possible to find these estimates. Later we show how to meet such
conditions with a computer-assisted verification.

The first lemma is analogous to Lemma 1.30.

LEMMA 4.6. Suppose there exist ¢ > 0, A > 0 and a radial function u < H%(B) N
Wé’COO(B \ {0}) such that

A%u < e forall0<r <1

<e¢

du
lu(D)]| <&, ‘a—(l)
n
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u & L®(B)
/ elg? < / (Ap)?  forall g € C(B). (4.21)

Then

¥ < re®.
PROOF. Let

Y (r) =er? —2e (4.22)
so that

Ay =0, Yy)=-s Y 1)=2e
and

—2e <Y@r)<—e forall0<r <1.
It follows that
A2+ ¥) < re' = re VeV < re? etV

On the boundary we have u(1) + ¥ (1) < 0, u/(1) + ¥/(1) > 0. Thus u + ¢ is a
singular subsolution to the equation with parameter Ae>*. Moreover, since ¥ < —& we
have Ae? etV < refet and hence, from (4.21) we see that u + 1 is stable for the problem
with parameter Ae?®. If Ae?* < A* then the minimal solution associated with the parameter
1e2¢ would be above u + v, which is impossible because u is singular. O

LEMMA 4.7. Suppose we can find ¢ > 0, . > 0 and u € H*(B) N WSJCOO(B \ {0}) such
that

N forall0 <r <1
u

lu(1)] < e, 8_(1)
n

<e.

Then
e % < X

PROOF. Let ¢ be given by (4.22). Then u — i is a supersolution to the problem with
parameter Ae 2. O

The next result is the main tool to guarantee that u* is singular. The proof, as in (1.61),
is based on an upper estimate of u™* by a stable singular subsolution.
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LEMMA 4.8. Suppose there exist gy, ¢ > 0, A, > 0 and a radial function u € HZ(B) N

WE2 (B \ {0}) such that
A% < (g +e0)e"  forall0 <r < 1
A%u > (A —e0)e"  forall0 <r <1

[u(1)] <&, <e

du
5(1)

u & L*(B)
Bo / elo? < / (Ap)*  forall g € C3°(B),
B B

where

_ Oateo) o
(Ag — 80)2

Then u* is singular and

Bo

(ha — €0)e™ % < A* < (hg + £0)e.

PROOF. By Lemmas 4.6 and 4.7 we have (4.29). Let

A
8 =log (%) + 3e,
a

and define
§ 4
o(r)=—-r"+126.
4
We claim that
u* <u-+¢ in Bj.
To prove this, we shall show that for A < A*
upy <u-+¢ in By.
Indeed, we have

A%p = —82N(N +2)
p(r)>46 forall0<r <1
p()y>8>¢, ¢(1)=-8<-¢

and therefore

A’ 4 @) < (hg +80)e" + A% < (Aq + 0)e"

< (ha +e0)e e .

= (ha + 80)e " ¥

(4.23)
(4.24)

(4.25)
(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

431

4.32)
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By (4.29) and the choice of §
(ha + €0)e 2 = (g — 0)e™ ¢ < 1%, (4.33)

To prove (4.31) it suffices to consider A in the interval (A, — g0)e 3¢ < A < A*. Fix such
A and assume that (4.31) is not true. Write

u=u-+ge
and let
Ry =sup{0 < R < 1|u(R) = u(R)}.

Then 0 < Ry < 1 and uy(Ry) = u(Ry). Since u} (1) = 0 and u’(1) < 0 we must have
u}, (R1) < i'(Ry). Then u, is a solution to the problem

Au = re" in Bg,
u=u(Ry) ondBg,
ou

I = u;(Rl) on 0 Bg,

while, thanks to (4.32) and (4.33), u is a subsolution to the same problem. Moreover u is
stable thanks to (4.27) since, by Lemma 4.6,

A< AF < (o + £0)e% (4.34)
and hence
re' < (hg + g0)e* e < Bpe.

We deduce &4 < uy in Bg, which is impossible, since u is singular while u; is smooth.
This establishes (4.30).
From (4.30) and (4.34) we have

A*eu* < ﬁoefeeu
and therefore

fB(A(p)Z _ A*e”*goz

inf > 0.
0eCe(B) %
This is not possible if u™ is a smooth solution. O

For each dimension 13 < N < 31 we construct u satisfying (4.23) to (4.27) of the form

8(N-2)(N—4)
u(r) = { —4logr + log <+) forO <r <rg 4.35)

u(r) forrg <r <1,

where # is explicitly given. Thus u satisfies (4.26) automatically.
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Numerically it is better to work with the change of variables
w(s) =u(e®) +4s, —oco<s <0
which transforms the equation A%u = Ae” into
Lw+8(N —2)(N—4)=xr", —oo0o<s<0,

where

d*w 5 d?
Lw = d4+2(1v 4) +(N 10N +20)——

—2(N —2)(N — 4)—.
ds
The boundary conditions (1) = 0, u’(1) = 0 then yield
w() =0, w'(0)=4.

Regarding the behavior of w as s — —oo observe that

8(N —2)(N —4
u(r)y = —4logr + log <%> forr < rg
if and only if
8(N —2)(N —4
w(s) = log w for all s < logryg.

A
The steps we perform are the following:

(1) We fix xo < 0 and using numerical software we follow a branch of solutions to

L+ 8(N —2)(N—4)=2xre”, xg<s5<0
w(0)=0, W 0) =t
8(N —2)(N —4) d*0 d3 7

W(xg) = log . -2 (x0) =0, ——=(x0) =0

as ¢ increases from 0 to 4. The numerical solution (w, )A\) we are interested in corresponds
to the case + = 4. The five boundary conditions are due to the fact that we are solving a
fourth-order equation with an unknown parameter A.

(2) Based on w, A we construct a C? function w which is constant for s < Xxp and
piecewise polynomial for x9 < s < 0. More precisely, we first divide the interval
[x0, O] into smaller intervals of length 4. Then we generate a cubic spline approximation
. . . . 4% . . .
g1 with floating point coefficients of d—’f. From gy, we generate a piecewise cubic
polynomial g,, which uses rational coefficients and we integrate it four times to obtain

w, where the constants of integration are such that @(xo) =0,1 < j < 3and
w(xp) is a rational approximation of log(§8(N — 2)(N — 4)/A). Thus w is a piecewise
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polynomial function that in each interval is of degree 7 with rational coefficients, and
which is globally C3. We also let A be a rational approximation of A. With these choices
note that Lw+8(N —2)(N —4) — re" is a small constant (not necessarily zero) for s < xo.

(3) The conditions (4.23) and (4.24) we need to check for u are equivalent to the
following inequalities for w

Lw+8(N —2)(N —4)— (A+¢gpe” <0, —oo<s<0 (4.36)
Lw—+8N —2)(N—-4)—(A—¢gpe” >0, —oco<s <O. (4.37)

Using a program in Maple we verify that w satisfies (4.36) and (4.37). This is done
evaluating a second-order Taylor approximation of Lw + 8(N — 2)(N —4) — (A 4+ gg)e"”
at sufficiently close mesh points. All arithmetic computations are done with rational
numbers, thus obtaining exact results. The exponential function is approximated by a
Taylor polynomial of degree 14 and the difference with the real value is controlled.

(4) We show that the operator A% — Be", where u(r) = w(logr) — 4logr, satisfies
condition (4.27) for some > By, where By is given by (4.28).

We refer the interested reader to [44], but we shall justify here that, although Be" is
singular, the operator A> — Be* has indeed a positive eigenfunction in HOZ(B) with finite
eigenvalue if S is not too large, if N > 13. The reason is that near the origin

c
u
et = —,
P |x |4

where ¢ is a number close to 8(N —2)(N —4)8/A. If B is not too large compared to A then
¢ < NXN — 4)2/16 and hence, using (1.57), A2 — Be" is coercive in HOZ(BrO).

The full information on the Maple files and data used can be found at:
http://www.lamfa.u-picardie.fr/dupaigne/
http://www.ime.unicamp.br/"msm/bilaplace-computations/bilaplace-computations.html
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Abstract

In this survey we describe recent results on the existence and nonexistence of pos-
itive solution to semi-linear and quasi-linear second-order elliptic equations. A typical
example is the equation —Au = |x| w9 in an exterior of the ball in RY or in a
cone-like domain in RY. The equations of this type exhibit a phenomenon of pres-
ence of critical exponents in the range of the parameter ¢ € R, which separate the
zones of the existence from the zones of the nonexistence. The values of the criti-
cal exponents depends on the geometry of the domain, the type of the operator in the
main part (divergent or nondivergent), the behaviour of the coefficients in lower order
terms at infinity. We investigate these dependencies mostly in the cases of the exterior
and cone-like domains. The proofs are often based on the explicit construction of ap-
propriate barriers and involve the analysis of asymptotic behavior of super-harmonic
functions associated to the corresponding second-order elliptic operator, comparison
principles and Hardy’s inequality in exterior domains. To construct the barriers in the
cases of equations with non-smooth coefficients we obtain detailed estimates at infinity
of small and large solutions to the corresponding linear equations. Some of the results
for the equations with first order term are new and have not been published before. In
discussions we list some open problems in this area.

Keywords: Second-order semi-linear elliptic equations, Quasi-linear equations, posi-
tive solutions, Exterior domain, Cone-like domains, Critical exponents
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1. Introduction and model results
1.1. Motivation, statement of the problem and historical remarks

Let G C RY be an unbounded domain (connected open set). In this article we study the
existence and nonexistence of positive (super-) solutions to the equation

Lu = Wul, (1.1)

where L is a second-order elliptic operator (possibly nonlinear), W is a potential in front of
the nonlinearity ¢, and ¢ is a real number. To fix the sign in (1.1) let us think of £ = —A
as a model case. In this paper we confine ourselves to the case of polynomial behavior
at infinity of the potential W in front of the nonlinear (nonhomogeneous) term u9. So
W(x) ~ |x|~7 for o a real number (and in the main body of the paper we always assume
that 0 ¢ G). Mathematically such problems are interesting due to the lack of compactness,
and they require different techniques compared to the case of bounded domains. Rich
mathematical structure and presence of various critical phenomena make the qualitative
theory of equations of type (1.1) an attractive field for mathematicians to attack, as they
represent a prototype model for general quasi-linear elliptic equations.

On the other hand, many such equations appear in various applications. The
mathematical theory of equations of type (1.1) seems to originate from the classical works
of Emden and Fowler at the beginning of the XX century ((1.1) is often referred to as the
generalized Emden—Fowler or Lane—-Emden equation). They quickly found applications
in models in astrophysics (Matukuma proposed (1.1) to improve Eddington’s model) and
are still used in the analytic theory of polytropic ball model of stellar structures (Lane—
Ritter—-Emden theory). Equation (1.1) for the whole range of the parameter ¢ € R has
numerous applications in natural sciences, e.g. in scalar field theory, in phase transition
theory, in combustion theory (¢ > 1) [75], population dynamics (0 < g < 1) [60],
pseudo-plastic fluids (¢ < 0) [32,46,61], ecology models [65]. Not least to mention
that equation (1.1) describes stationary states for reaction-diffusion equations which are
ubiquitous in applications. Positive solutions are of special interest in the variety of
applications in which the unknown quantities involved are positive. The absence of positive
solutions to the elliptic equations means also that the existing solutions oscillate, which is
also important information in applications.

When considered in the whole of RY equation (1.1) has important applications in
geometry [22,63,64], and of course the nonexistence results have direct relevance to these
geometric applications [34].

It has been known at least since earlier works by Serrin [78] (cf. also the references in
[80]) and the celebrated paper by Gidas and Spruck [27] that equations of type (1.1) on
unbounded domains admit positive (super-) solutions only for specific values of (¢, o) €
R? exhibiting so-called critical exponents. The nonexistence part of such results on (1.1)
can be viewed as the nonlinear generalization of the Liouville theorem on semi-bounded
real harmonic functions. We refer the reader to the excellent recent paper [80] on the
account of the extensions of Liouville-type theorems, modern methods and historical notes.

One of the first results exhibiting critical exponents in the existence of positive solutions
was a deep and beautiful result of Gidas and Spruck.
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THEOREM 1.1 (Gidas and Spruck [27]). Let N > 2. Let u > 0 be a classical solution to

N +2

—Au=ul inRYN withl <q < .
N -2

(1.2)

Then u = 0.

The result is sharp, as it fails for any g > %

On the other hand, the above result is extremely unstable to any changes in the statement
of the problem. By considering the equation —Au = c(|x[)u? in RY with ¢ — 1 being a
small (and even compactly supported) perturbation one can produce positive solutions for
% <q < M (see [64]). The exponent N ~—5- Which is the critical exponent to (1.2)
when cons1dered in a punctured RY, or for supersolutions instead of solutions, is much
more stable.

The following theorem appeared as a special case simultaneously in [6,11].

THEOREM 1.2. Let N > 3. Let u > 0 be a weak supersolution to

—Au=ul in the exterior of a ball in RN with 1 < ¢ < N_2 (1.3)
Then u = 0.
The critical exponent qg* = % is sharp in the sense that it separates the zones of

existence and nonexistence, i.e. for ¢ > ¢* equation (1.3) has positive (super-) solutions
outside a ball. This result has been extended in several directions (see, e.g. [7,9,13-15,17,
36,21,44,45,87,23,38,42,47,80,83,71,87,93,94] (see also [35]), and references therein, this
list is by no means complete).

The critical exponent ¢* depends on the structure of the operator, presence of strong
lower-order terms, geometry of the domain G. In [33] Kalton and Verbitsky gave necessary
and sufficient conditions for existence of positive solutions to Lu = Wu? + f, u = 0 on
dG, for smooth domains G and ¢ > 1, in terms of the Green’s function I' of £ on G
with Dirichlet boundary conditions. The criterion says that I'g[W (I'g f)?] < CT'g f with
some C > 0. In applications this inequality presents a separate problem to verify. Although
some results stated in this paper can be probably recovered from this criterion, we will not
pursue this route. We will study the problem of the existence and nonexistence of positive
supersolutions to (1.1) in relation to the explicit conditions describing the behavior of the
coefficients of £ at infinity. The results we discuss in this paper are not dependent on the
boundary conditions and do not require any smoothness of the domain G, and they will
include both the superlinear (¢ > 1) and the sublinear (¢ < 1) cases. Much of this will be
precisely stated and proved in the main body of these notes. Here we only briefly outline
some recent history. In [38] it was shown that the critical exponent g* = % is stable with
respect to the change of the Laplacian by a second-order uniformly elliptic divergence-
type operator with measurable coefficients — ) 9;(a;;9;), perturbed by a potential, for a
sufficiently wide class of potentials. For instance, for € > 0 the equation

— Z 3 (a;jd;)u — . |2+€ = u (1.4)

i,j=1
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in an exterior domain in RV (N > 3) has the same critical exponent as (1.3) [38, Theorem
1.2]. On the other hand it is easy to see that if ¢ < 0 and B > 0 then (1.4) has no
positive supersolutions for any ¢ € R, while if € < 0 and B < 0 then (1.4) admits positive
solutions for all ¢ € R (¢ # 1). In the borderline case ¢ = 0 the critical exponent g*
becomes dependent on the parameter B. In case of the Laplacian as £ this phenomenon
and its relation with Hardy-type inequalities has been recently observed on a ball and/or
exterior domains in [15,23,86] in the case ¢ > 1.
The equation with first-order term

u— |X|T_i_€x-Vu=Mq (1.5)

in the exterior of a ball in RY (N > 3) represents another type of behavior. If € > 0 then
(1.5) has the same critical exponent ¢* = % as (1.3), and g* is stable with respect to
the change of the Laplacian by a second-order uniformly elliptic divergence-type operator
[42, Theorem 1.8]. On the other hand, it is easy to see that if ¢ < 0 and A > 0 then (1.5)
has no positive supersolutions if and only if ¢ < 1, while if ¢ < 0 and A < O then (1.5)
has no positive supersolutions if and only if ¢ > 1. In the borderline case ¢ = 0 the critical
exponent ¢g* explicitly depends on the parameter A (see [71,83] for the case ¢ > 1).

The geometry of the domain makes a strong impact on the qualitative picture for
equation (1.1). We will see at the end of this section that cylinder-type domains present
no interest, whereas cone-like domains give interesting changes in the criticality features.
When considered on cone-like domains, the nonexistence zone depends in addition on the
principal Dirichlet eigenvalue of the cross-section of the cone. In the superlinear case
q > 1 the equation

—Au=ul inC (1.6)

has been considered in [6,7,9,24] (see also [14,45] for systems and [40] for uniformly
elliptic equations with measurable coefficients). A new nonexistence phenomenon for the
sublinear case ¢ < 1 has been recently revealed in [41]. Particularly, it was discovered
that equation (1.6) in a proper cone-like domain has two critical exponents, the second
one appearing in the sublinear case, so that (1.6) has no positive supersolutions if and
only if g, < g < g%, where g, < 1 and ¢* > 1. In [40] for ¢ > 1 it was shown
that if the Laplacian is replaced by a second-order uniformly elliptic divergence-type
operator — ) 9;(a;;d;) then the value of the critical exponents on the cone depends on
the coefficients of the matrix (a;;(x)) as well as on the geometry of the cross-section.
The existence and nonexistence of positive supersolutions to a singular semi-linear elliptic
equation —V - (|x|4Vu) — B|x|472u = ¢,|x|*~“u4 in cone-like domains of RY (N > 2),
for the full range of parameters A, B, 0,q € R and ¢o > 0 was studied in [48]. The same
problem for p-Laplacian perturbed by a Hardy-type potential is considered in [49]. Our
approach to the problem in this paper is the development of the method introduced in [37,
38]. It is based on the explicit construction of appropriate barriers and involves the analysis
of the asymptotic behavior of superharmonic functions associated to the Laplace operator
with critical potentials, Phragmeén-Lindelof type comparison arguments and an improved
version of Hardy’s inequality in cone-like domains. The advantages of our approach are
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its transparency and flexibility. Particularly it is applicable to the case of nondivergence-
type operators L = — va j=14i,j0x;0x; for a general (non-smooth) uniformly elliptic
matrix (a;,j), which was studied recently in [39]. The approach seems promising for
applications to general quasi-linear operators, though currently only partial results are
available [50].

In this survey we describe in detail all the cases mentioned above and include an account
of new results for the divergence-type operator £ containing all the lower-order terms, thus
extending the results from [38,42]. Due to the methods involved our notion of the solution
is more restrictive than in [15,16] where distributional solutions are studied, whereas
we confine ourselves to weak solutions from local Sobolev spaces. The results on the
nonexistence of positive supersolutions to equation (1.1) for certain pairs (g, o) are given
alongside with the results on the existence of positive supersolutions for the complementary
values of ¢ and o, which by the method of sub- and supersolutions leads to the existence
of positive solutions.

The purpose of this survey is twofold. On one hand, we would like to introduce young
researchers to some ideas and methods of the qualitative theory of elliptic second-order
PDEs. For that purpose we tried to make our exposition as self-contained as possible and
in many cases did not try to present the results in the greatest possible generality. On the
other hand, we present here a number of new results, which will hopefully make this article
interesting to the experts as well. At the end of every section we discuss open problems and
possible future directions of research, which hopefully will attract attention of researchers
who wish to enter this area.

Outline of these notes. We continue this section with a detailed analysis of the model
example of the equation —Au = co|x| ™ u¢ on the exterior of the unit ball in RN, N > 3.
Here we demonstrate the main ideas which will be further developed in subsequent
sections. Section 2 contains some background material and an account of general facts
concerning linear and nonlinear equations. In Section 3 we study positive supersolutions
to (1.1) in exterior domains for £ being a second-order divergence-type linear operator
with lower-order terms. In every subsection of this section we first prepare the necessary
linear theory for the equation Lu = 0 and then pass to the semi-linear equation. First,
in Section 3.1 we study equation (1.1) with £L = —A + ﬁ where the influence of the
potential is clearly seen and the complete qualitative picture on the existence of positive
supersolutions to (1.1) is presented. In Section 3.2 we study (1.1) with £ being a uniformly
elliptic operator with all lower-order terms. Here we obtain new estimates for small and
large solutions to the linear equation Lu = 0 and apply them to the semi-linear equation.
In Section 3.3 we discuss the case of nonuniformly elliptic linear operators £. Section 3
ends with a discussion of open problems and possible extensions of the results. Section 4
contains an account of results on positive supersolutions to Lu = 0 and (1.1) on cone-like
domains. In Section 5 we describe the result on positive supersolutions to (1.1) in exterior
domains for the case of nondivergence-type linear £. New critical phenomena occur in
this case. Section 6 contains a brief account of the available results on the existence of
positive supersolutions to (1.1) for quasi-linear operators £. Appendices contain some
auxiliary information on the extended Dirichlet spaces and improvements of the Hardy
inequality.
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1.2. Model example

We start our discussion from a model problem.
LetN >3,G = By := RN\ By :={x € RY : |x| > 1}. Let u be a weak nonnegative
supersolution to the equation (see the definition below)

—Au = colx| " ul. (1.7)
First, we establish the existence of a positive supersolution to (1.7) in the form u =
cr*, r = |x| with some positive ¢. Simple computation then shows that —A(AL + N —

2)r*=2 > ¢4~ 1p=9+%4  So, for such a solution to exist we must have A — 2 > —o + Ag
and —A(L+ N —2) > 0. So

AMA+N—2)<0 and A(g—1) <o —2. (1.8)

This immediately implies that ¢ > 1 + %, ifg > 1,ando > 2forg < 1. Letus

introduce the set on the plane (g, o)
N ={(qg,0) € R? \ {1, 2} : equation (1.7) has no positive supersolutions}.

For ¢ = 1 equation (1.7) becomes linear, and for ¢ = 2 (and only for this value of o)
the existence of positive solutions depends on the value of the constant cy. As we will see
in the main body of the paper, the answer is directly related to the Hardy inequality. The

_ 2
answer is this: positive solutions to (1.7) in By exist if and only if ¢ < (¥> .
From the above calculation we conclude that

N C{(g,0) : 0 <min{2,2+ (2 — N)gq}.

It is remarkable that in fact we have the equality of these sets, so that the conditions (1.8)
identify the existence zone precisely. The result is formulated in the next theorem and
illustrated by Figure 2.

Let us remind the reader of the precise definition of weak (super-) solutions.
Wesay that 0 < u € HI})C(G) is a nonnegative supersolution to (1.7) in a domain G € RV
if

/ Vu-Vodx 200/ ule|x|~%dx (1.9)
G G

forall0 < ¢ € Hc1 (G) N L(G) (here and below subindex c stands for elements with
compact support). The notions of a nonnegative subsolution and solution are defined
similarly by replacing “>" with “<” and “=" respectively. Here and below HJ (G) and
L2°(G) stands for functions from H 1(G), from L>(G) respectively, with compact support
in G. (The complete notation for the paper is given at the beginning of Section 2.)

THEOREM 1.3. N ={(g,0) : 0 <min{2, (2 — N)(g — 1) + 2}}.

In order to prove Theorem 1.3 we only have to prove the nonexistence part. And for this
we have to distinguish two cases: superlinear ¢ > 1 and sublinear ¢ < 1, as the techniques
are different for them.
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Existence

Nonexistence

Fig. 2. Existence and nonexistence zones for equation (1.7).

1.2.1. Superlinear case q > 1

We divide the proof of nonexistence into several steps.

Step 1. Initial estimate for supersolutions. First, notice that u > 0 in 2 by the maximum
principle (see, e.g. Theorem 2.4 below) implies that either u = 0in G, oru > 0in G. So
without loss we can assume that infjy—j u(x) > 0 (otherwise change G to RV \ BS). Set
v(x) = clx|>N with ¢ < inf|y|=1 #(x). Then by the weak maximum principle we obtain
that #(x) > v(x) almost everywhere (a.e.), i.e.

ux) > clx* N for|x| > 1.
Step 2. Linearization. Write (1.7) in the form —Au = Vu with V = ¢o|x|°u?~'. From
Step 1 we conclude that u satisfies the inequality

—Au > x| x| 9"DE=Ny for x| > 1. (1.10)

. . .. N— N—
Step 3. Proof of nonexistence in the subcritical case 1 < q < 3=%. If ¢ < {=5 then

(1.10) implies that for some ¢ > 0 we have

2y for |x| > 1. (1.11)

—Au > c|x]|

Now we prove that there is no positive u which satisfies (1.11). For this we use a scaling
argument. As u satisfies (1.11) in the exterior of the unit ball, we can choose any R > 1
and use (1.11) in any annulus Ag 2g := Bag \ Bg. Let y = Rx, and set v(y) = u(Rx).
Then in new variables we have

—Av > cR%v, 1<yl <2
Note that infj<jy<2 v(y) > 0, so that v=! € L N H]!

loc loc*

Take 6 € CSO(ALz). Then

62 . . .. .
5 € Hcl, and we can use it as a test function for (1.11), plug it into (1.9) in place of ¢.
Then we have

92 £ 2
Vo V(= )dy=cR|6]3.
1<|y|<2 v
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By the Cauchy—-Schwarz inequality this implies

&

Ivol3 _

IVOI3 = cR*[10]3, >
19113

This is a contradiction, as the left-hand side of the last inequality is finite and does not
depend on R.
Step 4. Critical case q = %1‘; In this case (1.10) implies the inequality

c
—Au = —u for |x| > 1.
x|

2

Choose nu > 0 so that u < min{ (N—_2> ,c}. Let v be the smaller solutions to the
problem

|

—Av——v=0 forlx|>1, vly==1
|x|?
_N=2_ (N;z)z_u

It is straightforward that v(x) = |x| ° 2 , 50 v(x) = |x|> N with some

8 > 0. Also Vv € Lz(Bf), therefore one can apply a weak maximum principle in order
to compare u and v (this point will be explained in detail later in the next section, see
Theorem 2.4). Hence we obtained an improved lower estimate for u. Namely, we have
that u(x) > c|x|>~N*3 with some positive 8. Using this estimate in (1.10) we repeat Step
3, thus completing the proof. O

1.2.2. Sublinear case q < 1
We start with the following a priori estimate. This is the bound of Keller—Osserman-type
for supersolutions (see, e.g. [89] for the corresponding estimates for subsolutions).

LEMMA 1.4. Let u > 0 be a supersolution to (1.7) in G. Then there exists a constant
C > 0 such that

[N}

—0

u(x) = Clx[™e, |x|[> 2.

PROOF. By the maximum principle # > 0. Moreover, by the weak Harnack inequality
(see, e.g. [28, Theorem 8.18], also in the next section) u~! € L (G). Take 0 € C3°(G)
such that

Tagag <0 < Lagpopng and |VO| <3/R.

Then we can test (1.7) by % as it is from HC1 (G). Integrating by parts and using Cauchy—
Schwarz we obtain

/|V6|2dx > c0/92|x|—0u‘1—1dx.
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For the left-hand side (LHS) from the definition of # we have
/ |VO|?dx < CRN 2.

For the right-hand side (RHS) by the weak Harnack inequality

g—1
f92|x|—“uq—1dx > CRN_"( inf u(x)) .

A2R 3R

Now the assertion follows. O]

The above lemma implies that if a positive supersolution to (1.7) exists, then it grows at
infinity at least polynomially. Next argument will show that this is impossible, which will
lead to a contradiction.

We can always assume that u is strictly positive on the unit sphere (otherwise we start
the argument from the sphere of radius 2). Note that v(x) = Co(1 — |12~V is a harmonic
function on G, which is zero on the unit sphere d B; and tends to the constant Cy at infinity.
Choosing Cy sufficiently large (e.g. greater than infjy—> u(x)) we can make sure that u
“cuts a hat” from v, that is there will be a bounded region where v > u, and on the boundary
of which v = u. This is contradictory to the maximum principle, as A(u — v) < 0. Of
course, the argument is based on the maximum principle for classical solutions, but it will
be made precise for the weak solution in the subsequent sections (by means of Theorem 2.4
below).

1.3. Discussion

In the subsequent sections we are going to extend the result of the model example in several
directions. First, staying in the same exterior domain we are going to study the same
problem with a second-order elliptic differential operator £ in place of the Laplacian. We
investigate the influence of the structure of the operator and the behavior of lower-order
terms at infinity on the existence of positive solutions to the semi-linear and then quasi-
linear equation.

Analysis of the proof of the nonexistence in the model example shows that for the
superlinear case ¢ > 1 a minimal solution (see more on this in the next section) to the
Laplace equation —Au = 0 played a crucial role, where it was first seen in the initial
estimate for supersolutions. In the exterior domain G the fundamental solution of the
free Laplacian with the pole at zero can be taken as a minimal solution. So it is clear
that the estimates of the fundamental solutions of the second-order elliptic operators are
a key technical tool in our method of proving nonexistence of positive supersolutions to
the corresponding superlinear equations. For the sublinear case ¢ < 1 the key point was
the comparison with a large solution (a constant in case of the Laplacian). So for future
extensions we need to know the behavior of large solutions at infinity.

Another avenue of the investigation is the dependence of the nonexistence phenomenon
from the geometry of the underlying domain G. To clarify this point let us consider
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the existence of positive supersolutions to —Au > u? on a cylinder (we dropped the
polynomial-type potential in front of the nonlinear term for simplicity).

Let © ¢ R¥~! be a bounded domain. Let G = {x € RN : x' = (x1,...,xn_1) € Q}.
Then the equation

—Au = uf (1.12)

has positive supersolutions for every g € R.

Indeed, first consider the superlinear case. Let ¢ > 0 be the eigenfunction of the
Dirichlet Laplacian —Ag on 2 corresponding to the first eigenvalue A1 > 0. Then due to
the boundedness of ¢ one can choose T > 0 small enough so that (t¢) is a supersolution to
(1.12). Using the method of sub- and supersolutions one can also find a solution to (1.12).
Lety € HO1 (2) be the solution to the equation —Aqiy = 1. Then 0 < ¢ < A—ll Then it is
readily seen that T(1 4 v) is a supersolution to (1.12) for a sufficiently small T > 0, while
1 is an obvious subsolution.

For 0 < g < 1 let ¥ be the solution to the problem

~Aq¥ =1, ¢ e Hy(Q).

Then again, for an appropriate choice of t > 0, we see that T is a supersolution to (1.12).
For g < 0 one can show that the problem

—Ao¥ =+ 14, ¥ e Hy(RQ),

has a positive supersolution . Then o 4 1 is a positive supersolution to (1.12).

As a conclusion, our problem becomes trivial in the case of cylindrical domains,
and therefore for domains that can be embedded in a cylinder, i.e. domains with finite
inradius (including bounded domains). As an example of a domain with infinite inradius
we study cone-like domains where in the case of the Laplacian explicit values of the
critical exponents are available. We also study divergence-type operators with non-
smooth coefficients (in place of the Laplacian) in cone-like domains, where only qualitative
analysis is possible.

The ideas outlined in the model example turn out to be applicable to the case of the
nondivergence-type operators. We discuss the critical phenomena for this case in one of
the subsequent sections. If one does not assume that the coefficients of the nondivergence-
type linear part of the equation stabilize at infinity, then only qualitative results on the
number and rough position of the critical exponents are available.

Existence and nonexistence of positive (super-)solutions to quasi-linear equations is a
vast area of research with many open problems. In this article we only briefly discuss
the results on p-Laplacian perturbed by a Hardy-type potential and also a few results on
general quasi-linear equation.

2. Background, framework and auxiliary facts

Notation. Let G € R be a domain in the Euclidean space RN, N > 2. We write
x = (x1,...,xy), ¥y = (J1,...,yN) etc. for points in RV, and x - y = vazlxiyi,
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|x| = +/x - x for the Euclidean scalar product and norm, respectively. For R > 0, let Bg
denote the open ball of radius R centered at the origin, and for 0 < » < R let A, g denote
the open annulus Bg \ B,. Let 1g denote the characteristic function of a set § C RY. We
denote by Supp(f) the support of the function f. As is standard, # A v and u Vv v stand
for inf{u, v} and sup{u, v}, respectively. The sign f =< g is used in the text to mean that
there are two positive constants c¢; and ¢ such that c1g < f < c2g. We often use (fg) to
denote | fgdx, where the set of integration is clear from the context. Letters ¢ and C are
used to denote the constants whose exact value is of no importance.

As usual, for a domain G, the space CC1 (G) denotes the space of continuously
differentiable functions on G of compact support. For p € [1,00], |- ll, = Il - lIp.c
denote the norm in the space L? (G, dx). We write that w € Lf;c(G) if Bw € LP(G) for
any 6 € Cg. (G).

If G is bounded, ¢ — ||V¢|» defines a Hilbert norm on Cg (G) and the completion is
denoted by HO1 (G). For an unbounded G we will consider a weighted norm ||¢ || D, =
||h%V¢||2 with some positive measurable weight function %, such that h*! e Ly (G).
Then the completion of C Cl (G) in this norm might cease to be a functional space. Namely,
there might exist a sequence ¢, € CCI(G) such that ||h%qu,Z [ — 0asn — oo while
[[¢nll2 = 1 for all n € N. If this is not the case then a Hardy-type inequality holds: there
exists an a.s. positive weight w locally integrable over G, such that ||h%qu||2 > ||w%qb||2
forall ¢ € Ccl (G) (see [69]). We will always assume that the latter is the case and denote by
Dé’ ;(G) the completion of C Cl (G) in the norm || - || 1 If h is a constant we omit subindex

h and write simply D} (G). By D!(G) we denote D'(G) = {u € L} (G) : Vu € L*(G)}.

loc

The space Dé ,(G) is a Hilbert and Dirichlet space, with the dual D;l(G), see, e.g.
[26]. This implies, amongst other things, that Dé’ ,(G) is invariant under the standard

truncations, e.g. v € Déh(G) implies that vT = vV 0 € D(]) (G, v = —(vA0) €
Dé »(G). The local spaces HIIOC(G), DIIOC(G), etc. are defined in the standard way: a

measurable function w belongs to Hl}m(G), Dlloc(G), if Bw belongs to HOI(G), Dé,h(G),
respectively, for all 0 € CLI. (G). Similarly, DLI. (G), HJ (G), D;l denote the subspace of
functions in D(l)’ 2(G), H(}(G) and Dh_l, respectively, with compact support in G. We
denote by (-, -) the duality form between Dé’h(G) and Dh_l(G), L?(G) and Lp/(G),
D!(G) and D, ;) (G), D] (G) and D7 (G) ete.

The above functional analytic setting allows us to define one of the main objects of our

study, the differential operator £ given by
Lu=—-V-a-Vu+by-Vu+V-(bu)+ Vu, 2.1
V-.a-Vu := Z%:] aix,vaij %{u, a = (ajj ()c))fvj=1 is a real measurable matrix-valued

function on RY. We assume throughout the paper that

N N
Y ai(EE = hWIEP, Y ai(0)En; < Ch)IEl,
i,j=1 i,j=1

VE, n,x € RV, 2.2)
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where h*! € Lﬁfc(G) is as in the definition of Dé’ 5 (G). If h is a constant, we say that the
matrix a is uniformly elliptic. The lower-order terms, the vector fields b1 and b, and the
potential V, are supposed to be real-valued. For the sake of transparency we restrict our
discussion to the case of all the coefficients of £ being locally bounded and concentrate
our attention at their behavior at infinity.

The operator L is defined via the bilinear form

E(u,v) ::/ Vu-a-Vvdx+/
G

b1 -Vuvdx —/ vby - Vudx
G G

+f Vu?dx,u,v e CHG). (2.3)
G

We always assume the conditions on by, by and V (specified in the subsequent sections)
such that £ is a bounded coercive form on Dé’h(G), that is, that the following two
inequalities hold:

1
E(p, 9) = Cllh2Vgl5, ¢ € CHG), 2.4)
1 1
1€, ¥ < Clh2Vel2 2Vl ¢, ¥ € CHG). (2.5)

A standard sufficient condition for this is the form boundedness of the lower-order terms,
that is, there exists &g € (0, 1) such that

b? + b3
/ W +|V| u dx<(l—£0)/Vu a-Vudx
G

forall 0 <u € H'(G). (2.6)

Condition (2.5) implies that £ is a bounded bilinear form on D(l)’ 2(G) x D(l)’ »(G) and
a continuous bilinear form on Dlloc(G) X Dcl, (G). Hence the form defines a bounded
hnear operator E D (G) — D~(G) which is extended to a continuous linear operator
(G) — Dl(G), by

loc loc

(Lu,0) :=Ewu,0), 6eClG).

In particular, we say that a functlon u is a weak supersolution (subsolution) to the
equation Lv = f in G with f € D;_ (G) ifu € DL (G) and

loc loc

Ew, @) = (f,d), (<(f.9)) ¢€CHG),¢=0. 2.7)

If u is both a supersolution and a subsolution, we say that u is a solution to Lv = f in
G. Condition (2.4) implies that £ : D 2(G) = Dy (G) is a homeomorphism. Hence
the following lemma holds, which is a stralghtforward consequence of the Lax—Milgram
theorem.

LEMMA 2.1. Let assumptions (2.5) and (2.4) hold. Then the problem Lv = f, v €
D(l) 1 (G) has a unique solution for every f € Dh_1 (G).
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In particular, v = 0 is the only Dé 4 (G)-solution to the equation Lv = 0in G.

COROLLARY 2.2. The cone of positive supersolutions to the equation Lv = 0 is infinite
dimensional.

PROOF. For n € N, let fi, fa,..., fu € C.(G) be nonnegative disjointly supported
functions and, for k = 1,...,n, let v € Dé’h(G) be the solutions to the equations
Lvr = fx. Then v, k = 1,...,n, are linearly independent positive supersolutions to
Lv =0. O

Let I' € 9G. We say that w € D} (G) satisfies w = 0 on I" if Bw € D (G) for all
0 e Ccl, (RN), such that Supp (@) N (@G \T) =0. Wesaythatw > 0onT if w™ =0on
[ in the sense described above and that u, v € H! (G) satisfyu >vonTif (u—v) >0

loc
onl".

LEMMA 2.3 (Kato-type inequality). (see [2, Lemmas 2.7, 2.8, 2.10]) Let v be a subsolution
to the equation Lu = f. Then |v| is a subsolution to the equation Lu = f signv.
Let v be a subsolution to the equation Lu = f such that v = 0 on T' C 0G. Then
E,0) < (f,0) forall € C}(RN), Supp (0) N (3G \T) = 0.
PROOF. The result follows by choosing ¢ = ;-6 in (2.7), with v; = vu? + &2. Note that
v% = ‘z—;Vv so that Vv - a - V(U%Q) < Vue -a- V0 and % — signv pointwise and
L —0ase - 0in Ly (G). O

Maximum and comparison principles. The following theorem provides the maximum and
comparison principles for equation Lu = 0 in G, in a form suitable for our framework. We
give the full proof for completeness, though the arguments are mostly standard.

THEOREM 2.4. Let Lu > 0in G and let v € D(l) 7 (G) be such that u= <v. Thenu > 0.

The proof is based on the following two lemmas. The first one is a weaker version of
Theorem 2.4.

LEMMA 2.5 (Weak Maximum Principle). Let Lu >0, u™ € Dé’h(G). Thenu > 0in G.

PROOF. Let (p,) C CZ°(G) be a sequence such that |lu™ — (p,,||D(1)h — 0. For every
neN,setu, =0VvVg, Au".Since0 <u, <u~ € Déyh(G) and
/ IV(u™ — un)|?h dx = / IV(u™ — @) |Phdx +/ |Vu~|*hdx
G {05%514_} {<ﬂn§0}

< / IV(u™ — @n)?h dx +/ |Vu~|Phdx — 0,
G {pn=0}

by the Lebesgue-dominated convergence, we conclude that |u™ — u,]| D, — 0

(cf. [26]). Taking (u,) as a sequence of test functions and using (2.4) and (2.5) we
obtain
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0<Ew,uy)=—-EW ,uy) —> —EWm ,u") asn — oo.

Hence u= = 0. O

The next lemma provides an appropriate comparison principle.

LEMMA 2.6 (Weak Comparison Principle). Let 0 < u € HILC(G), v € Dé_h(G) be such
that L(u —v) > 0in G. Thenu > v in G. '

REMARK 2.7. Note that the assertion of Lemma 2.6 follows from Lemma 2.5 if one
assumes in addition that u € H'(G).

PROOF. Let (G,),cn be an exhaustion of G, i.e. an increasing sequence of bounded
smooth domains such that G, € G,4; € G and UG, = G. Denote f := Lv €
Dh_1 (G). Letv, € Dé’h (G,) be the unique weak solution to the linear problem Lv, = f
in G,. Then L(u — v,) > 0in G, withu — v, € H'(G,),and 0 < (u — v,)~ < v} €
Dé’h(Gn). Therefore (u —v,)~ € Déyh(Gn). By Lemma 2.5 we conclude that v, < u. Let
U, € D(l)’h(G) be defined by v,, = v,, on G, and v, = 0 on G \ G,. To complete the proof
of the lemma it suffices to show that v, — v in D(l)’ 4(G). Indeed,

-2 - -
clonllyy = E@n) = {f,va) = €llf g1 )10l py )

IA

C”v”[)(l),h(c) |V “D(l),h(G)'

Hence the sequence (v,) is bounded so weakly compact in D(l)’ 7(G). Letv, € Dé’ 7 (G) be
a limit point of the sequence and let (v;) denote a subsequence, that converges weakly
to vx. Now let ¢ € HCI(G). Then Supp(¢) C Gy for all k € N large enough so
E(vg, ¢) = (f, ¢). Hence E(vy, @) = H/?lg(ﬁk’ ©) = (f,p). Sov, v, € D(l)(G) and
Lv, = Lv. Hence v, = v. Since v, is an arbitrary limit point of the sequence (v,), we
conclude that v, — v weakly in D(]), 2(G). O

PROOF OF THEOREM 2.4. Let w satisfy Lw > 0in G, and let v € D(l) 7 (G) be such that

w~ < v. Denote u = w + v. Thenu > 0 and L(u — v) > 0, hence the assertion follows
from Lemma 2.6. O

Solutions between sub- and supersolution. The following is a fairly standard Caccioppoli
inequality.

LEMMA 2.8 (Caccioppoli inequality). Let (2.2) and (2.6) hold. Then for every two
subdomains G' € G" € G there exists a constant ¢ > 0 such that every subsolution v
to the equation Lv = f in G enjoys the following estimate:

”U”HI(G/) < C(”U”LZ(G//\G/) + ”f”D_l(G//))’ G/ c GH (S G.
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PROOF. Let @ € C!(G) be such that 1g» > 6 > 1. Then £(v, v82) = (f, v6?). Now
the assertion follows from the next identity:

E, v0%) = EvO. 16) +/ [UV(UG) a—dT)- Ve
G
— V0 -a-V0 —v20(b) + by) - ve] dx. O

In the next theorem we prove the existence of a solution between a supersolution and a
subsolution. Results in this direction can be found in [19,18,63]. We give this result in the
form most appropriate to our further applications.

THEOREM 2.9. Letu,v € Hléc(G) be a supersolution and a subsolution to the equation
Lw = f(w) in G, respectively, u > v a.e.

Assume that for almost all x € G, for a fixed x, the mapping [v(x),u(x)] > w +—
f(x, w) is nonnegative and continuous and for every G' € G there exists M = Mg > 0
such that

f(-wil)_f(-wi2) > _

wp — w2

M, v(x) <w; <wy<uk), xeG. (2.8)

Then there exists a solution w € H! (G) to the equation Lw = f(w) in G, such that

loc
v<w =<ua.e.
PROOF. First we show that, for every G’ € G, there exists a solution w to the problem
Lw=fw) inG and w=v onG\G.
Define the monotone correction f: as follows:

fx,v(x) + Mgvx) w=<vkx),xeCG
for(x,w) =14 f(x,w)+ Mgw v(x) <w <ux),x G
f,u(x))+Mgu(x) w>ux),xcG.

Then w — fg/(x, w) is nondecreasing for a.a. x € G’ and u and v are a supersolution and
a subsolution to the equation Lw + Mgw = fg/(w) in G'. Note that fg(w) < fg(u) =
f(u) + Mgu € H='(G") for all measurable w.

Set wop = v and, forn =1, 2, 3, ... let w, be the solution to the following problem:

Lw, + Mgw, =fg(w,—1) in G,
w,=v inG\G.

Then |lwallgigy = clvligi ey + e @llg-1). Moreover, by the maximum
principle,
V=W =W S W2 = .. Wy S Wht] S UL

Hence w, — wg' € H'(G)) asn — oo pointwise and weakly in H'(G)). Sov <
we <u,wg =vin G\ G and Lwg + Mgwg = fg(wg) & Lwg =f(wg) in G'.



Positive solutions to semi-linear and quasi-linear elliptic equations on unbounded domains 193

Observe that wg: < wgr provided G’ € G” € G. Indeed, wgr > wg in G \ G/, and
both wgs and wgr satisfy the equation Lw + Mgw = fg/(w) in G'. Let z = wgr — wgr.
Then Lz + Mgz = fg(wg) — f(wgr) in G’ and 7T € H(} (G’). Hence

EEH) + Malzt 13 = £z, 21 + Mg (z, zF)
= (fg'(wg') — fgr(wgr), z7) < 0.

Thus zT = 0, and hence wg < wgr.

Let now (G,),eN be an exhaustion of G and let w, := wg,. Since w, is monotone it
suffices to prove that it is bounded in Hlfm(G) to conclude that the pointwise limit w solves
the equation Lw = f(w). Let G’ € G” € G. Then Lw, + Mgrw, = fg'(w,) in G” for
all n such that G,  G”. Hence, by Lemma 2.8,

||w,,||H1(G/ =c (||wn||L2(G”\G’) + ||fG”(wn)||H—I(G//))

=c (”u”LZ(G”\G’) + ”fG’/ (M)HH*I(GH)) .

So the sequence (w,) is bounded in le)c

(G). O
Minimal and large solutions. As we saw in the previous section discussing the model
example, two harmonics in an exterior domain played the crucial role in the method. One
was the fundamental solution of the Laplacian with singularity at zero, considered in the
exterior of the unit ball. By comparison, we saw that every superharmonic outside the
ball dominated this decaying at infinity solution. The other was a positive constant, the
unique (up to a multiplicative constant) entire positive harmonic function, and we saw that
in certain sense this one dominated the supersolutions.

So, we call it in the discussion below a minimal or small solution. The other one was
just a constant. This type of solution will be later called large. Below we discuss these two
types of solutions to the homogeneous equation.

Minimal positive solution. Let G C R be an unbounded domain and B, a ball of radius
r > 0 centered at the origin. Suppose that G N B, # @. Let p > r. Consider the equation

~V-a-Vu+bVu+Vbu)+Vu=0 inG\ B,. (2.9)

We say that v > 0 is a minimal positive solution to (2.9) in G \ Bp if v is a solution to (2.9)
in G \ B, and if for any r € (0, p) and any positive supersolution # > 0to (2.9)in G \ B,
there exists ¢ > 0 such that

u>cv inG\ B,.

This notion was introduced by Agmon [2] (see also [57-59,67,68,70]), where it is called
the solution of minimal growth at infinity.

Below we construct a minimal positive solution to (2.9) in G \ Bp. Let0 < ¢ €
CX(G\ By), ¥ = 1 on Q for some Q| € GNJB, and Supp(y) NdB, C G N IB,.
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Thus fy :=V-a-Vy —by -V —V(bayy) — Vi € D~1(G\ B,). Let wy, be the unique
solution to the problem

~V.a-Vw+by-Vw+Vbw) +Vw=fy, we D(l)(G \ Bp), (2.10)
which is given by Lemma 2.1. Set vy, := wy + V. Then vy, is the solution to the problem
~V-a-Vo+b -Vo+V(bw)+Vv=0, v—1v eD}{G\B,. (2.11)
By the weak Harnack inequality vy > 0in G \ Bp.
LEMMA 2.10. vy is a minimal positive solution to equation (2.9) in G \ Bp.

PROOF. Let u > 0 be a positive supersolution to (2.9) in G \ B,. By the weak Harnack
inequality there exists m = m(2y) > 0 such that u > m in ;. Choose ¢ > 0 such that
¢y <m.Thenu —cyy >0in G\ By, cwy, € Dé(G \ By) and

(=V-a-V4+b-V+Vby+V)((u—cyy) —cwy)
=(=V-a-V+b -V+Vby+V)u>0 inG)\ B,.

By Lemma 2.6 we conclude that u — ¢y > cwy, thatis u > cvy in G \ Bp. O

In the next sections the above construction will be applied for the whole of RY or a cone
in place of G.

PROPOSITION 2.11 (Large solution). Let (2.4) and (2.5) be fulfilled. Then there exists a
positive solution v; to the equation Lv = 0 in Bf such that v; = 0 on 0 Bj.

Moreover, every such solution v; enjoys the following properties:
limsup,_, o, vi/u > 0 for every positive supersolution u to the equation Lv = 0 in l_?f
and there exists a positive supersolution uy to the equation Lv = 0 in BIC such that
limsup,_, o, v/uy = 00.

PROOF. Let R, > 1, R, — oo as n — oo. Choose a reference point 0 € Aj g,. Let
v, € H (B‘) satisty Lv = 01in Ay g,, v =00ndB, v = ¢, on BR , with ¢,, chosen so
that vn(o) = 1. Then, for everym > 1 andn > m + 1, by Lemma 2.8 ||v,,||Hl(A1 Ry) =
c||v,,||Lz(ARm, Ryiy)" Due to the Harnack inequality, SUPrea, g, ., v, (x) < cpvp(0) = cpy.

So v, is weakly compact in HILC(Bf). Let v, € lOC(B ) be its limit point and vy be a
subsequence such that vy — v; weakly in H, 1OC(B':) Let¢ € C, '(RM) such that ¢ =0on
dG. Then Supp(¢) C Bg, for k large enough. Hence &(vy, ¢) = lim E(vk, ¢) = 0. So v;
is a solution to the equation Lv = 0 in Bf. Moreover, v; = 0 on B and v; > 0 in B]” by
the Harnack inequality since v;(0) = 1.

Now we pass to the second assertion. Assume, to the contrary, that there exists a u > 0
such that Lu > 0 and v;/u — 0 as x — oco. Fix ¢ > 0. Then there exists R > 0 such
that v; < egu in B;,. Hence v; < eu on 0Br U dBj since v; = 0 on dG. So v; < gu in
A1 g by the maximum principle (Theorem 2.4). Hence v; < eu in Bf sovy=0ase — 0,
contradicting the fact that v; > 0.

Now we prove the last assertion.
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Assume, to the contrary, that limsup, _, ., v;/u < oo for all # > 0 such that Lu > 0.
Then v;/u is bounded in BIC for every such u. Indeed, limsup, _, ., v;/u < oo implies that
there exist ¢, R > 0 such that v; < cu in E;. Hence v; < cu on dBg U By since v; = 0
on dB1. So v < cu in Aj g by the maximum principle (Theorem 2.4) and hence v; < cu
in Ef. Now fix u > 0 such that Lu > 0 and u is not a multiple of v;. Let C := Sup e v /u.

Then 4 := u — %vl > 0and L& > 01in Bf. Hence there exists ¢ > 0 such that v; < cu,

that is, (% + %)vl < u. This contradicts the definition of C. O

In the case of our assumptions of locally bounded coefficients (and even with mild
singularities) in the same way (normalizing at 0) one can construct an entire solution,
i.e. the solution defined on the whole of RV .

The above notions of small (minimal) and large solutions are consistent with a
classification of solutions which naturally follows from the following version of the
Phragmen—Lindelof principle (we follow [8], see also [48,49]). We formulate it in the
case of exterior domains.

THEOREM 2.12 (Phragmen-Lindelof principle). Let v be a positive subsolution to
equation (2.9) in RN \ B{. Then one of the two assertions holds.

. ) . s N e
(i) For every positive supersolution u in R \ Bj

lim sup M > 0. (2.12)
R—00 x| g U(x)

(ii) For every positive supersolution u in RN \ By
lim sup M < 00. (2.13)
R—00 x> R u(x)

PROOF. Suppose that (i) does not hold. Then there exists a supersolution u* > 0 to (2.9)
such that

. v(x)
lim sup =
R—00 |5 R U*(X)

0. (2.14)

Let u > 0 be an arbitrary supersolution to (2.9). By the weak Harnack inequality for
supersolutions and local supremum estimates for subsolutions [28] there exists a constant
¢ > Osuchthatu > cvon Aj ». For t > 0 define v, := cv—rtu*. By (2.14) forany t > 0
there is R > 0 such that v; < 0 for |x| > R. By the maximum principle the inequality
holds for 2 < |x| < R, and therefore for x € RN \ B,. This implies (2.13). O

Example. We already discussed the case of the Laplacian on the exterior of the unit ball.
There we have the fundamental solution ¢|x|>~" as a small solution and a constant as a

_ 2
large solution. Now let us look at the equation —Au — #u =0on Bf, withc¢ < (#) .

There are two solutions satisfying the boundary condition u|y=; = 1, one of which is
small and the other large. They are vy = |x|”~ and v; = |x|*, where y_ < y4 are the
roots of the quadratic equation )/2 +y (N —2) 4+ ¢ = 0, and obviously vsv; = |x |2_N . We
will return to this example in the subsequent sections.
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Positive supersolutions and the Hardy inequality. In the case of symmetric forms £ without
first-order terms (i.e. by = b = 0) there is a straight connection between the existence
of positive supersolutions to the equation Lu = 0 and the positivity of the form & (see [2,
Theorem3.1], [20, Theorem 4.2.1]).

The same relation for the general case in the presence of the drift terms b; and b, seems
to be not true. However, the next theorem provides

THEOREM 2.13. Let condition (2.6) be satisfied. Let 0 < u € HILC(G) be a solution to
Lu > Wu. Then there exists a constant C > 0 such that for every ¢ € C3°(G)

C(Vg-a Vo) = (We?). (2.15)
Moreover, if the matrix a is symmetric and by = by = V = 0 then one can choose C = 1.

PROOF. Let ¢ € C3°(G). As already mentioned, u > 0 in G and u~l € L% (G) (by

loc
2
Harnack). This allows us to choose % as a test function for the inequality Lu > Wu. We
obtain

Vu Vu Vu Vu
—\p—a-9—)+2{Vp-a-o— )+ (b1 +b2) - ¢— ) —2pb2- Vo)
u u u u
+(Ve?) = (We?).
The rest is Cauchy—Schwarz and use of the conditions on b1, by and V. O

The above theorem shows that the existence of positive supersolution to the equation
Lu — Wu = 0 implies that W satisfies a Hardy-type inequality (2.15). From this and the
sharpness of the Hardy inequality (see Section B) in exterior and cone-like domains, one
immediately derives the nonexistence principle which states that if the potential W decays
at infinity slower than & than the equation Lu — Wu = 0 has no nontrivial nonnegative

supersolutions in any exterior or cone-like domain. We give precise formulations in the
corresponding sections (compare [38], [70, p.156]).

3. Exterior domains. Divergence-type equations

In this section we study the existence and nonexistence of positive weak (super-) solutions
to the equation

Lu = colx|"u? in Bf, co > 0, (3.1)
where
Lu=—-V-a-Vu+by-Vu+Vbu)+ Vu

V-.a-Vu:= Zzszl %aij %u, a = (ajj ()c))fvj_1 is a real measurable matrix-valued
) i J =

function on RY which we assume to be locally elliptic, uniformly in binary annuli i.e. that
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there exists function £, c 1< % < Cfor R < |x|, |y| < 2R, R > 0, such that

N

3 aijEE; = h()lEl, > aij(0En; < Ch(x)Elln,
i,j=1 i,j=1

VE, n, x e RY. (3.2)

The lower-order terms, the vector fields b; and b, and the potential V, are supposed to be
real-valued, locally bounded and satisfying the following assumptions:

h(x)Bi(|1x]) h(x)Bv (1x])

bi(x)| < —— i=12, V)l < N (3.3)

x|
where B;,7 = 1,2 and By are nonincreasing functions.
The conditions on the coefficients guarantee that weak solutions to (3.1) are continuous
(even Holder-continuous, see [28]). Positive weak solutions to the homogeneous equation
Lv = 0 satisfy the following Harnack inequality

sup v(x) < C inf v(x), (3.4)
AR 2R

AR 2R

where the constant C neither depends on v nor on R. This follows by scaling from the
standard Harnack inequality [28, Theorem 8.20]. Weak positive supersolutions to the
equation Lu = 0 also obey the weak Harnack inequality [28, Theorem 8.18], which is
again uniform on annuli.

If N > 3 and the matrix is uniformly elliptic, the classical result of Littman ef al. [53]
states that the fundamental solution I" (x, y) to the operator —V -a -V satisfies the two-sided
estimate

Clx =y ™V <T(x,y) < Clx — yP7V.

Large solutions are constants in this case, and the result and the proof of Theorem 1.3
extends to this case without any change. A nonuniformly elliptic diffusion part =V -a -V,
presence of lower-order terms and finally N = 2 are completely different matters due
to possible changes in the behavior of small and large solutions at infinity, to which any
mentioned factor can contribute.

Concerning the problem of the existence and nonexistence of positive solutions to (3.1)

one can ask the following two different questions:

e What are the conditions on the coefficients of the operator £ that ensure the validity
of the assertion of Theorem 1.3?

e If the conditions on the coefficients are such that the nonexistence set is different
from the one in Theorem 1.3, can one describe the changes quantitatively, or at least
qualitatively?

While the first question is mainly perturbation theory by small lower-order terms (how

small?) the second question is more involved.

We start our discussion with a model situation in which we are able to give a complete

answer to the second question.
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3.1. Laplacian with Hardy potential

In this subsection we study (1.1) in the case £L = —A — # The underlying domain G is

the exterior of a ball. In the exposition we follow [48], sometimes skipping technicalities.
So we study the equation

(—A — %) u=colx|°u?, inG,cy>0. (3.5)
X

2
Below we denote Cy := %

Y@+ N-=2)+nu=0 (3.6)

has real roots, denoted by y ~ < y+.
For 1 < Cy we introduce the critical line 0 = A, (q) on the (¢, o)-plane defined by

Au(@):=min{y (g —D+2,yT(g—1)+2} (geR),

and the nonexistence set as before

. If u < Cp then the quadratic equation

N ={(q,0) € R? \ {1, 2} : equation (3.5) has no positive supersolutions}.
The main result of this subsection reads as follows.

THEOREM 3.1. The following assertions are valid.
(i) Let w < Cy. Then N = {0 < A«(q)).
(ii) Let w = Cy. Then N = {o < A(q)} U {o = As(q), g = —1}.

We prove Theorem 3.1 in Section 3.1.2. In the next subsection we study the
corresponding linear homogeneous equations.

REMARK 3.2. For o = 2 and ¢ = 1 equation (3.5) is linear. Due to the Hardy inequality
(see Appendix B) it has positive supersolutions if and only if co + u < Cpg.

3.1.1. Linear equation
Consider the linear equation
—Au—ﬁlco inG =RV \ B. 3.7)
X
The existence of positive supersolutions to (3.7) is equivalent to the positivity of the
quadratic form £ defined by

Ew) =/ W.de—/ %uzdx, u e H'(G) N L®(G) (3.8)
G G X

(see [2] and in one direction Theorem 2.13). For u < Cg the domain of the closure of the
form is D(l)(G). For © = Cpy the improved Hardy inequality (see Appendix B) implies that
the extended Dirichlet space is well defined (see Appendix A), and comparison principle
(Lemma A.3) is applicable. The optimality of the Hardy inequality (B.1) immediately
leads to the following
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PROPOSITION 3.3. Equation (3.7) has positive supersolution if and only if u < Cp.

For the case © < Cy the small and large solutions to (3.7) satisfying vs|jxj=1 =
vljxj=1 = 1 are vy = |x|” and vy, = x|

For the case u = Cp they are vy = |x|% and v; = |x|% log |x|. In the latter case vy
belongs to the extended Dirichlet space, which can be verified by a simple computation.

Using Theorem 2.12 we obtain the following statement, with the notation mg(u) =
min|x|:R u(x)

THEOREM 3.4. Letu € H!
c1, ca > 0 such that
(1) if u < Cy then

(G) be a positive supersolution to (3.7). There exist constants

ClRV7 <mpg(u) < CZRera (3.9
(i) if u = Cy then
2N 2N
citR" 27 <=mg(u) < 2R 2 log(R). (3.10)

3.1.2. Semi-linear equation
In this subsection we prove Theorem 3.1 considering separately superlinear and sublinear
cases.

Proof of Theorem 3.1 (Superlinear case ¢ > 1). We consider separately the cases © < Cpgy
and u = Cpgy.
Case u < Cpy: Nonexistence. The proof goes much in the same way as in Section 1.2.
First we prove the nonexistence of supersolutions in the subcritical case, i.e. for (g, o)
below the critical line A*. Leto < ¥y~ (¢ — 1) + 2. Let u > 0 be a supersolution to (3.5).
Then u is a supersolution to (3.7). By Theorem 3.4 there exists ¢ > 0 such that

mgr) >cR” (R >2).

Linearizing (3.5) and using the bound above, we conclude that u is a supersolution to

% _
u— Py YD RN By, G.11)
|x|? |x|?

where V (x) := cou?!|x|>~7 satisfies
V(x) =t x|y @D+ iy RN\ B,.

Then the assertion follows by Proposition 3.3.

Now let o0 = y~ (g — 1) + 2. Arguing as above we conclude that u is a supersolution
to (3.11) in RN \ B, with V > § for some § > 0 (8 can be chosen small enough so that
u~+ 8 < Cpg). Again applying Theorem 3.4 yields

mgr(u) > cR% (R >3)
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(o2 (o2
2
_2 2
L Y+ 1 Y-
q -1 1 q
N N
(@: 7~ <0,v 20 (0): v-=74=0

(©: 7-7+ <0 (d: 7—=7+<0

Fig. 3. The nonexistence set N of equation (3.5) for typical values of ¥ ~ and y .

with y;~ being the smaller root of the equation Y24+ y(N —2) 4+ (u +8) = 0, so that
¥s > v~ . Using the last improved bound in the linearization of (3.5) we obtain that u is a
supersolution to

oo Ve

u—
|x|2 x|

u=0 inRV\ Bs,

with V (x) 1= coud ™ x|>=% > c?7!x|%s @=D+2=9) and (¢ — 1) + (2 — o) > 0. The
assertion now follows from Proposition 3.3.
Case . < Cy: Existence. Letq > 1ando > y (g — 1) +2. Choose y € (y~,y™)
such that y < Z%f. Then one can verify directly that the functions
w = t|x|”

are supersolutions to (3.5) in RN \ B for sufficiently small 7 > 0.
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Case @ = Cpg: Nonexistence. Let u > 0 be a supersolution to (3.5). Then u is a
supersolution to (3.7). By Theorem 3.4 there exists ¢ > 0 such that

2—N
my(R)>cR 2 (R >2).

Using this bound in the linearization in the same way as above, we obtain that u is a
supersolution to —Au — \l;_|12 = 0 with u; > Cpg. Then the assertion now follows from
Proposition 3.3.

Case u = Cp: Existence. Letg > land o > y~ (¢ — 1) + 2. Choose 8 € (0, 1). Then

one verifies directly that the functions
2-N B
w:=1|x| 2 log” |x|

are supersolution to (3.5) in RV \ By for sufficiently small 7 > 0.

Proof of Theorem 3.1 (Sublinear case ¢ < 1). As before, we consider separately the cases
u < Cg and u = Cy. We start with two lemmas. The first one is already familiar in the
case of Laplacian (Lemma 1.4), and the proof is the same.

LEMMA 3.5. Let g < 1. Let u > 0 be a supersolution to (3.5) in G = RN \ B|. Then
there exists ¢ > 0 such that
2—0o
mgr(u) >cR™4, R >2. (3.12)
LEMMA 3.6. Let g < 1, p < Cp and o € R. Suppose that (3.5) has a positive
supersolution in G = RN \ By. Then there exists a positive solution to (3.5) in G.

PROOF. Letu > 0 be a supersolution to (3.5) in G. Then, as was shown before, u > cv in
G, where v(x) =c|x|” (y~ = Z*TN if u = Cg). Obviously, vy > 0 is a subsolution to
(3.5) in RN \ B,. Thus we can proceed via the standard sub and supersolutions techniques
to prove existence of a solution to (3.5) in RN \ Bs, located between cv and u (cf. [40,
Proposition 1.1(iii)] and Section 2). Finally, after a suitable scaling we obtain a solution to
(3.5)inG. O

Now we are ready to prove Theorem 3.1 in the sublinear case.

Case ;1 < Cpg: Nonexistence. We distinguish between the subcritical and critical cases.
When (g, o) is below the critical line, the proof of the nonexistence is straightforward.

So, firstletg < 1 and o < yT(g — 1) + 2. Letu > 0 be a supersolution to (3.5). Then
u is a supersolution to the linear equation

—Au—tu=0 nac. (3.13)
|x|?

By Theorem 3.4 we conclude that
mr(u) <cR’", R>2. (3.14)

This contradicts (3.12).
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Next we consider the case when o = y (g — 1) + 2 is on the critical line, and hence
(3.14) is comparable with (3.12). Let # > 0 be a supersolution to (3.5). Due to Lemma 3.6
there is a solution w > 0 to (3.5) such that w < u. Linearizing (3.5) and using the upper
bound (3.12) we conclude that w > 0 is a solution to

%
—%w— |(|xz)w=o in G, (3.15)
X X

where V (x) := ¢! x|2=? w9~ satisfies V (x) < ¢; in RV \ B,. Therefore by the strong
Harnack inequality

Mpg(w) := |n|1a)}ew(x) < Csmp(w), R >2,
X|=

with Cy independent from R. Hence combining this with (3.14) we obtain
Mp(w) < ¢cR"', R>2.

This implies that V (x) > § for |x| > 2, for some § > 0. Choosing § such that u +6 < Cy
conclude that w is a supersolution to the linear equation

u+9

Y =0 inRY\B,. (3.16)

—Aw —

Applying Theorem 3.4 to (3.16) we infer that
mp(w) < ¢RY (R >3)

with y;r being the larger root of the equation Y2+ y(N —2)+ (u+8) = 0, so that
y; < yT. Now we reach a contradiction with (3.12).
Case . < Cpy: Existence. Leto > y+(q — 1) +2. Choose y € (y~, yT) such that

y > Z—:f Direct computation shows that

w = t|x|¥

are supersolutions to (3.5) in G for a sufficiently large 7 > 0.
Case u = Cpy: Nonexistence. Recall that in this case y T = Z*TN For (¢, o) below
critical line (o < y (g — 1) + 2) the proof is the same as for < Cp, so we omit it.
Now letg € [-1,1)and 0 = yT (g — 1) + 2. Letu > 0 be a supersolution to (3.5)
in G. As above, we can find a solution w > 0 to (3.5) in G such that w < u. Arguing as
above by Theorem 3.4 we obtain

cR"" < mp(w) < cR” log(R).

The lower bound shows applicability of the strong Harnack inequality to equation (3.15)
which is obtained by linearization as the potential V(x) := ¢? “x|2=ow9! satisfies
V(x) < ¢y in RN \ B,. Therefore we infer that

Mgr(w) < CR”" log(R).

This implies the lower bound on the potential in (3.15): V(x) > C(log|x|)¢~'. For
q > —1 this contradicts the improved Hardy inequality (see Section B).
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The remaining case ¢ = —1 is the most delicate. w becomes a supersolution to the
equation
Cy .
—Aw——zw—szo, x| > 2,
x|

with V(x) = colx| " Yw=2 > ¢lx|"V(log|x|)~2. This is of course a limiting potential
for the improved Hardy inequality, and one expects that the upper estimate on w can
be improved as it was done in the previous cases. And indeed constructing an explicit
subsolution to the equation

CH &

w——zw——zw:O, |x] > 2,
x| x|V log” |x|

in the form r|x|7+(log Ix)? with B+ < B < 1, B being the larger root of the equation
B(1 — B) = &, one obtains the required improvement (again using Theorem 2.12 and the
Harnack inequality). This leads again to a contradiction to the improved Hardy inequality.

Case u = Cpg: Existence. One can construct a supersolution explicitly in the form

ulx) = r|x|2_TN(log |x])# choosing appropriately 7 > 0 and 8 € (0, 1). O

3.2. Uniformly elliptic case

In this section we study positive supersolutions to equation (3.1) with the coefficients
a, by, by, V satisfying (3.2) and (3.3) with & = const. We impose the following additional
quantitative assumption on a, by, by, V:

there exists g9 € (0, 1) such that

(N -2
—

The latter assumption guarantees the validity of (2.6) and hence (2.4) and (2.5).
As in the previous sections, we introduce the critical line 0 = A(q) on the (g, o)-plane
defined by

Alg) :=min{(2 - N)(¢ —1)+2,2} (g €R),

B+ B3+ By < (1 —ep) (3.17)

and the nonexistence set
N ={(q,0) € R? \ {1, 2} : equation (3.1) has no positive supersolutions}.
The main result of this subsection reads as follows.

THEOREM 3.7. Let N > 3 and conditions (3.2), (3.3), (3.17) hold, with h = const and
B1(r), Ba(r), Bv(r) = Oasr — oo. Then

{(g.0):0 <A@} CN C{g,0):0 <A@}
If, in addition, B1(r) + By (r) is a Dini function at infinity, then
N >{(g,0):0=Ag,q =1}
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If instead, B2 (r) + By (r) is a Dini function at infinity, then
ND{(g,0):0=2A(g),q =<1}
SoN ={(q,0) : 0 < A(q)} provided B1(r) + B2(r) + By (r) is a Dini function at infinity.

REMARK 3.8. (1) The diagram of the existence and nonexistence zones on the plane
(g, o) is the same as in Figure 2 with the exception of the critical line.

(2) For (g,0) = (1, 2) equation (3.1) becomes linear. So the existence of a positive
supersolution depends on the constant cy.

(3) The example below shows that the conditions on the lower-order terms are optimal
in a sense. Namely, for every ¢ € R one can produce a potential and drifts such
that the functions By, 81, B2 are not Dini at infinity and positive supersolutions exist
with value (g, o) on the critical line.

EXAMPLE 3.9. The function u(x) = c|x|*=N (log |x|)™% is a supersolution to the equation

—Au+ ——— = colx|°uN2, |x|>1,0 <2,
|x|*log | x|

_2)2 _
with k > (1\2,_? cmdlzvfa2 <o < £

The function u(x) = c(log|x|)* is a supersolution to the equation

“ul, |x|>1,q9 <1,

REMARK 3.10. In Theorem 3.7 it was not assumed that the matrix a is symmetric. If one
assumes that a is symmetric then the Kelvin transform is applicable (see, e.g. [34]), and
Theorem 3.7 can be applied to equations in punctured balls. For instance, in this way one
obtains the following result which is a natural extension of [15, Theorem 0.2] to the case
of divergence-type equations with measurable coefficients. For the case of the Laplacian,
the result in [15, Theorem 0.2] is stronger, as it asserts the nonexistence of distributional
solutions.

3, g > 1. Let a be symmetric and uniformly elliptic. Let

THEOREM 3.11. Let N >
> 0, be a solution to —V - a - Vv > colx|~2v? in By \ {0}. Then

ve HL (B \{0) v
v=0.

The rest of the section is organized as follows. In the next subsection we provide the
estimates for small and large solutions to the linear equation Lu = 0. In the subsequent
subsection we apply the obtained results to prove Theorem 3.7.

3.2.1. Linear equations
Here we study positive solutions to the linear homogeneous equation

Lu =0. (3.18)

Throughout this section we assume that N > 3 and & from (3.2) is a positive constant. The
main results of this subsection are the following four theorems.
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The first theorem provides the estimates for large solutions, existence of which was
proved in Section 2.

THEOREM 3.12. Let conditions (3.2), (3.3), (3.17) be fulfilled and B>(r), By (r) — 0 as
r — o0. Then for every positive solution v; € loC(]RN) to the equation Lv = 0 in RN
and for every ¢ > 0 there exists ¢ > 1 independent of x such that

—& & nc
—|xI7" = wux) <clx]®, x € Bj.

If, in addition, B> + Bv is a Dini function at infinity, then there exists ¢ > 1 independent of
X such that

1
- <y@x)<ec, xeRV.

9}

The next result gives the estimates of small solutions at infinity.

THEOREM 3.13. Let conditions (3.2), (3.3), (3.17) befulﬁlled and B1(r), By (r) — 0 as
r — 00. Then for a small positive solution vy € D, LRN) to the equation Lv = 0 in B,
and for every ¢ > 0 there exists ¢ > 1 independent of x, such that

1 _
PV < ug(x) < clxPVFE xoe BE
C

If, in addition, B1 + Bv is a Dini function at infinity, then there exists ¢ > 1 independent of
X such that

1 -
PV <wgx) <clxPN, x e B

The following theorem provides a polynomial correction to the estimates when L is
perturbed by a negative Hardy-type potential B IZ This result is vital for our proof of

nonexistence for the semi-linear equations in the critical case 0 = A(gq).

THEOREM 3.14. Let conditions (3.2), (3.3), (3.17) be fulfilled and B1(r), B2(r), By (r) —
Oasr — o0. Let v, € H]] (RN) and vy € Dl(]RN) be a large and a small positive

2
solutions to the equation Lv = E Izv on B¢, respectively, with 0 < ju < goh (N 2) and
&g is from (3.17). Then there exist y > 0 and C, ¢ > 0 such that

v(x) < Clx|™Y and vs(x) > c|x|PVNTY, x e l_?f.

One of the key results leading to the assertions of Theorems 3.13 and 3.14 is the next
theorem establishing a relationship between small solutions of the homogeneous equation
Lv = 0 and large solutions of the formally adjoint equation £*v = 0, where

L'u=—-V-a' Vu—V(bu)—bVu+ Vu.

The result is interesting and important in its own right.



206 V. Kondratiev et al.

THEOREM 3.15. Let assumptions (3.2), (3.3) and (3.17) be fulfilled. Let v; € 1OC(]RN)
be a positive solution to L*v = 0 in RN, Let vy € Dé (RN be defined by
Luy=0 in éf,
{vszvl, in By. (3.19)

Then there exists C > 1 such that

PN < yxvs(x) < ClxPY, x e By

Before passing to the proof of the above theorems we make a number of relevant
comments.

(1) Note that the above theorems are proved without the assumption that the matrix
is symmetric. For a symmetric matrix a and without first-order terms the result of
Theorem 3.12 holds for a more general class of potentials as was shown in [29,30].
Recently, global Gaussian bounds on the fundamental solutions of the parabolic equation
with potential were obtained in [92,52]. Integrating these over the time variable one obtains
two-sided estimates on the fundamental solution to the elliptic equation:

o0
',y =/0 p(t, x, y)dt,

where I' is the fundamental solution to the elliptic equation and p is the fundamental
solution to the parabolic equation (with time-independent coefficients).

In order to formulate the result we need the notion of a Green-bounded potential. Let
[z (x, y) be the positive minimal Green function to

—V.a-Vv=0 inR".

We say that a potential V € LlOC (RV) is Green bounded and write V € GB if

IVl := sup / Lo, MIVY)dy < o0,

xeRN JRY

which is equivalent up to a constant factor to the condition sup, gy [pv X —
yIZ NV (y)|dy < oo, but we will use below the numerical value of IVIlgp.a- One can
see, e.g. by the Stein interpolation theorem (see, e.g. [82,84]), thatif V € GB then V is

form bounded in the sense of (2.6). If V € Lloc, [V(x)| < b ‘V g) with By Dini at infinity
then V € G B with respect to —A, which can be easily verified.
The following theorem is a direct consequence of the result in [92,52].

THEOREM 3.16. Let V. € GB and |V~ |lgp,a < 1. Let u € DYRY), u > 0, be the
solution to the equation

—V-a-Vu+Vu=0 inRV\B. (3.20)
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Then there is a constant C such that
CNx PN <u@) < Cclx)>N. (3.21)

And of course, combining the above theorem with Theorem 3.15 we obtain the
corresponding result for large solutions in the whole space (see also [29,30,38,58,59,66,
68] for the case of symmetric matrices).

THEOREM 3.17. Let V € GB and ||V~ |lGp.a < 1. Then there exists a solution v > 0 to
the equation (3.22)

—V-a-Vu+Vu=0 inR", (3.22)
suchthat0 < ¢ <v < ¢ Vin RV,

(2) Concerning estimates for large and small solutions to equations with the first-order
terms the situation in the literature is quite different (as far as the authors can judge). For
the Laplacian perturbed by a drift term b - V the estimates for the fundamental solution
to the elliptic equation are valid under the corresponding Green-bound-type conditions for
the drift term [91,42]. Local in-time estimates for fundamental solutions to the parabolic
equations u; = V -a - Vu + b - Vu with general uniformly elliptic a and b satisfying
some integral conditions of Kato-type are obtained in [76]. However, the authors are not
aware of any results on the estimates at infinity of the fundamental solutions to the elliptic
equations for general uniformly elliptic non-smooth matrix a and non-smooth drifts »; and
b>. So Theorem 3.13 seems to be a new result in this direction. The authors believe though
that its improvement in the spirit of Theorem 3.16 should be true.

(3) As we already saw in the previous subsection, the potential decaying exactly as #
affects the estimates of both large and small solutions. In case of the Laplacian this change
in the behavior at infinity is expressed precisely via the constant . Theorem 3.14 provides
the “correction” in the general case of uniformly elliptic matrices in presence of all lower-
order terms and the negative inverse square potential.

(4) Theorems 3.12-3.15 in this form seem to be new and are being published here for
the first time. These results are of interest in their own rights as they provide estimates
at infinity for the fundamental solution of the full divergence-type second-order elliptic
equation with close to optimal conditions on the coefficients and for large solutions. The
assumption of local boundedness of the lower-order terms was made only in order to
simplify the exposition. The results should remain true for equations with mildly singular
lower-order terms of Kato-class type (see, e.g. [43] for the corresponding local results).

Proof of Theorems 3.12-3.15. Below we use the notation mpg(v;)) = minjg =g v;(x),
Mg (v;) = max|y|=r v;(x), and respectively for vy.

The proof of Theorem 3.15 requires the following rough estimate:
LEMMA 3.18. Let conditions (3.2), (3.3), (3.17) be fulfilled. Let vs € D(l) (RN) solve the

= N-2
equation Lv = 0 in Bf. Then vs(x)|x| 2~ — O asx — oc.
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PROOF. Since v € Dé (RY), the Hardy inequality implies that

5 v? ad v2
sl g ZC/ —‘de=CZ/ Sdx
DO(R ) B]C |X|2 k=0 Azk_2k+1 |.X|2

00

>y inf un)@HY2
k:02k§‘x|§2k+l

Hence (Zk WV -2 inf2k§| x|<2k+1 Vs (x) = 0ask — oo. The assertion follows by the Harnack
inequality. O

Let us introduce two cut-off functions.

if x| <R,
— Bl if R < x| < 2R, (3.23)
if |x| > 2R.

1
t=12
0
0 if x| <&
2
R
1

=]

27
x| —1 if £ <|x| <R, (3.24)
if |x| > R.

77:

Note that £ is suitable to cut-off a large solution v; and to use subsequently £%v; as a test
function.

The next lemma is a fairly standard estimate of the Caccioppoli type.

LEMMA 3.19. Let conditions of Theorem 3.15 hold and let & and n be defined by (3.23),
(3.24). Then there is a constant C > 0 independent of R such that

IV(EWI3 < CluVEls,
IV (s) 13 < CllvsVall3.

PROOF. The proof is fairly standard. First, note that
(&2, L*v) = 0.
From this integrating by parts, we obtain
EGu.Ev) = (VE-(a—a') - V(Ev)) — (Ev] (b1 — b) - VE).

The rest is the Cauchy—Schwarz inequality and use (3.3). The second estimate is proved
similarly. O

COROLLARY 3.20. There exist y > 0 and ¢ > 0 such that vi(x) > c|x|2_TN+Vf0rx € Bg.

PROOF. Set m, = m,(v;). Lemma 3.19 and the Hardy inequality imply

v ¢ 2
—2dx < 2 vl dx.
Bgr |-x| R AR,ZR
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Hence by the Harnack inequality there is a constant Cy > 0 independent of R such that

R
2 N-3 2 pN-2
/ myr™ 2dr < CompR”™ " ~.

0
This already implies the assertion with y = Clo : just integrate the differential inequality
¥(R) < CoRy'(R) with y(R) = [Xm,rN=3dr. O

PROPOSITION 3.21. Let the assumptions of Theorem 3.15 be fulfilled. Then there exists
C > 0 such that, for R > 1,

mg(v)mg(vy) < CR*N.
PROOF. For R > 0, set mp = mpg ';—;) = minjy =g ’;—; Note that f)—; — 0asx — oo by
Lemma 3.18 and Corollary 3.20. Let

_w if |x| < R,
§= nz—;/\vl, if |x| > R.

Denote Qr := {|x] > R : vy < mpgv;}. Note that Qp is open and its complement is
compact since v; and vy are continuous and ':j—; — 0asx — oo. Thenvg; — & € D(l)(Bf).
Hence we have

(Lvg, v — &) =0 < E(vs,v5—&)=0.

Therefore

Evg, vg) = E(vs, §) =mRrE (—R - f,é) +mprEE§, §).

Us
m
Note that YZ—AR —£c HOl (S_Zfe) and £ = v; on S_Zj‘e. Hence

5(i—s,s>=5<i—f,vz)=0-
mpg mpg

Therefore we obtain the equality

Evg, vg) =mprE(E, §). (3.25)

On the Other hand,
“lR(l’l)

Since ﬁ > 1 on Bg, by the definition of capacity we have

¥ ()

By (3.25) we then obtain

2

E(E,&) > C|IVE|} = Cm%(vy)

2
2

> cap(BR) = CRN2.
2

E(vs, v5) = Cmpgm% () R*™V.

Now the asserted upper bound follows from the Harnack inequality. O
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The above proposition provides an upper bound on the product m g (vs)m g (v;). Next we
obtain a lower bound on this product.

PROPOSITION 3.22. Let assumptions of Theorem 3.15 be fulfilled. Then there exists C > 0
such that, for R > 1,

Mg(u)Mg(vy) = CR>™N,

PROOF. Let & and n be defined by (3.23), (3.24). Then vy — &v; is a test function for the
equation Lvg; = 0 and (1 — n)v; is a test function for the equation L*v; = 0. Hence we
have

E(vg, vy — &) =0.
Therefore we obtain

Evg, v5) = EMg, §vp) + E((1 — Mg, Evp).

Since £ = 1 on the support of 1 — 7, using the equation for v; we conclude that

E( =y, Evp) = E( — g, v) = 0.
By Lemma 3.19 and the Harnack inequality

Evs. vy) = Eus. Evr) < CIIVOy) 21V Evpll2 < CMR(v)) M () RV 2.
Finally, by the definition of capacity

E(vg, v5) > C||Vus|3 = m3(v)cap(By). O

The next two propositions form a proof of Theorem 3.12.

PROPOSITION 3.23. Let (3.2), (3.3), (3.17) be fulfilled, and Br(r)r’, By (r)r’ be

increasing for some v € (0, %). Let v; € Hll)c (RN) be a positive solution to Lv = 0 in

RN. Then there exists a constant ¢ > 0 such that, for every R > 2 one has

mg2(v) = mr) (1 —c[B2(R) + Bv(R)]) and
Mg (v) < Mg(u)(1 + c[B2(R) + By (R)]).

PROOF. We prove the first assertion. The second one is proved similarly. For shortness
we write mg in place of mg(vy). Let w = mpg —v;. Thenmpg/ > mg — SUP . wt. For
7.R

w we have

Lw =mpg(V +divh) inBg, and wT € HOI(BR). (3.26)
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Then by [28, Theorem 8.25] we obtain

sup wt
A%,R
172
<cC R_Nf whldx | +mg sup <R2|V(x)|+R|b2(x)|)
A%R A%R

(3.27)

Testing (3.26) by w™ and using Cauchy—Schwarz and the Hardy inequality we arrive at

Ew,wh) =mp (/ VwTdx —f bZVw“de)
Br Br

12
< Cmg|Vuw'|» ( / (Vx> + |bz|2>dx) .
Br
Therefore by (2.4)
Vw3 < Cm% ( / (V2x)* + |bz|2>dx) :
Br

By the Hardy inequality we have

4\ 2
Vw2 > Cf <l|”—|) dx > CR—2/ (wh)2dx.
Br X A

R
R

Combining this with (3.27) we have

1/2
sup w < Cmp [R2N/ (Vx> + |b2|2)dx]
Bg

AR
KR

+ sup <R2|V(x)| + R|b2(x)|>

AR
R R

Using (3.3) we rewrite

R B2 () + B2(r) i
sup w < Cmpg RQ‘N/ vyl P N2,
0 r

AR
2R

+ sup (R2|V(x)| +R|b2(x)|)

AR
7R
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From the monotonicity of the functions Sy r" and Br" we have two consequences

2-N ﬁv(r)"‘ﬁz(r)zvz 2 2
R / dr = ~—5—=(BL(R) + B3 (R))

and By (R/2) < 2”ﬂv(R), B2(R/2) < 2"Ba(R).
This implies that there is a constant C such that

sup wh < Cmg[By(R) + fo(R)]. O
AR R
R
COROLLARY 3.24. In the assumptions of Proposition 3.23 for a positive large solution v;
to the equation Lu = 0 there are positive constants Cy, Ca, C3, C4 such that

mp() < CpeC2lo v +pN%

Mg(v) > Cze~ Jo 1By )+

PROOF. Iterating the inequality from Proposition 3.23 from |x| = R to |x| = | we obtain

1 Rl+1 [logy RI+1
my(u) Bl - €Y (Br+p(RA)
——==> ] [1-CBy+pR2"™)|>e
mp(vy) i
o—C [ Br+BD L
The second estimate is proved in the same way. O

REMARK 3.25. The assumption that the functions Sy r" and Bor" are increasing is purely
technical. One can easily see that the function

By i=vr™" f ﬁ(s)s“d—s
0 S

satisfies the properties y
(i) B(r) = B(r), B is decreasing and B(r) tends to zero as r — oo and so does B(r);
(i) E(r)r is increasing;

Gii) [F AL < [FBrE A

So if a function g is a Dini function at infinity, that is
o0 dr
B(r)— < oo, (3.28)
r
then B is also Dini at infinity.

PROOF OF THEOREM 3.12. The assertion follows directly from Corollary 3.24. 0

PROOF OF THEOREM 3.13. The assertion follows by combining the result of
Theorem 3.12 to the adjoint equation £*v = 0 with Theorem 3.15. O
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The next proposition forms the main part of the proof of Theorem 3.14.

PROPOSITION 3.26. Let conditions (3.2), (3.3) and (3.17) be fulfilled. Let vl* € Hch (RM)

be a positive solution to L*u = 0 in RN and let v € D(l) (RN be the solution to the problem

x[?

Lv=Lv on Bf,
" =~ (3.29)
V=1 on By,

2
with0 < u < goh <¥) , and &g is from (3.17). Then there exist y > 0 and C > 0 such
that

mrW)mg(y) = CR*NTY R > 1.

PROOF. For R > 1, let &, n be as in (3.23), (3.24). Due to this choice equation (3.29) can
be tested by v — &v;". Then we have

S(U,v—évl*):u/ v(v—évl*)|x|72dx.

|x|>1

Therefore

E(v, v)—u/ v2|x|72dx=5(v,$vl*)—u/ §vvl*|x|72dx.
|x]>1

|x|>1

In the same way as in the proof of Proposition 3.22 we obtain
E@, &v)) = E, §v)) < CRYN MR MR()).
On the other hand,

E(v, v)—uf v x| 2dx > 0.
|x|>1
Hence we conclude that
/ vuFE|x|"2dx < CRN 72 Mg (v) Mg (v}).
|x|>1
From this by the Harnack inequality it follows that
R
[ et i < Compm e RY2.
1

This implies the assertion with y = Clo, see the end of the proof of Corollary 3.20. 0

PROOF OF THEOREM 3.14. The assertion follows from the Proposition 3.26 combined
with (3.22) and Theorem 3.15. O

REMARK 3.27. Theorem 3.14 improves the estimate given in [38, Prop. 3.7]. In the proof
we combined ideas from the proof of Proposition 3.22 and [50].



214 V. Kondratiev et al.

3.2.2. Semi-linear equations
In this section we prove Theorem 3.7. Again we give separate proofs in super- and
sublinear cases.

Superlinear case—Nonexistence. 'We start with a nonexistence lemma which is a direct
consequence of Theorem 2.13.

LEMMA 3.28 (Nonexister_lce Lemma). Let conditions (3.2), (3.3) and (3.17) be satisfied.
LetO0 < W e Lf(fc(RN \ B)) be such that W (x)|x|> — oo as |x| — oo. Then the equation

Lu — Wu = 0 has no nontrivial nonnegative supersolutions in RN \ B for any R > 1.

Now we are ready to prove Theorem 3.7 for the case ¢ > 1. The strategy is the same as
in Section 1.2.1.

First, we prove nonexistence for (¢, o) below the critical line. Leto < 24 (2— N)(q —
1). Choose ¢ > 0Oand § > Osuchthat2 —o + (2 — N)(g—1) = (g — 1) + 6.
Let u be a positive supersolution to (3.1) and vs be a small solution to Lv = 0. Then
u > cvy since u is a supersolution to the equation Lv = 0. Hence u(x) > c|x|>~N~¢ for
X € I_S’f, by Theorem 3.13. So the potential W (x) := co|x|~“u9~! (x) satisfies the estimate
W(x) > clx|~2H forx e Bf and u is a supersolution to the equation Lu — Wu = 0. This
contradicts Lemma 3.28.

Nowleto =2+ (2 — N)(g — 1) and B; + By be a Dini function at infinity. Let u be a
positive supersolution to (3.1) and vy be a small solution to Lv = 0. Then vy > c|x|2_N , by
Theorem 3.13. Sou > cvg > c|x[>~N and W (x) := colx|"ud~'(x) > ¢|x| 72 forx € BE,
by the preceding argument. Hence u is a supersolution to the equation Lv = u|x| v
with x> 0 small enough. Theorem 3.14 implies that a small solution v to the latter
equation enjoys the estimate vs(x) > c|x|2_N+V for x € B¢, with some y > 0. Hence
u > clx|>"NT and W(x) == colx|7ud" (x) = c|x| 72T DY for x € Bf. Since u isa
supersolution to the equation Lu — Wu = 0, this contradicts Lemma 3.28.

Superlinear case—Existence. lLet o > 2+ (2 — N)(¢ — 1). Fix ¢, > 0 such that
2

0 =242 =N)(g—1)+ (g —1)e +8. Choose 1 such that 0 < 1 < eoh (NT—2) with &

as in (3.2) and &g as in (3.17). Let u be a small solution to the equation Lu = u|x| > %u

in B{. Then u < c|x|>"N** for x € B{, by Theorem 3.13. For a given ¢y > 0, choose
7 > 0 such that (z¢)?"'co < . Then tu is a supersolution to the equation (3.1) since

colx| ™7 (zu)?™ ! < (re)? ep|x| 7O HEMETDFEGD < 57200y > 1L

On the other hand, there exists a small solution vy to the equation Lv = 0 in Bf such that
vy < Tuin Bf. So vy is a subsolution to the equation (3.1). Hence, by Theorem 2.9, there
exists a solution v to the latter equation.

Sublinear case—Nonexistence. We start with the following lemma which is a complete
analogue to Lemma 1.4.
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LEMMA 3.29. Let u > 0 be a supersolution to (3.1) in G. Then there exists a constant
C > 0 such that

[N]

—0

u(x) > Clx|™=, |x| > 2.

First, suppose that o < 2. Set ¢ < %. Let u be a positive supersolution to (3.1). Then
u(x) > clx| T4 forx € B, by Lemma 3.29.

By Theorem 3.12, an entire solution v; to the equation Lv = 0 satisfies the estimate
v(x) < c|x|® for x € Bf. Since ';’((;‘)) — 0 as x — oo, we reach a contradiction to
Theorem 2.12.

Next, let ¢ = 2 and B2 + By be a Dini function at infinity and let u be a positive
supersolution to (3.1). Then u > ¢, by Lemma 3.29, and % < vy, < ¢, by Theorem 3.12.
Since v; is a subsolution to (3.1), there exists a solution to (3.1), by Theorem 2.9. This
solution will be also denoted by u. Since u > c, the potential co|x|_2u" —1 satisfies (3.3).
So u enjoys the Harnack inequality and hence is bounded between two positive constants.
Therefore u is a supersolution to the equation Lv = wlx|~2v in 13’]” for 4 > 0 small
enough. However, the large solution v; to the latter equation satisfies the upper bound
v < c|x|7V in lg’f with some y > 0, by Theorem 3.14. So v;/u — 0 as x — o0
contradicting Theorem 2.12.

Sublinear case—Existence. leto > 2. Fix ¢, > Osuchthato = 24 (1 — g)e + 4.
2
Choose p such that 0 < u < eh (NT_2> with £ as in (3.2) and &g as in (3.17). Let u be

a large solution to the equation Lu = p|x|~>%u in Bf. Then u > c|x|~¢ for x € BY, by
Theorem 3.12. For a given ¢p > 0, choose 7 > 0 such that (te)?~ ey < u. Then tu is a
supersolution to the equation Lv = cq|x| ™7 v? since

colx| ™7 (ru)? ™t < (ze)?eglx|TOTETD < x| 720, x| > 1.

On the other hand, there exists a small solution v to the equation Lv = 0 in Bf such

that vg < Tu in Blc. So vy is a subsolution to the equation Lv = ¢g|x|~?v?. Hence, by
Theorem 2.9, there exists a solution v to the latter equation.

3.3. Nonuniformly elliptic case
In this subsection we are concerned with positive supersolutions to the equation

—V.a-Vu+Vu=colx| °u? inRN\ By, (3.30)

with A(x) = |x|% in (3.2).
As in the previous sections, we introduce the critical line Ay (g) on the (g, o)-plane

Ay(g) =min{2—-—N—-a)(g—1D)+2—-0a,2—a} (g €R),
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and the nonexistence set
Ny ={(q,0) € R? \ {1, 2} : equation (3.30) has no positive supersolutions}.
The first main result of this subsection reads as follows.

THEOREM 3.30. Leta > 2 — N and |V (x)| < Bv Xy igp Bv(r) | 0asr — oo. Then

= kP
{(g.0) 10 < Aa(@)} CNu C{(g.0) 10 < Au(@)}
If in addition By (r) is a Dini function at infinity, then
No ={(g,0) 10 < Aa(q)}.

The next theorem concerns the case when a large solution to the corresponding linear
equation grows polynomially and constants become small solutions.

THEOREM 3.31. Let a be symmetric. Letov <2 — N and |V (x)| < BvlxD ity By(r) ]l 0

— | ‘2 o
asr — oo. Then

{(g,0) 10 < Aa(@)} C Ny C{(g,0):0 < Ae(@)}-
If in addition By (r) is a Dini function at infinity, then
No =1{(g,0) 10 < Aa(@)}-

Note that in the special case « = 2 — N the critical line becomes 0 = N. The last
theorem of this subsection deals with this special case.

THEOREM 3.32. Letax =2 — N. Then
Ny 2{(g,0):0 <N}U{(g,0):0 =N,q > —1}.

REMARK 3.33. For the case of the Laplacian (@ = Id) we proved in Section 3.1 that
Ny ={(g,0) : 0 < N}U{(gq,0) : 0 = N,q > —1}. We expect this to be true for the
general case as well.

3.3.1. Linear equations

In this auxiliary subsection we study only the case when & in (3.2) satisfies 4 (x) = x>~V

so0 a is uniformly elliptic only if N = 2, and without lower-order terms in L.

PROPOSITION 3.34. For R > 1, let vg be the solution of the boundary value problem

V.a-Vv=0 inARg,
v=1 inB;, v=0 inB§.

Then vg 1+ 1 as R — oo.
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PROOF. Let ¢ € Dé 5, (BR) be defined as follows:

1
1, x| < Re;
Pr(x) = 1 1
1+InlnR¢ —Inln|x|, Re¢ <r <R.

Note that
1 2 R qr
Ih2Vll; =c [  —5— =0 asR — oo.
Re rin“r
Since vp — ¢g € D(l) »(A1,R), we conclude that
(Vo -a- V(g = ¢r) = 0= lvrllpy, @) < cl$rlpy, (5, = O

as R — oo.

Finally, observe that vg < vgs provided R < R’, by the maximum principle. Hence the
assertion follows. O

We start with the two-sided estimate for large solutions v;. For shortness we drop the
subindex / in the next proposition.

PROPOSITION 3.35. Let R* > 2. Letv € HI(ALR*), v > 0 be the solution to the problem

—V.a-Vv=0 inAj g+,
Ulx=1 =0,  Vljx=p* =K,

where k > 1 is such that m(v) =: inf|y|—2 v(x) = 1. Then there exists a constant C > 0
such that for x € A1 g one has

C 'log|x| < v(x) < Clog|x|.

First, we prove the identity

/ Vv~a-Vvdx=mf Vv-a-Vvdx, 0<m<ck. (3.31)
{v<m} {v<l}

For this set £ = (m\/%)v/\l/\m.Then (& —v)*t eHol({v <mV 1} sinceE =mv1

on {v > m Vv 1}. Thus using (¢ — v)™" as a test function, we obtain

/ Vv~a~Vvdx=/ Vv-a-Vé&dx.
{fv<mv1} {fv<mv1}

Note that V& = (m \Y %) Ly<mna1yVv. Hence we have

1
/ Vv-a-Vvdx:(m\/—)f Vv -a-Vvdx,
{fv<mv1} m {fv<mnl}

which is (3.31).
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Now let R € (1, R*) and m = mpg(v). Then by the maximum principle v > mg on
AR, gr+. Using the definition and monotonicity of the relative i-capacity we obtain

/ Vv-a-Vvdx > cm%caph ({v > mg}, B_lc)
{v<mpg}

> cm%caph (B_RC, B_lc> = cm%caph (B1, Bg), (3.32)
where the weighted relative capacity is defined by

cap, (B1, By)

:inf{/h(x)|V<p|2dx i@ e CP(E), 9 =10n El}, E| € E.
(We refer the reader to [31] for estimates of weighted capacities.) In particular,
/ Vv -a-Vvdx > ccap,(By, By).
{v<l1}

Then from (3.31) and (3.32) it follows that
f{v<1} Vv -a- Vodx
ccapy, (B1, Br)

mpr <

(3.33)

Next, set m = Mg (v). Let n € C'(Bg+) be such that n = 1 on {v > Mg} and n = 0 on
B, . Testing the equation by (Mgn — v)™ we obtain

/ Vv~a-Vvdx=MR/ Vuv-a-Vndx.
{v<Mpg} {v<MRg}

By Cauchy—Schwarz

/ Vv~a-Vvdx§cM12¢/ Vn-a-Vndx.
{v<Mpg} {v<Mpg}

Optimizing the RHS over 1 we arrive at
/ Vv -a-Vudx < cMicap, ({v > Mg}, Ef)
{v<Mg}
= cMI%caph (B1, {v < Mg}).
By the maximum principle Bg C {v < Mg}. Therefore
/ Vv-a-Vudx < cM,%caph(Bl, Bg).
{v<MRg}
In particular,

/ Vv-a-Vvdx < / Vv -a-Vvdx < cMscap, (B, B2).
{v<l—m>y} {v<My}
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Thus we have

f{v<l} Vu-a-Vvdx - cap, (B, By)

Mp>c >c =clogR,
cap, (B1, Br) capy (B1, Br)
and (3.32) yields
By, B
mp < Ca, S0nBLB) kO

< > =
capy,(B1, Br)

We need a further improvement of the upper bound of the large solution for the case of
the critical negative potential. In comparison with the case of a uniformly elliptic matrix
in dimension three or more, we are only able to show a qualitative fact.

PROPOSITION 3.36. Let vo, v € H. (R"\ By), vg, v > O satisfy =V -a - Vvy = 0 and
—V.a-Vyy= —4
x|V log? [x|

v such that voljxj=1 = vljxj=1 = 0. (1 > 0 is sufficiently small
so that such v exists.) Then

v(x) _
x—00 vo(x)

v(x)
vo(x) ©

PROOF. Set mpg := min|y=g
m, is decreasing.

Without loss we assume that supv > 1, otherwise the assertion follows immediately
from Proposition 3.35. Let m > 1, £ = m(v A 1). Then Supp(é — v)™ = {v < m} and
V& = m1{y<1;Vo. Testing the equation by (§ — v)* we have

. .. v
By the maximum principle R > vp on A r. Hence

/ Vv~a-V(§—v)dx=M/ v(E—v)|x|_Nlog_2 |x|dx.
{v<m}

{v<m}

Then by the Hardy inequality for the degenerate case, we have
/,L/ v§|x|_N log_2 lx|dx < m,u/ Vv-a-Vvdx,
{v<m} fv<1}
so that
—N 2
M/ vjx|"" log™“ |x|dx < / Vv-a-Vvdx.
{l<v<m} fv<1}
As bgﬁ llx|=r = cm,(v”—o), we conclude that
o
/ myr~ldr < oo,
2

which together with monotonicity of m, implies the assertion. O
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3.3.2. Semi-linear equations
PROOF OF THEOREM 3.30. The change of the independent variables

x = yly| P! (3.34)
transforms (3.30) into

—V-a-Vu+ Vu=coly| "u?
with the uniformly elliptic matrix {a; j}{Y =1 given by

N

- ajj(x(y)) o ViYk o Yy

ii(y) = ——— | §ix + —— )y +——="), 3.35

) ,; naon TN 2R )\ N2 (339
the potential \7(y) = V()c(y))|y|_Nifin2 and 6 = o + O;V(f;fz) Now the assertion

follows from Theorem 3.7. O]

PROOF OF THEOREM 3.31. Note that the change of the independent variables (3.34) maps
the exterior of the unit ball into punctured interior. So we combine (3.34) with the Kelvin
transform (hence the restriction of symmetry on a)

u(x(y)

< ~
y=-—5 and u(z)= ,
|zI? w(y)

where w is the fundamental solution to —V - a - Vv = 0 with the pole at zero (a is defined
by (3.35)). Then equation (3.30) transforms into

—V -4 -Vu+ Vu=colz| ul
with the uniformly elliptic matrix {g;; }{Y j=1 given by

N
A a;jj(x(z)) o 2(N —2) 4+« zizk o 2(N —2) —I—aﬁ
WO = 2 o) (o0 = 520 ) (0 - 5 250 )

the potential V' (z) = V (x(2))|z| 72 4 and 6 = —o — AN-0) — (g — (N —2)+4.

Now the assertion follows from Theorem 3.7. O

For the proof of Theorem 3.32 we need the two following lemmas. The nonexistence
lemma playing the role of Lemma 3.28 in the case « = 2 — N looks as follows.

LEMMA 3.37 (Nonexistence lemma). Let (3.2) be satisfied with h(x) = Ix|2N and let
0<We Lﬁfc(RN \ B1) be such that W()|x|V In? |x| = oo as |x| — oo. Then the
equation —V -a - Vv — Wv = 0 has no nontrivial nonnegative supersolutions in RN \ Bg

forany R > 1.
PROOF. Direct application of Theorem 2.13 with appropriate choice of ¢. O

The next Keller—Ossermann-type estimate follows by the same argument as in
Lemma 1.4.
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LEMMA 3.38. Let condition (3.2) hold with h(x) = |x|2__N andq < 1. Letu > 0 be a
supersolution to the equation —V -a - Vv = colx|~°v? in B{. Then there exists ¢ > 0 such

N—o
thatu > c|x| -4 .

PROOF OF THEOREM 3.32. Let u > 0 satisfy —V - a - Vu > ¢olx|"u? in Bf. Then
u is a supersolution to the equation —V - a - Vv = 0 in Bf and hence u > ¢ on I§f
since constants are small solutions to the equation. Hence, for ¢ > 1 and 0 < N,
W(x) = colx|%ud™! > ¢jx|™V in Bf and so the existence of a positive supersolution
u to the equation —V -a - Vv — Wv =01in Ef is ruled out by Lemma 3.37.

Letnow g < 1 and 0 < N. Then u is a supersolution to the equation —V - a - Vv = 0
in Bf enjoying the estimate of Lemma 3.38. However, the large solution v; to the equation
satisfies v;(x) =< In|x| so v;/u — 0 as x — oo, contradicting Theorem 2.12.

To consider the limit case ¢ = N, we apply Theorem 2.9 to conclude that we may
consider u as a solution to the equation —V - a - Vv = colx|"Vv? in Ef, without loss
of generality. Since u > c, the potential W(x) = co|x| " Mu?~! < ¢|x|™V in BIC. Hence
u enjoys the Harnack inequality in Ag 2r, R > 1, with the constant independent of R.
Since limsup,_, o, v;/u > 0, we conclude that minjy—gu < cInR so u(x) < cln|x|in
B¢. Hence W(x) = colx|™Mu?~! > ¢|x|7V In?"! |x| in B{. Since u is a solution to the
equation —V - a - Vu = Wu, we arrive at a contradiction to Lemma 3.37 for g > —1.

For the case 0 = N and ¢ = —1, the function u is a supersolution to the equation
—V -a-Vv = ulx|"V(n|x])"2v with & > 0 small enough. By Proposition 3.36, a
large solution 1 to the latter equation has the following behavior at infinity: T W 5 0as

. . _ . . 27 Infx]
x — oo. Since limsup,_, ., v;/u > 0 and u enjoys the Harnack inequality, we conclude

that f:l(f;)l — 0 asx — oo. Hence

_Inlx|
IRTEIES

So the existence of u contradicts Lemma 3.37. O

W(x)|x|Nln2 x| = co|x|_Nu_2|x|Nln2 |x| — 00 asx — 00.

3.4. Discussion

(1) The results of Section 3.2 generalize the respective results in [38], including first-order
terms. In the last subsection we confined ourselves to the case of equations without lower
first-order terms, and in the degenerate case h(x) = |x|2=N even without a potential.
We expect that for all the nonuniformly elliptic cases with the polynomial behavior of &
it should be possible to carry out the same programme with presence of all lower-order
terms. This issue is open at the moment. It would be certainly interesting to investigate the
existence of positive supersolutions for general locally bounded /.

(2) It is an interesting open problem to describe the existence and nonexistence of
positive supersolutions to the equation Lu = cou? with L = —V -a - Vu + #u and a
being a uniformly elliptic matrix. Based on the results of Sections 3.1 one can make certain
predictions on the existence and rough position of critical exponents (there may be two of
them: ¢* > 1 and ¢, < 1). However, it will not be possible to determine their exact value
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(see the corresponding results on cone-like domains in the next section). The situation will
be different if one assumes that the matrix a tends to the identity matrix at infinity. Then
the values of the critical exponents and even critical lines should be the same as for the
Laplacian perturbed by a Hardy potential (see Section 3.1). Another matter is the question
of the nonexistence of positive supersolutions on the critical line. Simple examples show
that the issue will depend on the the speed with which the matrix a approaches its limit at
infinity.

4. Cone-like domains

In this section we study positive supersolutions to linear and semi-linear equations in cone-
like domains in RY, N > 3. The exposition is based on [40,41,48].

Let SV "1 = {x e RV : |x| = 1} and © € SV~ be a subdomain of SV~ Throughout
this section, for 0 < p < R < 400, we denote

COR = {(rw) eRY . weQ, re(p,R),  Ch=cL+™.

Accordingly, Co = C3 and Cgv—1 = RV \ {0}.

We would like to emphasize that we do not make any assumptions on the smoothness
of the domain 2. Our results below show that the existence and nonexistence of positive
supersolutions in cone-like domains do not depend on the smoothness of the boundary of
the cross-section €2 of the cone. Most of the proofs in this section can be simplified if one
assumes that the boundary of €2 is Lipschitz.

4.1. Linear equations

Here we discuss some facts concerning the linear equation
—V-.a-Vu—Vu=0 inCgq, 4.1

where 0 <V € Li’(fc (Cé) is a form-bounded potential. The matrix a is assumed to be real,
symmetric and uniformly elliptic.

We start with establish rough bounds on positive supersolutions to the equation
—V-a-Vv=0 1inCq. (4.2)

Given a function 0 < u € H)!

IOC(CSIS/Z’R) and a subdomain Q' C €2, denote

mru, Q)= inf u, Mp(u, Q)= sup u.

(R/2,R) R/2,R
iy cgrm

LEMMA 4.1. Let @ € SN~ be a domain and Q' € Q. Then there exist o <2 — N and
B > 0 such that for any positive supersolution u to equation (4.2) in Cs and any p > 0
there are two constants ¢, C > 0 such that for any R > 2p

cRY <mg(u, ) < CRP. 4.3)
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PROOF. Recall that by the weak Harnack inequality

where a standard notation JCG udx = I%\ /. G 4dx is used with |G| being the Lebesgue

measure of G. The constant Cyy > 1 depends on Q' but not on r and R. Let r > 2p.
Denote m, = infc(ra.rb) u (in this proof only).
Q/

Seta =1/2,b =2. Then mg(u, 2') > m, if r < R < 2r. Then

26 —a\"
m, < udx < udx
C(ra,rb) b —a C(ra,Zrb)
Qf Q/

26 —a\V
<Cw < ) inf u “4.4)
b—a Cg/a,er
2b—a\" | 26 —a\"
<Cw inf u=Cy
b—a Cglralrh) b—a
mo, = Cima,, Cp > 1. 4.5)

Letr, =2"p and n € N. Iterating (4.5) we obtain m,, > Cll_"mgp. Choosing n such that
R > 2ar, we obtain the lower bound of (4.3) with @ = —log, C; and ¢ = (4ap) *my,.
Taking into account (3.21) we conclude that e <2 — N.

To prove the upper bound of (4.3) set a = 1/2, b = 3/2. Then mg(u, Q') < m, if
r < R < 2r. Then arguing in the same way one obtains the upper bound of (4.3) with
B =log,Cyand C = (2b,o)’ﬁ my,. The details are left to the reader. O

Remark 4.2. (1) A similar argument was used before by Pinchover [67, Lemma 6.5].
(2) Due to the strong Harnack inequality (4.3) provides two-sided rough polynomial
bounds at infinity for the solutions to (4.2).

Minimal solutions. 'The construction of the minimal solution provided in Lemma 2.10 is
appropriate for (4.1) in the cone-like domain Cq with the following changes. Fix a smooth
proper subdomain €' € €2 and a function 0 < ¢ € C>(Q'), ¥ # 0. Choose a function
0(r) € C™'[1, +00) such that 0 < 6(r) < 1,6(1) = 1 and 6(r) = O for r > 2. Take
0(r)y (o) in place of v in (2.10). Then vy is a minimal solution to (4.1).

Our next step is to obtain a polynomial upper bound on the minimal positive solutions
to the equation

—V-.a-Vv—Vv=0 inCgq,

with a Green-bounded potential V. In application in Section 4.2.3 we will use a special
Green-bounded potential which will be specified there. We will use the important property
of Green-bounded potentials, formulated in Theorem 3.17. Using this theorem we first
prove the required upper bound in the case of the “half-space” cone Cy = {xy > 0} with
the cross-section S; = {|x| = 1, xy > 0}. For a given uniformly elliptic matrix a and a
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potential V defined on C, we denote by @ and V' the extensions of a and V from Cy to RV
by reflection, so that a(-, —xy) = a(-, xy) and V (-, —xy) = V(-, xn). Thus the matrix a
is uniformly elliptic on R" with the same ellipticity constant as a.

The next theorem provides a polynomial improvement for the upper bound on the
minimal solutions in “half-space” cone compared to the respective bound in the exterior
domains. It was first proved in [40], and we follow the proof given there.

THEOREM 4.3. Let0 <V € LIIOC(C+) be a potential such that ||‘7||GB,& < L Letvy >0

be a minimal positive solution in Cl+ to the equation
—V.a-Vo—-Vv=0 inCyq,
as constructed in (2.10). Then there exists y € (0, 1) such that
0<vy < clxPN7Y in Cj_. (4.6)

PROOF. Let v denote the extension of vy from Cl+ to By by reflection, that is v(-, xy) =
—vy (-, —xn). Thus v(x) is a solution to the equation

~V-a-Vi—Vo=0 inBf.

Let w be a solution to (3.22) given by Lemma 3.17. One can check by direct computation
(see [38, Lemma 3.4]), that v; := v/w is a solution to the equation

—V - (w?a)-Vv; =0 in B, (4.7)

where the matrix w?a is clearly uniformly elliptic. Let I'(x) := "2z (x, 0) be the positive

minimal Green function to the equation —V - (w2a)-Vu = 0 in RY. The classical
estimate of the fundamental solution [53] says that there are two constants ¢y, co > 0
such that

clxPV <T(x) <ealx*N in Bf. (4.8)
Applying Lemma 2.6 to v and I" on C i and by the construction of v; we conclude that
[vi(x)| < 3T (x) on Bf. (4.9)

Applying the Kelvin transformation y = y(x) = x/|x|> and x = x(y) = y/|y|?> to (4.7)
we see that the function v1(y) = vi(x(y))/T'(x(y)), v € L*°(By), solves the equation

—V-.a-Vvy =0 in By,

where the matrix a(y) is uniformly elliptic on Bj. It follows that v € Hlloc(Bl) (see,
e.g., [79]). Then, by the De Giorgi—Nash regularity result [28], v; € C 0.y (Bp) for some
y € (0, 1). Notice that

vi(y) =0 in{y € By, yn =0}
by the construction. Therefore v1(0) = 0, hence

01 < clyl” in By.
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‘We conclude that
|5l < e3101 ()| < calxPN7Y in BY,
as required. O

The next theorem shows that a polynomial improvement of the upper bound for minimal
solutions compared to the upper bound in the whole of R is a general phenomenon in
cones.

THEOREM 4.4. Let @ C SN~ be a domain such that SN~' \ Q has a nonempty
interior. Let W > 0 be Green bounded with respect to a. Then there exists € > 0 and
B = B(e) <2 — N such that any minimal positive solution vy, in Céz to the equation

—V.a-Vo—eWv =0 inCgq
has the polynomial upper bound

vy <clxlPinCh. (4.10)
REMARK 4.5. By the maximum principle the assertion of Theorem 4.4 is true for € = 0.

PROOF. If Co C C; then (4.10) follows from (4.6) by Lemma 2.6. We shall consider the
case Cg, is not a subset of C..

Without loss of generality we can assume that (0,...,0,—1) ¢ Q. Set x =
(x1,....xy—1) and o = inf{|] : x € Q,xy < 0}. Let D, = {x € S¥7 1 : [§] <
o, xy < 0} and Dg = §N-1 \ Dy. Then Cq C C . Extend the matrix a by the identity

matrix from Cgq to Cp, . Let wy be a minimal posmve solution in C}) to the equation
—V-.a-Vw—-—eWw =0.

To complete the proof we need only to show that wy, satisfies (4.10) in Clﬁ . Then the same

bound on minimal positive solutions in C’Sl2 follows from Lemma 2.6.
Consider the transformation

y=ykx)= (xlv--wa—l,XN + k|z1) .

where k = Vo . Theny : C; — C4 is a bijection, the Jacobi matrix of y(x) is
nondegenerate and has the determmant equal to 1 everywhere. Moreover, |x| < |y(x)| <
x|x| for all x € C . where ¥ = /2 + k?. Therefore W(y) := wy (x(y)) solves the
equation

~V-a-Vi)— W =0 inC,

with the uniformly elliptic matrix a(y) == a(x(y)) and We (y) == eW(x(y)). One can
easily check by direct computation that W. € GB. Fix € > 0 such that I W lgga < L.

Then by Theorem 4.3 we conclude that w(y) satisfies (4.6). Therefore wy, (x) obeys (4.10)
with B :=2 — N — y as required. O
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From the above results we conclude that small solutions to the homogeneous equation
—V .a- Vv — Vv =0 (with Green-bounded potential) “decay” faster in the case of cone-
like domains than in the case of exterior domains. Although we do not have a result like
Theorem 3.15 for the case of cone-like domains (this question is open at the moment), we
still observe the same phenomenon. We will see below that the large solutions “grow”
faster in the case of cone-like domains than in the case of exterior domains.

Large solutions and particularly their behavior at infinity is the key tool to study
positive supersolutions to the semi-linear equations in the sublinear case (compare with
Section 3.2.2). In order to study large supersolutions (compare with Section 3) we need
a version of Phragmen—Lindelof comparison principle. First, we construct a sequence of
appropriate comparison functions to the equation

(—V.a-V—=V)u=0 inCh. 4.11)
Fix a subdomain Q' C € and a function 0 < ¢ € C°(Q), ¥ # 0, as above. Let
6 € C®[1/2, 1] besuch that§(1) = 1,0 <6 < 1 and 6(1/2) = 0. Assume R > 4p and
set O (r) := 6(r/R) (r € [R/2, R]). Thus 6gyr € D' (C/>™). By wy  we denote the
unique solution to the problem

(~V-a-V=V)w=0, w—6gy e DyCL™).

The constructed wy, g depends only on the choice of ¥ and R, as one can see from the
maximum principle.

REMARK 4.6. Note that wy, g is positive. Indeed, (wy.gr)”™ =< (wy,r — Or¥)™ €
Dé(CS(f’R)). Thus wy g > 0 in Cézp’R), by the weak maximum principle and weak
Harnack’s inequality.

REMARK 4.7. Assume that V. € GB(RY) is a Green-bounded potential, see
Theorem 3.17. Then the functions wy, g are uniformly bounded in R > 4p. Indeed,
let wg > 0 be a quasi-constant solution to equation (—=V -a -V — V)w = 0 in RY, that
ise€ < wy < e~ ! for some € > 0, see Theorem 3.17. Without loss of generality we may
assume that wg > maxg . Then
(=V=-a-V=V)(wo—0rY) — (wy r — OrY))
=(-V-a-V—V)wy—wyp) =0 inCY".

Thus the comparison principle (see Lemma 2.6) implies that wg > wy, g in Cg )

Fix a compact Ko C CZ"*”). Set
Wy, R
Uy, R e P S—— v .
lano Wy, R
Then infg,, vy g = 1 and vy g is a solution to the equation
(~V-a-V=Vyu=0 incd™®. 4.12)

We call such constructed family (vy, r) >4, a family of comparison functions to equation
(4.11). Note that construction of each vy, g depends only on the choice of Ko, ¥ and R.
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LEMMA 4.8 (Phragmén-Lindelof type comparison principle). Let Q' € Q be a domain,
/NS HO1 (), Ky C Cézp’zp) a compact, and let (vy R)R>4p be a family of comparison
functions to (4.11), as constructed above. Let 0 < u € HILC(Cg) be a supersolution to
(4.11). Then there exists 1 = (2, ¥, Ko, u) > 0 such that for any R > 4p one has

mgu, ) < uMg(vy g, ). (4.13)
PROOF. Setvg = infg, wy, g. Suppose for any p > O there exists R > 4p such that
U > Uy R = iw,/,,R in Cgf/z’R). 4.14)
VR

Let g > 0 be the unique solution to the problem
(~V-a-V=V)w=0, w—0gy e DHC*F). (4.15)
Clearly
(=V-a-V=V)(wyr—¥r) =0 inCo/>®
Observe that wy g > 0in Cg’R) \Cgf/z’R). Thus (wy, g — ¥YR)™ € D(l)(Cg,/Z’R). Hence,
by Lemma 2.5,
wy g = YR in CEZI,?/Z’R).

Therefore

(=V-a-V-=V)u-—pvyg)=(-=V-a-V-=-V)

Thus Lemma 2.6 implies that
U = Uy R in Cézp’R).
Since p > 0 is arbitrary, we conclude that infg, u = +00, a contradiction. O

REMARK 4.9. Condition (4.13) implies that

lim sup mg ( , Q/) < 00. (4.16)

R—o0 Uy, R

COROLLARY 4.10 (Strong Phragmen-Lindelof type comparison principle). Assume that
V(x) <clx|™* inCh. 4.17)

Let Q' € Q be a domain, ¥ € Hé (), Kg C Cézp’zp) a compact, and let (vy R)r>4p be the

Sfamily of comparison functions to (4.11), as constructed above. Let 0 < u € HllOC (Cg) be

a solution to (4.11). Then there exists L = (2, , Ko, u) > 0 such that for any R > 4p
one has

Mg(u, Q) < Mg vy g, ). (4.18)
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PROOF. Assumption (4.17) implies that the solution u satisfies the strong Harnack
inequality

Mg(u, Q) < cumpg(u, ),

where the constant cy = ¢y (2") > 0 does not depend on R (this can be seen by scaling).
Thus we deduce from (4.13) that

Mp(u, Q) <cgmp(u, Q) < cuuMg(vy g, ),
so i = cgp > 0 does not depend on R. O

Now we construct a large solution to the homogeneous equation —V -a - Vv — Vv =0
on a proper cone-like domain, i.e. a cone-like domain with a cross-section €2 such that
SN=1\ Q contains an open set. Let U C SV¥~! be a “spherical” subdomain such that
Q € U. Consider a class of equations

—V-a-Vvo—Vv=0 inCyp, 4.19)

where 0 < V e L (RM). Let a be a symmetric measurable and uniformly elliptic

loc _ b
extension of the matrix a to RN and V e L (R"V) be an extension of V. We assume V to

loc
be Green bounded (GB) with respect to a.
One can verify by a direct computation that the potential

&

Vex) = ———— A1l
‘ |x|2log? |x|

that extends to R" is Green bounded (GB) with respect to @, for small enough & > 0.
We construct a family of comparison functions to equation (4.19). Fix smooth
subdomains U” € U’ € U such that Q" € U”, and a function 0 < ¢ € C°(U")

suchthat 0 < ¥ < land ¢ = 1 on U”. Let & € C*[1/2, 1] be such that §(1) = 1,

0 <6 <1andf(1/2) = 0. Assume that R > 1 and set O (r) := 6(r/R) (r € [R/2, R]).

Thus Ogy € D! (Cgf/ 2‘R)). By wy, g we denote the unique solution to the problem

—V.a-Vw—-Vw=0, w-6gyeDiCS™.

REMARK 4.11. (i) Such constructed wy, g depends only on R and v, but does not depend
on the choice of 6.

(ii) Observe that wy, & is positive. Indeed, (wy )~ < (wy g — Or¥)~ € DHCY™).
Thus wy g > 0in Cg) ’R), by Lemma 2.5 and the weak Harnack inequality.

Fix a compact Ko C Cg)’l/z). Set

. wl/,,R
Vy,R ‘=T~ -
lano Wy, R

Then infg, vy g = 1 and (vy, g)r>1 is a family of comparison functions to the equation

(~V-a-V-=Vyw=0 inCy"®. (4.20)
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LEMMA 4.12. There exists Moo > 0 such that ||wy gllpe < M for every R > 1.
PROOF. Letwy > 0be a quasi-constant solution to (3.22) that satisfies 0 < € < wgy < e

in RY. Without loss of generality we may assume that wo > maxy ¥ = 1. Then

(=V-a-V=V)((wo—OrY) — (wy g —OrY))
=(=V-a-V—=V)(wy— wy,R)

=0 incy™.
Thus Lemma 2.6 implies that wy, g < wp in C((]O ’R), uniformly in R > 1. O

PROPOSITION 4.13. There exist y > 0 and C > 0 such that for R > 1 one has
mg(vy,g, Q) > CR”.

PROOF. Let wy be a quasi-constant solution to (3.22) given by Theorem 3.17. One can
check by direct computation (see, e.g. [38, Lemma 3.4]), that wg := wy, g/wo is a solution
to the equation

—V-A-Vw=0 inCyP, 4.21)

where A = w%a. Clearly the matrix A is uniformly elliptic with the ellipticity constant
V(A).

Applying the scaling y = x/R to (4.21) we see that the function wg(y) = wg(RYy)
solves the equation

—V.Ag-Vig=0 incyY,

where the matrix A r(y) = A(Ry) is uniformly elliptic with the same ellipticity constant
v="v(A) as A.

Observe that dC S) ‘D satisfies the exterior cone condition. In particular, every boundary
point of BCSM) is regular. Thus, by the boundary regularity result [28, Theorem 8.27]
applied at x = 0 we conclude that there exist y > 0 and Cy > 0 such that

0SC0./mWR(Y) < CR™? sup wgr(y) < CoMsoR™7.
U

¢ Cg)l /2)
The constants y > 0 and Cp > 0 depend only on the ellipticity constant v(a) and do not
depend on R.

By the same regularity result [28, Theorem 8.27] applied at €2 (considered as a portion
of the boundary of CL(/O ’1)) we conclude that for some § € (0, 1/2) there exist C; > 0 and
y1 > 0 such that

08Co-5nWR(Y) < C18” sup Wr(y) < C1Mood".
Q nglm
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Here 1 > 0 and C; > 0 depend only on v(a) and do not depend on R. Hence the strong
Harnack inequality implies that there exists a constant M| > 0 such that

inf wg(y) > M.
cl2n
Q

Applying the inverse scaling x = Ry, we conclude that m,,, , (R, Q') > CRY with some
C>0. O

For completeness we give the proof of the existence of a large solution.

PROPOSITION 4.14. There exists a large solution to equation (4.19) in Cq,.

PROOF. By the Harnack inequality for any compact K C Cg) ) such that Ky C K one
has

sup vy, g < cinfuvy g < cinfvy g =c,
K K Ko

where ¢ = ¢(K) > 0. Let R, — oo. Hence the sequence (vy g,) is locally bounded in
Cg. By the standard Caccioppoli and diagonalization arguments (see, e.g. [40, Proposition
1.1]) one can construct a function vy, € Hl%)c (Cq) that is a solution (4.19) in Cg and satisfies
Uy > vy g, for each n € N. Therefore vy is a large solution to (4.19) in Cq. O]

Further we derive sharp two-sided estimates for small and large supersolutions for
the particular case of the Laplacian on the cone perturbed by the Hardy-type potential
Vx) = 1D with v, € L®(Q).

x|?

Estimates of positive supersolutions to —Av — %v =0. Consider the linear equation
V(iw .
—Av — |;|2)v =0 inCh, (4.22)

where @ € SV=1 (N > 2) is a domain, V € L*®(Q) and p > 1. Recall that in the polar
coordinates (r, ) the operator —A — % has the form

2 N-—-129 1
— 4 —{—A, - V(0)},
ar? roor +r2{ @ (@)}

where A, denotes the Dirichlet Laplace—Beltrami operator on 2. In what follows
(Av.k)keN denotes the sequence of eigenvalues of the operator —A,, — V in L3(Q),

Avi <Ay < SAvgp = ...

(If V = 0, the strict inequality A1y < Aoy is standard, for V # O see, e.g. [74], Sec.
XIII.12.) By (¢v r)ren We denote the corresponding orthonormal basis of eigenfunctions
in L2(2), with the positive principal eigenfunction ¢y ; > 0. If V = 0 we write A; and ¢y.
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Let ¢ € L?(Q). Then
V=) dvi, mm%=£@WMu (4.23)
k=1

and the series converges in L2(2) with ||W||L2 = Zk 1 l/f,g If, in addition, i € H ()
then (4.23) converges in H0 (R2) with ||V ||L2 = Zk:l )»V,k'ﬁk~ If Y € C°(Q), then it is
not difficult to show that the series (4.23) converges also in L% (£2).

The existence of positive solutions to (4.22) is equivalent to the positivity of the quadratic
form

Ev(v,v) :=f (|W|2 - %zﬂ) dx  (veH!(CHNLZECH)).
ch X
that corresponds to (4.22) [2].

As in Proposition 3.3 the optimality of the Hardy inequality on the cone-like domains
(B.4) implies the following nonexistence result.

PROPOSITION 4.15. Equation (4.22) has a positive supersolution if and only if Cg + Ay 1
> 0.

If Cy + A1 > 0 then the roots of the quadratic equation
ala+N—=2) =y (4.24)

are real, for each k € N. Denote these roots by a;’k < a;k. IfCyg+Ay1=0andk =1

then (4.24) has the unique root, denoted by o, 1= a‘jf | = %

For a positive function u € H, (C ) and a subdomain Q' C , denote

loc

mgr(u, Q) = 1nf s Mg(u, Q) = sup u.
c‘ C(R/2R)
Q/

The next theorem provides two-sided bound for supersolutions to (4.22).

THEOREM 4.16. Let u € Hll)c (C ) be a positive supersolution to (4.22). Then for every
proper subdomain Q' € Q and R > 2p there exist constants cy, co > 0 such that

(1) if Cy + Av,1 > 0 then

IR < mp(u, Q) < 2RV, (4.25)
(i) if Cg + Av,1 = 0 then
c1R*™ <mpgr(u, Q') < c;R* log(R). (4.26)

Remark 4.17. (1) The above estimates are sharp, as one sees comparing with the explicit
+

it solutions #*v-1¢y 1 in the case (i) and r* ¢y | and r* log(r)¢y.; in the case (ii).

(2) If v(-) is a supersolution to (4.22) in C2, then, for ¢ > 0, v(t -) is a supersolution to

(4.22)in Cg, so we can always choose p > 0 as convenient.
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Proof of Theorem 4.16 (i). The lower bound in (4.25) follows from the next two lemmas.
LEMMA 4.18. Let € C°(2). Then
vy () = i Yir ey (@), where i = /Q V(@) i (@) do, 4.27)
k=1
is a minimal positive solution to equation (4.22) in Cslz~
PROOEF. Set vi(x) := FOVk ¢v k(w). Then a direct computation gives that
—Avg — ‘|/x—|a;vk =0 in Cglz.

Recall that V = na% + %Vw, wheren = 1 € R¥ . Since

/ IVooy.il2dw —/ V(o) |py i) *do = Ay o
Q Q
we obtain

V()
g0l Vuell3 s/ <|Vvk|2_ - |Uk|2> dx
s |x|

o0 8 _
= /1 /Q <‘a—r"a"'k¢v,k(0})

x rN =V dwdr

72

LIk @)P V(w)|rav‘k¢v,k|2)
2

o - - (e )% + Ak
20y, AN=3,, — 2 V.k ~
= r V.k o + )\. dr = = —Q ’
/1 « V’k) 2 2—N— 2a;,k g

where ¢y > 0 is the constant in the inequality f Vgode < (1 —&p) f |V(p|2dx. Now it is
straightforward that vy — ¢y 10 € D(]) (Cglz), S0 v is the solution to the problem

4
—Av— = 0, v—¢vib € DLCY).
Hence we have
V(w) > _
£0ll Voy |13 < / (|vwf|2— —2|v¢|2) dx = i (—ay )
Co x| =1

1

N -2 N -2 2 2
> ||¢||%+||¢||2</Q (|W|2—V(w>w2+<7) wz) dw) .

Hence vy, — ¢0; € Dé (Céz), S0 vy, solves the problem
V(w)
U —
|x|?

By the uniqueness (maximum principle) we conclude that vy, defined by (4.27) coincides
with the minimal solution vy, as constructed in (2.10), (4.15). ]

=<

v=0, v — Y0, € DS(CY).
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LEMMA 4.19. Let vy, > 0 be a minimal solution (4.27) to equation (4.22) in Cslz. Then for
any Q' € Qand p > 1 there exists c = c¢(Q', p) > 0 such that

vy (x) = er®va i Cl,. (4.28)

PROOF. By (4.27) one can represent vy, as vy (x) = wlr“‘zlqbv,l (w) + w(x), where

wx) =Y Yrkdy i (o).

k=2
Notice that w(x) satisfies
V(w)

—Aw —
x|

w=0 inC.

Thus by the standard elliptic estimate (see, e.g. [28, Theorem 8.17]) for any Q' € Q2 and

p > %one has

sup uw|? Scp*N/(;Tp,g{) wl? dx,
Cg(';)’,zp) CQ

where the constant ¢ > 0 does not depend on p. Therefore

9p
X
sup |u)|2 < c,o_N/ rN_I/ |w|2da)dr
2% ¥ 2
CQ/
% 00
= CP_N/; rN-1 Z w,grza"-k dr
s k=2
9%
3 — —
2 —1 2 2
sc [, i = vl = e, (429)

P
So we conclude that
vy (¥) = Y1r¥ i (@) — cr®  inCh,.
Since oy, <ayy < 0 this implies (4.28). O
For the upper bound we will use the Phragmen—Lindel6f type comparison principle. For

that we need to construct the family of comparison functions.
Fix a subdomain Q" € Q and a function 0 < € CX(Q'), ¥ # 0. Let R > 4. For

(r,w) € CS’R) and k € N define
ra;k — ra‘;,k

—
Rk — RYV.k

wi, R (r, ) == Nk, r(N Py (@),  Where ng g(r) = { } - (430

Let 6 : [0, 1] — R be a smooth function such that 0 < 6 <1,0(1) =1and 6(¢) = 0 for
& e€[0,1/2]. Forr € [R/2, R]setOgr(r) :=6(r/R).
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A direct computation shows that wy_ g is a solution to the problem

(—A - T(T;)> v=0, v— Oy € Hy (CS'R))- (4.31)
x

Let
00
Wy, R ‘= Z Wkwk,Ra
k=1

where 1 are the Fourier coefficients of i as in (4.23). Thus wy g € HILC(C;?’R) is a
solution to (4.31) and wy, r(R, @) = ¥ (w).
Fix a compact Ko C Cg Y Define the family of the comparison functions vy, g by

. Wy, R
UW,R =
lanO Wy, R

Then infg, vy g = 1.
The lemma is a reformulation of Lemma 4.8 adopted to the above construction.

LEMMA 4.20 (Phragmen-Lindelof type comparison principle). Let 0 < u € Hléc(Cé) be

a supersolution to (4.22) in C512. Then
mp(u, Q) < cMgr(vy g, Q), R=>8.
Now the upper bound in (4.25) follows from the next lemma.

LEMMA 4.21. M,, ,(R, @) < R%V:1 as R — oo,

PROOF. Choosing u := r“‘tl ¢1 as a (super) solution in Lemma 4.20 we conclude that

Mp(vyr. ) > cRVI, R> 1.

Now we estimate Mg (vy, g, Q') from above.
First, observe that Lemma 2.6 and arguments, similar to those in Lemmas 4.18, 4.19
imply the upper bound

. 1,R
vy R(r, @) < enr(MPy.1 (@) inCH,

where ¢ > 0 is chosen so that ¢ < c¢y 1 in Q. Clearly, if 0‘$1 > 0 then n1 g(r) < 1.

However, if oﬁ | < Othen 1y g(r) attains its maximum at ry € (1, R) with ny g(ry) — 00
as R — oo. Nevertheless, one can readily verify that

max e g(r) <max{l,27V1}, R 1.
relR/2,R]

Therefore

My, (2, R) <c1, R> 1
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To estimate infg, vy, g from below, note that

o0
Uy, R = Y1V1,R + Uy,r, Where Uy g = Z YUk, R-
k=2

Then similarly to (4.29) we obtain

By = c1
sup |y gl < max ne(r) Y [Yillgvi(@)] < — —.
Ko re(2,3) = R%.2 — R%.2
We conclude that
. . ~ 2 Cc3
infvy g > inf vy g(r) —sup |Uy | > — — —.
Ko Ko Ko R*1 R*
This completes the proof since oﬁ ) > oc‘J; 1 O

Proof of Theorem 4.16 (ii). Let p > 1. Then Hardy’s Inequality (B.4) implies that the form
Ey satisfies the A-property (A.4) with A(x) = %. Hence the extended Dirichlet
space D(Ey, Cg) is well defined (see Appendix A), and in particular, the Comparison
Principle (Lemma A.3) is valid. The space D} (C3) is larger then D} (C3) (cf. [25,88]). In
order to see this, for 8 € [0, 1] consider

wg(r, ) == r log? (v 1 (w). (4.32)

Clearly, wg € C2(CH) but Vwg ¢ L*(Ch). Let 6(r) € C%![p, +00) be such that
0<6(r)<1,6(p) =1and6(r) = 0forr > p + 1. For the proof of Theorem 4.16 (ii)
we need the following lemma.

LEMMA 4.22. wg — 0¢y.1 € D}(CE) for each B € [0, 1/2).

PROOF. Define the cut-off function 6 (r) € C>'(CL) by

1, 1<r <R,
2
Or(r) = { 8D R <r < R,
0, rsz.

Let wg := Og(wpg — Oy 1). A direct computation shows that

o0
Ey(wg, wg) = / |V (logﬂ(r)é’R(r)”2 rdr <c +clog?? 1 (R) < c.
P
Hence £y (wg, , wg,) is a Cauchy sequence, for an appropriate choice of R, — oo. Since
(wg,) C C l?)c] (Cg) converges pointwise to the function vg, the assertion follows. O

Now we are ready to sketch the proof of (4.26). We only mention main steps as the
proofs are completely similar to the proofs for the lower bound of (4.25) (see [48] for
details).
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As before, fix a proper smooth subdomain Q' € Q and a function 0 < ¢ € C(Q'),
¥ # 0. For (r, w) € C, set

Vi (r, w) 1= e Py 1 (w),

where ¢, > 0 chosen so that v, (1, ®) = ¢y, 1(w). Clearly v, € Hléc(Cé) is a solution to
(4.22) in C&. Define vy by

vy = Yive + Y Ykvk, (4.33)

k=2

where v are the Fourier coefficients of ¥ as in (4.23) and v, = r®v ¢v.i. k > 2. Thus
vy (1, w) = ¥ (w). The remaining part is completely similar to the proof of the lower
bound of (4.25). We leave the details to the reader.

As before, for the upper bound we use the Phragmen—Lindelof type comparison
principle, we need to construct the family of comparison functions.

Fix a subdomain Q' € Q and a function 0 < ¢ € CX(Q'), ¥ # 0. Let R > 4. For

(r,w) € CS’R) and k € N define

. . log(r) /r\o«
Wa k(@) = e RO, @), Where () = o Rs (B) @34

Let 0g : [0, 1] — R be as in the proof of the upper bound of (4.25). Let

[ee)
Wy R = Y1 W R + Z Yk Wi, R,
k=2
where ¥ are the Fourier coefficients of i as in (4.23). A direct computation shows that
wy g and wy g (k > 2), defined by (4.30) are solutions to the problems

1%

(—A — %) w=0, w—6rpyie HCH™). (4.35)
X

The remaining part is completely similar to the proof of the upper bound of (4.25). We

leave the details to the reader (see [48] for details). ]

4.2. Semi-linear equations

In this section we turn to the problem of the existence of positive supersolutions to the
semi-linear equation

Lu = colx| %u?, ¢o >0, (4.36)

in cone-like (unbounded) domains. We start with a model case £L = —A, then proceed to a
more general case £ = —V - |x|4 - V — B|x|4~2 with A, B € R, which allows for precise
quantitative results for (4.36) and exhibits interesting phenomena. Finally, we study the
case of general divergence-type operators £ = —V -a-V with symmetric uniformly elliptic
matrix a, where mostly only qualitative results for (4.36) (with o = 0) are available.



Positive solutions to semi-linear and quasi-linear elliptic equations on unbounded domains 237

The value of the critical exponent for the equation —Au = u” in Cq with Q < SV-!
satisfying mild regularity assumptions was first established by Bandle and Levine [7] (see
also [6]). They reduce the problem to an ODE by averaging over 2. The nonexistence
of positive solutions without any smoothness assumptions on 2 has been proved by
Berestycki et al. [9] by means of a proper choice of a test function.

4.2.1. Laplacian
In this subsection we study the existence and nonexistence of positive solutions and
supersolutions to the equation

A= 2yt inCh, o> 0. (4.37)

|x|”

Let A1 = X1(€2) > 0 denote the principal eigenvalue of the Dirichlet Laplace-Beltrami
operator —A,, on 2. Let oz;r > 0 > o denote the roots of the quadratic equation

a(a+ N —2)=Aq.
The mentioned result for (4.37) in [7,9] reads as follows.
THEOREM 4.23. Let g > 1. Let @ € SN~ be a domain. Then the equation —Au = u4

has no positive supersolutions in Cgl2 ifandonly ifg <1 — %

In order to formulate the main result on the existence of positive supersolutions to (4.37),
as before, we introduce the critical line and the nonexistence set on the plane (g, o). The
critical line 0 = A(q) on the (¢, o)-plane is defined by

A(g) :=minfa; (g — D +2,0{ (g =D +2} (qeR),
and the nonexistence set
N ={(q,0) € R? \ {1, 2} : equation (4.37) has no positive supersolutions}.
The main result of this subsection can be written now as follows.
THEOREM 4.24. N = {0 < A(g)}.

REMARK 4.25. If o = 2 and ¢ = 1 equation (4.37) becomes a linear equation with the
potential co|x| 2, which has a positive supersolution if and only if ¢y < % + Ap.

Applying the Kelvin transformation y = y(x) = # we see that if u is a positive

solution to (4.37) in C}Z then i1(y) = |y|2_Nu(x (v)) is a positive solution to

—-i? inCf, (4.38)

wheres:(N+2)—q(N—2)—aandég ={rw)eRYN: weQ, 0<r<1).
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Nonexistence zone

Existence zone

: ~ Existence zone : \
‘ Nonexistence zone . . \

Fig. 4. Existence and nonexistence zones for equations (4.37) (left) and (4.38) (right).

We define the critical line for (4.38) s = K(q) on the (g, 0)-plane by
Alg) = max{a; (g — ) +2.a (g - 1) +2} (g €R),
and the nonexistence set
N = {(g.0) € R? \ {1, 2} : equation (4.38) has no positive supersolutions}.
Theorem 4.24 via the Kelvin transform yields the next result.
THEOREM 4.26. N = {s > A(q)}.
REMARK 4.27. The diagram of the existence and nonexistence zones for equations 4.37

and 4.38 on the plane (g, o) is shown on Figure 4. Observe that in view of the scaling
invariance of the Laplacian the critical line does not depend on p > 0.

The rest of this subsection contains the proof of Theorem 4.24. In the proof of
Theorem 4.24 we distinguish between the superlinear case ¢ > 1 and sublinear case g < 1.

Proof of Theorem 4.24 (Superlinear case). 'We distinguish the subcritical and critical cases.
Nonexistence. Subcritical case 0 < a; (g — 1) +2. Let w > 0 be a supersolution to
(4.37) in Cslz. Then w is a supersolution to the linear equation

—Aw=0 inCl. (4.39)
Choose a proper subdomain €' € 2. Then, by Theorem 4.16, there exists ¢ > 0 such that

my(R, Q) >cR% (R >2).
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Linearizing (4.37) and using the bound above, we conclude that w > 0 is a supersolution
to

_ V(x)

—0 2
e w=0 inC3, (4.40)

where V (x) := cow? !|x|>~7 satisfies
V(x) > ¢t x|@ @ DTC=) jp 2.

Then the assertion follows by Corollary 4.15 or by Lemma 3.28.

Critical case 0 = o (¢ — 1) +2. Let w > 0 be a supersolution to (4.37) in Cslz.
Then arguing as in the previous case we conclude that w is a supersolution to (4.40) with
V(x) := cow? 'x|>=% > 8 inC2,, for some § > 0. Thus w is a supersolution to the linear
equation

B W(w)

il in Cg. (4.41)

where W(w) := exq, with a fixed ¢ € (0,5]. Choosing ¢ < Cy + A1 and applying
Theorem 4.16 to (4.41) we conclude that

mr(u, ) = cR*, R=>4,
with o] < & < a,. Therefore w > 0 is a supersolution to

V(x)

—Aw —
Jx|?

w=0 inC?z/,

where V (x) := cow? ! |x|270 > ¢4~ |x|¥(¢—D+2-0) iy Cé,, witha(g—1)+2—0) > 0.
Then the assertion follows from Corollary 4.15 or from Lemma 3.28.

Existence. Letqg > 1lando > o (¢ —1) +2. Choose o € (a, af’) such that ¢ < %

q
Then one can verify directly that the functions
w = tr%1(w)

are supersolutions to (4.37) in CSI2 for sufficiently small > 0.

Proof of Theorem 4.24 (Sublinear case). We start with the following a priori estimate which
is a complete analogue of Lemma 1.4.

LEMMA 4.28. Let g < 1. Let w > 0 be a supersolution to (4.37) in Cslz. Then for each

proper subdomain Q' € 2 there exists C > 0 such that
P

mr(w,Q)>CR™4, R>2. (4.42)



240 V. Kondratiev et al.

PROOF. Let w > 0 be a supersolution to (4.37). Then —Aw > 0 in Csl2 and the weak
Harnack inequality for negative exponents (see, e.g. [28, Theorem 8.18]) is applicable to

. . . 2 .
w. Testing the inequality —Aw > colx|~”w? by %~ we obtain

fcl |Vo|?dx > CO/C] x| Cwitp?dx, Ve HNCLHNHXECY. (4.43)

Q Q

Fix a proper subdomain Q" € €. Choose v € C2°(2) such that ¥ = 1 on .
Choose Og(r) € C>'(1,+00) such that 0 < 6g < 1, 0g = 1 for r € [R/2, R],
Supp(Or) = [R/4, 2R] and |V6g| < ¢/R. Then

/Cl |V(9R1//)|2dx < cRN72 (4.44)
Q
On the other hand,
—0 41 2 -0 g—1
/1 x| %w? (OrY)“dx > R /C(R/z,k) wi 'dx. (4.45)
Q/ o

Combining (4.43), (4.44) and (4.45) we derive

¢cR°7% > R_N/ widx.

R/2,R
Cs('z’/ )

Using the weak Harnack inequality we obtain

1
g=2 -N e g\ .
cR™4 > (R w D dx > ¢ inf  w
Co(R/2,R) COR/BTR/S)
Q' Q/

The assertion follows. O

Now we are ready to prove the nonexistence part of Theorem 4.24.

Nonexistence. Subcritical case o < a| (g — 1) + 2.
Let w > 0 be a supersolution to (4.37). Then by Theorem 4.16 we conclude that

me(w, Q) < cRY, R>2. (4.46)

This contradicts (4.42).
Critical case 0 = a) (¢ — 1) + 2. Let w > 0 be a supersolution to (4.37). In the same
way as in Lemma 3.6 there exists a solution to (4.37) (see Theorem 2.9). Without risk of
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confusion we still denote it by w. Choose a proper subdomain Q" € Q. Linearizing (4.37)
and using the upper bound (4.42) we conclude that w > 0 is a solution to

v
caw— Y20 inc), (4.47)

|x|?
where V(x) := colx|*"w9~! satisfies V(x) < ¢y in C5), with a fixed p; > 2. This

implies, in particular, that w satisfies the strong Harnack inequality with r-independent
constants. More precisely, for a given subdomain Q" &€ €' one has

Mp(w, Q") < Cymg(w, "), R>2p, (4.48)

where Cy; = C;(Q”) > 0 does not depend on R. Using (4.48) and the upper bound (4.46)
we conclude that

Mr(w, Q") <R, R > 2p. (4.49)
This implies that V(x) > § in ng,,, for some § > 0 and p» > 2p;. Hence w > 0O is a
supersolution to the linear equation
14
—Aw - |8(|620)w —0 incZ, (4.50)
X

where W, (w) 1= g g, witha fixed ¢ € (0, §]. Choosing ¢ > 0 small enough and applying
Theorem 4.16 to (4.50) we conclude that

mg(w, Q) < 2R, (4.51)

with & < (x1+. Now (4.51) contradicts the upper bound (4.42).

Existence. For o > 2 positive supersolutions to (4.37) exist in the exterior of a ball (see

Section 3.1), and therefore in a cone-like domain. Leto <2, g < 1 — 2-0

o
Assume that 0 < ¢ < 1. Choose @ € ( , ar) such that o > Z%f. Then there exists a
unique bounded positive solution to the problem
~App—a(@+N—-2¢p=1, ¢e H)(Q).
Further, a direct computation verifies that the functions

w = tr%p(w)

are supersolutions to (4.37) in Csl2 for a sufficiently large T > 0.
Now assume that ¢ < 0. Choose « as above, so there exists a unique bounded positive
solution of the problem

~App—a@+N-2)(@+1) =1, ¢ecHQ).
Then
w = tr%p(w)

are supersolutions to (4.37) in Cgl2 for sufficiently large v > 0. O
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4.2.2. Laplacian with Hardy potential
In this subsection we discuss the existence and nonexistence of positive supersolutions to
the singular semi-linear elliptic equation with critical potential

~V - (Ix[*Vu) — Blx|*72u = Clx|*™7u  inC5. (4.52)

Here A,BeR,C > 0and (¢,0) € R2.

The results of this subsection are taken from [48]. Here we only formulate main results
and outline the ideas used in the proofs, which are an appropriate combination of ideas
described in Sections 3.1 and 4.2.1.

Below we denote Cp := W, while A1 = A1(2) > 0 denotes the principal
Dirichlet eigenvalue of the Laplace—Beltrami operator —A,, on €.

First, we formulate the result in the special linear case.

THEOREM 4.29. Let (qlo) = (1, 2). Then equation (4.52) has no positive supersolutions
ifandonly if B4+ C > Cy + X.

If B < Cy + A then the quadratic equation
yy+N—-24+A)=1 -8B (4.53)

has real roots, denoted by y ~ < y+t. Note that if B = Cy + A1, then y* = 2—N — A)/2.
For B < Cy + X1 we introduce the critical line A, (g, A, B, 2) on the (g, o)-plane

Au(q. A, B, Q) :=min{y (g — D) +2,y"(¢g—1)+2} (¢€R),
and the nonexistence set
N ={(g,0) € R? \ {1, 2} : equation (4.52) has no positive supersolutions}.

(The notation y, y+, y~, the critical line and the nonexistence set are restricted to this
subsection.)
The main result of this subsection reads as follows.

THEOREM 4.30. The following assertions are valid.
(i) Let B < Cy + A1. Then N = {0 < A (q)}.
(ii) Let B = Cy + Ay. Then
{o <Ap)}U{o =Au(g), ¢ = -1} SN S {o < A}
If @=SN""ihen N = {0 < Au(@)} U lo = Au(q), g = —1}.

The next lemma, the proof of which is straightforward, shows that a simple
transformation allows one to reduce equation (4.52) to the uniformly elliptic case A = 0.

LEMMA 4.31. The function u is a (super-)solution to equation (4.52) if and only if

A
w(x) = |x|2u(x) is a (super-) solution to the equation

c
Eow=—wi inch, (4.54)

W— —w=
|x|? |x]*

where p =B —4(5 + N —2) ands =0 + 5(qg — 1).
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Fig. 5. The nonexistence set A of equation (4.52) for typical values of y ~ and y+.
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If © < Cy + X1 then the quadratic equation
al@a+N—=2)=A| — u, (4.55)

has real roots, denoted by o= < at. If w = Cy + A1 then ot = % In this case we

write oy 1= Z*TN for convenience. As before, we introduce the critical line 0 = A(g) with
A=A(g,u, Q) :=minfa (g — 1) +2, a+(q —1D4+2} (g eR),
and the nonexistence set
N ={(q,s) € R? \ {1, 2} : equation (4.54) has no positive supersolutions}.
Theorem 4.30 is a direct consequence of the next theorem on the equation (4.54).

THEOREM 4.32. The following assertions are valid:
(i) Letup < Cy + Ay Then N = {0 < A(q)).
(ii) Let uw = Cy + A1. Then
{0 <A@} U{o=A(g),q=~-1} SN C{o <A@}
IFQ=S""Tthen N = {0 < A(q)}U{o = A(g),q > —1}.

The proof of part (i) is almost the same as the proof of Theorem 4.24. The part (ii) is
proved in the same way as Theorem 3.1(ii) with the use of the estimates for the case of the
cone obtained in Theorem 4.16.

REMARK 4.33. In the case of proper domains © € SV~!, the existence (or nonexistence)
of positive supersolutions to (4.54) with g < —1 and s = «a4(g — 1) + 2 becomes a more
delicate issue. This question remains open.

4.2.3. Divergence-type equations
In this subsection we study the existence and nonexistence of positive solutions and
supersolutions to a semi-linear second-order divergence-type elliptic equation

—V-a-Vu=u? inCs. (4.56)

We assume throughout the subsection that the matrix a = (a;; (x))fv =1 is measurable and
uniformly elliptic, i.e. there exists an ellipticity constant v = v(a) > 0 such that

N
vER = Y ai(0&E; < vigl’, forall § € RY and almost all x € Co.
i,j=1
(4.57)

We also assume in this section that the matrix a is symmetric. This is a technical
assumption, and we believe that all the results hold without it. Due to the nature of the
cone-like domains there is no possibility to determine the exact values of critical exponents
for equation (4.56) for the whole class of uniformly elliptic matrices (even with the same
ellipticity constants), let alone the critical lines which are the interplay between ¢ and the
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exponent —o in the polynomial factor in front of the nonlinear term. That is why we do
not put this factor in (4.56). For the same reason a sensible setting is to look for positive
solutions at infinity and not in C512. The nonexistence results will then apply to Cg with any
p > 0, and the existence will be proved for a sufficiently large p.

Recall that the critical exponents to equation (4.56) are defined by

q* =q*a,Ch)

= inf{g > 1 : (4.56) has a positive supersolution at infinity in Cé},
g« = qx(a, Cg)

= sup{g < 1 :(4.56) has a positive supersolution at infinity in Cé}.

The next proposition whose proof is straightforward shows that the above values are
well defined.

PROPOSITION 4.34. Let u > 0 be a supersolution to the inequality
—V-a-Vu=u” inCf.

p=1
Thenforq > p > 1 orq < p < 1 the function v = u -1 is a positive supersolution to

—V.-a-Vu=ul ian.

In order to formulate the results we separate the superlinear case g > 1, where we follow
[40] and the sublinear case which is taken from [56].

Superlinear case ¢ > 1. The following theorem shows that the value of the critical
exponent depends on the matrix a.

THEOREM 4.35. Let Q@ C SN~! be a domain such that A{(2) > 0. Then for any
q € (1, %) there exists a uniformly elliptic matrix a, such that q*(ay, Co) = q.

REMARK 4.36. The matrix a, can be constructed in such a way that (4.56) either has or
has no positive supersolutions at infinity in Cq in the critical case ¢ = ¢*(ay, Cq), see
Remark 4.42 for details.

The next theorem, one of the main results of this subsection, asserts that equation (4.56)
with arbitrary uniformly elliptic measurable matrix @ on a “nontrivial” cone-like domain
always admits a “nontrivial” critical exponent.

THEOREM 4.37. Let @ € SN~ be a domain and a be a uniformly elliptic matrix. Then
g*(a,Cq) > 1. If the interior of SN~'\ Q is nonempty then q*(a, Cq) < %

REMARK 4.38. It is not difficult to see that in the case N = 2 equation (4.56) has no
positive solutions outside a ball for any ¢ > 1. However, when Cq is a “nontrivial” cone-
like domain in R?, that is S' \ Q # #, then all the results of the paper remain true with
minor modifications of some proofs.
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Sublinear case ¢ < 1. As in the superlinear case, the value of the critical exponent
essentially depends on the matrix ¢ and cannot be explicitly controlled without further
restrictions on the properties of a, which is seen from the next theorem.

THEOREM 4.39. Let Q@ € SV~ be a proper subdomain. Then for any q € (—oo, 1) there
exists a uniformly elliptic symmetric matrix a, such that g.(ay, Co) = q.

The main result of this subsection in the sublinear case says that similarly to the
Laplace equations, sublinear divergence-type equations on proper cone-like domain admit
a nontrivial critical exponent g (the lower critical exponent).

THEOREM 4.40. Let Q@ € SN~ be a proper subdomain. Then g (a,Cq) € (—o0, 1).

REMARK 4.41. We conjecture that for both superlinear case | < g < % and the
sublinear case ¢ < 1 the following should be true: for a given uniformly elliptic matrix a
and a given ¢ there exist 2 and €’ such that equation (4.56) has positive supersolutions at
infinity in Cg and has no positive supersolutions in Cgy.

Proofs of Theorems 4.35, 4.37, 4.39 and 4.40

PROOF OF THEOREM 4.35. Let @ C SV~! be a domain such that A1 = A;(Q) > 0.
Define the operator L, by

2 N—-13 di 1
L= 0 N-1d dil (4.58)

where d(r) is measurable and squeezed between two positive constants. Then L, is a
divergence-type uniformly elliptic operator —V - ay4 - V (see, e.g., [90]).

Setd(r) = a(a + N —2) witha < 2 — N. Following the lines of the proof of Theorem
4.24 we conclude that ¢*(ays, Co) = 1 —2/«. Clearly for any given g € (1, %), one can
choose « such that ¢*(ayq, Cq) = q. ]

REMARK 4.42. In the above proof equation (4.56) has no positive supersolutions at infinity
in Cq in the critical case ¢ = ¢* (a4, Cq). Next we give an example of equation (4.56) with
a positive supersolution at infinity in the critical case.

Let @ ¢ SV~! be smooth and L be as in (4.58) with

~ 2—N -2« 2
diry=a(a +N —2) + +—
log(r) log”(r)
where o < 2 — N. For large enough R >> 1 the operator L; = —V - a; - V is uniformly

elliptic on CS. Let ¢1 > 0 be the principal Dirichlet eigenfunction of — A, corresponding
to A1. Direct computation shows that the function

rC(

Vg, - ¢1

~ log(r)
is a solution to the equation

Ljy=0 inC§. (4.59)
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Since €2 is smooth, the Hopf lemma implies that vy, is a minimal positive solution to (4.59)
in Cslg. Following the lines of the proof of Theorem 4.23, subcritical case, we conclude that
g*(aj,Cq) = 1 —2/a. On the other hand, one can readily verify that u = r%¢; is a
positive supersolution to (4.56) in the critical case g = 1 — 2 /.

Note that the value of the critical exponent for L ; is the same as Ly due to the fact that
lim, oo (d(r) — d(r)) = 0. However the rate of convergence is not sufficient to guarantee
the equivalence of the corresponding minimal positive solutions (see, e.g. [5,66] for the
related estimates of Green’s functions). This explains the nature of the different behavior
of the nonlinear equations (4.56) at the critical value of g.

PROOF OF THEOREM 4.37. The next lemma is again the key tool in our proofs of
nonexistence of positive solutions to nonlinear equation (4.56). It is a direct consequence
of Theorem 2.13 and the sharpness of the Hardy inequality on cone-like domains (see
Section B).

LEMMA 4.43 (Nonexistence lemma). Let 0 < V € L} (Cp) satisfy

x>’V (x) > 00 asx € Cg, and |x| — o0 (4.60)
Sor a subdomain Q' C Q. Then the equation

~V-a-Vu—-Vu=0 inCh 4.61)
has no nontrivial nonnegative supersolutions.

First we show that for any domain Q2 € § N=1 5ne has q*(a,Cq) > 1. Then we prove
the second part of Theorem 4.37, saying that if the complement of €2 has nonempty interior
then g*(a, Cq) < %

The lower bound (4.3) allows us to prove nonexistence of positive solutions to (4.56)
exactly by the same argument as was used in the proof of Theorem 4.23 in the subcritical
case.

The following two propositions form the proof of Theorem 4.37.

PROPOSITION 4.44 (Nonexistence). Let @ € SN~ be a domain. Then q*(a,Cq) >
1 —2/a, where o < 2 — N is the exponent in the lower bound (4.3).

PROOF. Assume that # > 0 is a supersolution to (4.56) in Cg with exponentg < 1 —1/c.
By Lemma 2.6 and (4.3) we conclude that for any subdomain Q' C Q there exists
¢ = ¢(2) > 0 such that

o - 2p+2
u>clx|® inCq ™.
Therefore u is a supersolution to
—V-a-Vu=Vu in Cszz'(,)-’_z,
where V (x) := u?~!(x) satisfies the inequality

Vix) > x| D i Cé’f”
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with (¢ — 1) > —2. Then Lemma 4.43 implies that u = 0 in Cg. Since o > 0 does not
depend on p, we conclude that g*(a,Cq) > 1 — 1/a. O]

PROPOSITION 4.45 (Existence). Let @ C SN~! be a domain such that SN~ \ Q has
nonempty interior. Then q*(a,Cq) < 1 —2/8, where B < 2 — N is from the upper bound
(4.10).

PROOF. Fixgq > qo =1—2/B and set 6 = g — go. Let wy > 0 be a minimal positive
solution in Csl2 to

—V.-a-Vw—-—eWw=0 inCgq,

— 1 ;
where W(x) = P Vi’ € > 0 is from Lemma 4.4. Then by (4.10) for some

7 = 7(8) > 0 small enough the function Twy, satisfies

9-1¢, € |
Fwy)? ' < 797 elx))P ! < < =eW(x) inCh.
v x| PR = 2 log2 (x| + 2) Q

Therefore
—V.a-V(@Ewy) = eW(Fwy) > Fwy)? ' (Fwy) = Twy)?  inCY,
that is Twy, > 0 s a supersolution to (4.56) in ng. ]

PROOF OF THEOREM 4.39. The argument is exactly the same as in the proof of
Theorem 4.35. O

PROOF OF THEOREM 4.40 (Nonexistence). We start with the following standard estimate
on supersolutions to (4.37).

LEMMA 4.46. Let u > 0 be a supersolution to (4.37). Then for any subdomain Q' € Q
there exists ¢ = c¢(2) such that

me@u. Q) > cRT7 (R 1). (4.62)

We omit the proof as the same Keller—Osserman type of estimates was discussed before.
Lemma 4.46 shows that a polynomial upper bound on positive supersolutions to

~V-.a-Vw=0 inCh (4.63)
implies an upper bound on the critical exponent g (a, Cé’z).

PROPOSITION 4.47. Assume there exists a subdomain Q' C Q and a > 0 such that any
supersolution w > 0 to (4.63) satisfies

mp(u, Q) <cR* (R> p). (4.64)
Then g4 (a, Cg) <1-2/a.

PROOF. Fix ¢ > | — 2/a. Assume u > 0 is a positive supersolution to (4.37).
Hence u is a positive supersolution to (4.63). Then (4.62) is incompatible with (4.63),
a contradiction. O]
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Combining Proposition 4.47 and Lemma 4.1, we conclude that for any subdomain

Q C SV landa uniformly elliptic matrix a there exists ¢ = «(a, 2) > 0 such
that g.«(a,Cq) < 1 — 2/a. This completes the nonexistence part of the proof of
Theorem 4.40. O

PROOF OF THEOREM 4.40 (Existence). Consider the linear equation

—V.a -Vw-— =0 inC8, (4.65)

—_— W
|x|2 log? |x|

where € > 0 will be specified later. We show that a lower bound on positive supersolutions
to (4.65) implies an upper bound on the critical exponent ¢, (a, Cg).

PROPOSITION 4.48. Suppose there exists € > 0 and p > 1 such that there exists a
supersolution w > 0 to equation (4.65) satisfying

w > c|x|ﬂ inCP, (4.66)
with B > 0. Then g.(a, Ch) > 1 —2/B.

PROOF. Fixqg < qo=1—2/B andsetd = go—q. Let w > 0 be a supersolution to (4.65)
that satisfies (4.66). Then one can choose T = t(§) > 0 such that

q-1
() < T e ) < |(;|r2)+f"ﬂ| S e O
Therefore
“V.a-Vw) = ————(tw) > tw)? (tw) = Fw)?  in 5,
|x[2log® |x|
that is Tw > 0 is a supersolution to (4.56) in Cé’z. O

4.3. Discussion

(1) In Section 3 we studied the existence and nonexistence of positive supersolutions in
exterior domains, and in this section—in cone-like domains. Since we are concerned with
supersolutions without prescribing some boundary conditions, it is clear that the existence
of positive supersolutions in a domain implies the existence in a subdomain, and vice
versa, the nonexistence on a subdomain implies the nonexistence on the domain. From this
simple observation we can make conclusions on domains different from cones or exterior
domains. For instance, since a paraboloid-type domain (cut the vertex like in the cone) can
be embedded in any cone-like domain, one easily concludes that the equation —Au = u?
had positive supersolutions in a paraboloid-type domain for any ¢ > 1. So in a way the
discussed problem becomes trivial on a paraboloid. This is also true if one prescribes the
homogeneous Dirichlet boundary conditions on the boundary of the paraboloid. However,
the situation changes if one prescribes the Neumann boundary conditions on the boundary
of the paraboloid.
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Letx = (@, xy) e RV, x’ e RV LetP={x e RV : xy = [x/|*, xy > 1}, 4 > L.
Consider the following problem

—Au = u if xy = max{|x'|*, 1},

B .
o 0 onP. (4.67)
on

The following assertion holds (unpublished).

THEOREM 4.49. Let q > 1. If » = N — 1 then (4.67) has no nontrivial positive

supersolutions. If A < N — 1 then (4.67) has nontrivial positive supersolutions if and
only for g > x:}tz

The ideas of the proof are the same as for the cone-like domains, but one should note
different scaling for the paraboloid.

(2) The program described in Section 4.2.3 should be possible to realize for £ with
nonsymmetric uniformly elliptic matrix and with lower-order terms. This issue is open at
the moment. It is also of interest to answer the following question: what are the conditions
on the matrix a so that the qualitative picture of the existence of positive supersolutions to
—V -a - Vu = u? on the cone-like domains is the same as for the equation —Au = u??
Currently the authors have the affirmative answer to this question (unpublished) for g > 1
on cones with Lipschitz boundary and a — [Id (identity matrix) as x — oo, and the
convergence is faster than a Dini function at infinity. A similar question on the comparison
of two equations —V -aj - Vu = u? and —V - a5 - Vu = u? with uniformly elliptic matrices
a; and ap such that the difference a; — ap — 0 as x — 00, seems to be much more
difficult.

5. Exterior domains. Nondivergence-type equations

In this section we study the existence and nonexistence of positive supersolutions to a
semi-linear second-order nondivergence-type elliptic equation

—a-3*u=u? inG, (5.1)

for the full range of the parameter ¢ € (—00, +-00). Here G C RV (N > 2) is an exterior

. 2u -
domain (i.e., complement to a closed ball) and —a - 92y = — Z{szl ajj (x)#ab;, is a
second-order nondivergence-type elliptic expression. We assume throughout the section
that the matrix a = (a;; (x))fV =1 is symmetric measurable and uniformly elliptic, i.e. there
exists an ellipticity constant v > 0 such that

N
vER < Y aij(0&E; < vigl’, forallg € RN and almostall x € G. (5.2)
i,j=1
We will discuss the existence and nonexistence of positive supersolutions to (5.1)

without any smoothness assumptions on the coefficients. In this generality it is known
that the linear Dirichlet problem is not well posed [62], and there is no potential theory.
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This makes strong restrictions on the available techniques. Since in the case of smooth
coefficients the asymptotic behavior at infinity of the Green’s function of the operator a - 9
is relatively well understood [5,66] one can expect that the value of the critical exponent
of (5.1) will depend on the behavior of the coefficients at infinity. Indeed, we will see in
the main result of this section that it is the case, and in a “generic” situation equation (5.1)
has one critical exponent which, unlike in the case of the divergence-type equations, can
move to the sublinear region (¢ < 1) if the ratio of the maximal and minimal eigenvalues
of the matrix a is large enough. This phenomenon has been already observed in cone-like
domains, in which case it was related to the presence of the harmonic growing at infinity.
Here we meet the same situation. The only difference is that we cannot hope to obtain
precise asymptotic behavior of subsolutions at infinity.

In order to set the framework we need to define strong solutions at infinity to (5.1).

We say that u is a solution (supersolution, subsolutions) to equation (5.1) at infinity if
there exists a closed ball Ep centered at the origin such that if u € Wli’cN (E;), Bg =
RN \ l_?p and —a - 8%u = (>, =<)uP a.e. on RN \ Bp.

We refer the reader to [28, Chapter 9] for properties of strong (super-)solutions to the
linear equation —a - 3 %u = 0.

Recall the definition critical exponents to equation (5.1):

q" = inf{p > 1:(5.1) has a positive supersolution at infinity}, (5.3)
g« = sup{p < 1:(5.1) has a positive supersolution at infinity}. ’

The next proposition, whose proof is straightforward, shows that the above values are
well defined.

PROPOSITION 5.1. Let u > 0 be a solution to the inequality
a-d%u+uP <0 onl_?fe.

Then forq > p > 1 orq < p < 1 the function v = u4-" is a positive solution to

a-3*v+v7 <0 onéfe.

This proposition shows that in order to establish the existence of the critical exponent
in the superlinear case, one need to find a value g; > 1 such that (5.1) has no positive
supersolutions at infinity with ¢ = ¢, and the value ¢» > ¢; such that a positive
supersolution to (5.1) at infinity with ¢ = ¢g». Then it will follow that there exists a
critical value ¢* between g; and ¢p. The sublinear case ¢ < 1 is similar. Under the
general assumptions, apart from the fact of existence of a critical exponent, it is not
possible to say more. One can expect that the numerical value of the critical exponent will
become available if the matrix of coefficients a = (a;; (x))f.Y =1 tends to a constant matrix

a’ = (a?j) lN i1 88 |x| tends to infinity, and the predicted value of the critical exponent is
the same as 1n the case of the Laplacian. This is indeed true as we will see below. It turns
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out that the quantity responsible for the qualitative picture as well as for the numerical
value of the critical exponent is the following function
Tr(a)

(ax,x)
|x|?

which was introduced in [54] where it was called the “effective dimension” for the equation
a - 3%u = 0. It is the stabilization at infinity of this function that gives the exact numerical
value of the critical exponent to (5.1), and the rate of its stabilization determines whether
equation (5.1) with the critical value of p has positive supersolutions at infinity. The
standard condition on the rate of convergence of the variable coefficients to the constant
coefficients in the theorems on proximity of the Green’s functions corresponding to the
linear equation a - 9 2, = 0 is the Dini condition at infinity (see [5,66]). We provide the
conditions of the absence of positive supersolutions in the critical case, which are more
general and show the sharpness by an example.

First, observe that W, is invariant under orthogonal transformations but not invariant
under affine transformations. Note also that

<14+ N =D 2 <W,x) <1+ (N -1 (5.5)

Let g be a nondegenerate matrix detg # 0. Making the change of variables y = gx in
(5.1) one obtains

— p
Z g(y) ij 8y ayj =",

i,j=1

W, (x) 1= (5.4)

withag(y) = ga(g™'y) g" v(y) =u(g™'y). (5.6)
It is clear that the fact of the existence of positive supersolutions to (5.1) does not depend
on the change of variables, and the critical exponents g, and ¢* are the same for (5.1) and
for (5.6). In order to formulate the main result we introduce the following quantities.
W, := inflim sup ¥, (x),
g

|x]—o00

(5.7)

W, :=supliminf ¥, (x).
g |x]—00 8
Now we are ready to formulate the main result of this section.

THEOREM 5.2. Let Vg, W, be defined in (5.7). Then the following assertions hold.
(i) If Yy > 2 then g, =—ooandl+ﬁ <q* < 1+ﬁ.
(i) If W, <2 then ¢* = oo and 1 — % <g.<1- 2_2&.
(iii) If ¥, = W, = A # 2 and there exists § € GLy such that the function

8(r) := sup |Wg, (x) — Al >0 (r — 00)

[x|=r

and

/ ep{ A 2|/ ()—}——oo for some ro > 0, (5.8)

then (5.1) has no positive supersolutions at infinity for the critical value g = 1 + ﬁ.
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@iv) If\IJ_a = VY, = 2 then g = —00 and q* = oo, so that (5.1) has no positive
supersolutions at infinity for any q € R.

REMARK 5.3. (a) It is interesting to note that equation (5.1) has no positive supersolutions
forall ¢ € [—1, 1], due to (5.5).

(b) Theorem 5.2 describes three distinct cases in existence of positive supersolutions to
(5.1). Using the matrix

XiXj
aij(x)=8ij+y(r)W, (5.9

one can show that for the case ¥, < 2 < W, each of the three situations is possible, and
for ¥, <2 = W, cases (ii) and (iv) are possible. Similarly, for v, =2 < W, cases (i)
and (iv) are possible.

(c) If § is a Dini function at infinity then it satisfies condition (5.8).

(d) The next example shows that the conditions of Theorem 5.2 (iii) are optimal.
Let A #2,x € R. Set

X A—N+ &
XiX 1
aij(x) = 8;j +y(r) |:5ij ——|;|§] v =—F—7 - logr
Then
x ||
\IJ(X)ZN‘FV(”)(N—D:A-F@, 8(}’):@—)0 asr — OQ.

For |x| < # it follows from Theorem 5.2 (iii) that equation (5.1) has no positive
supersolutions for p = ﬁ. On the other hand, one can readily verify that there exists

R > 1 such that the function
2-A 224
u(x) = clx|”"“(oglx|) 2z,

satisfies the inequality

2 2
a-0°u+uiz2 <0

if, for A > 2, % > 122 with sufficiently small ¢ > 0, and for A < 2, x < —422 with

sufficiently large ¢ > 0.

COROLLARY 5.4. Let there exist a® € G Ly such that

8(r) := max sup |a;;(x) —a?j| — 0 asr — oo.
I<i,j<N |x|>r

Then g, = —ccand qg* = 1+ ﬁ Moreover, if N > 3 and § satisfies (5.8) (in particular,
if § is a Dini function at infinity) then (5.1) has no positive supersolutions at infinity for
q=q"

The detailed proof of Theorem 5.2 can be found in [39]. Here we only give the ideas.

Similarly to the case of the divergence-type equations (Section 3) the superlinear
case ¢ > 1 is based on the maximum principle, which gives a priori estimates
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for supersolutions. This is achieved by constructing explicit subsolutions (barriers).
Subsequent linearization of the equation leads to a contradiction with the next lemma,
the proof of which is based on a result from [10] and a scaling argument.

LEMMA 5.5 (Nonexistence lemma). Let0 <V € Lf&(é;) satisfy

|x|2V(x) — 00 as |x| — oo. (5.10)
Then the equation

—a-3*u—Vu=0 in B (5.11)
has no nontrivial nonnegative supersolutions.

The proof in the sublinear case is based on an a priori estimate for supersolutions to (5.1)
similar to Lemma 1.4 which however is proved in a different way.

PROPOSITION 5.6. Let g < 1. Let Ry > 0. Let u be a positive supersolution to
a2 q - D
a-0“u+u? <0 mBRO.
Then there exists ¢ > 0 such that

w(x) > clx|T7. (5.12)

A proof of Proposition 5.6 can be based on the next proposition which is nowadays
well-known (see, e.g. [37]) and a scaling argument.

LEMMA 5.7. Let g > 1. Let v be a positive solution to
2 q
a-0°v=>v? inAja.
Then there is a constant ¢ = c(v, N, q) such that

v(x) <c forallx € Ay3.

The existence part of the proof consists of producing explicit supersolutions to (5.1).
The proof of part (iii) of Theorem 5.2 is based on a careful construction of precise one-
dimensional barriers. We refer the reader to [39] for the details.

Discussion. (1) It should be possible to extend the result of Theorem 5.2 to the case of the
equations with first and zero-order terms. It seems also possible to extend the results to the
case of nonuniformly elliptic operators with locally bounded coefficients.

(2) Another interesting direction is the study of positive supersolutions to semi-linear
nondivergence-type equations on cone-like domains. First results in this direction were
obtained in [85] for the superlinear case ¢ > 1 and for sufficiently smooth cones.
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6. Quasi-linear equations

In this section we discuss in brief some results on the existence and nonexistence of positive
supersolutions to the equation Lu = co|x|~?u? in exterior domains with £ being a quasi-
linear operator.

One of the simplest cases of the quasi-linear operator in divergence form is the so-called
p-Laplacian, p > 1, which is formally given by

Apu = V(|VulP72Vu).

And the first quasi-linear equation for which the existence of positive supersolutions in an
exterior of a ball we are going to discuss is of the form

—Apu > colx|uf, co>0, xeB". (6.1)

In view of the scaling invariance of the equation the results on the existence of positive
supersolutions in B, are the same for different p > 0.
The first result on (6.1) is due to Bidaut-Véron [11] (see also [12,13]).

THEOREM 6.1. Let 1 < p < N and q > 0. Then there are no positive nontrivial
supersolutions to equation (6.1) if and only if

{ (q—p+1)(p—N)}
o < minj p, )

p—1

sop—1<gq*

— wandq* = —ooforo < p.

P

The technique of proving nonexistence in [11,12] in the case ¢ > p — 1 is based on the
reduction to the radially symmetric supersolutions and then studying the corresponding
one-dimensional problem. For 0 < ¢ < p — 1 the Keller—Osserman a priori estimate is
combined with some integral estimates on supersolutions obtained by a clever choice of
test functions.

We will show in the next subsection that the ideas developed in the previous sections
for semi-linear equations are fruitful for (6.1) and even more general equations involving
homogeneous perturbations. We will be also able to remove the restrictions p < N and
q > 0.

6.1. p-Laplacian and Hardy potential in exterior domains
In this subsection we briefly describe the results from [49] on the existence and

nonexistence of positive (super) solutions to nonlinear p-Laplace equation with Hardy
potential

_ " I
Apu |x|Pu _|x|“u in B, (6.2)
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l<p<oo,¢c0>0,ueR, (g,0) € RZ and G = E; is the exterior of the ball in RY,
with N > 2. We say thatu € WI})’C”(G) N C(G) is a supersolution to equation (6.2) in G if
forall0 < ¢ € Wj*” (G) N C(G) the following inequality holds

/ VulVulP Ve dx — Lu”_lgpdx > c—oqupdx.
G G 1xIP G 1xI?
Recall that W) (G) := {u € Wlf)’cp(G), Supp(u) € G}. The notions of a subsolution and
solution are defined similarly, by replacing “>" with “<” and “=", respectively. It follows
from the Harnack inequality (cf. [77]) that any nontrivial nonnegative supersolution to
(6.2) in G is strictly positive in G.

Let us explore the impact of the potential on the value of the critical exponents g™ and
g«. Consider the equation of the form

—Apu — Wup_l =u? inBj, (6.3)
here © € R and € € R. One can readily show (see the next section and [50]) that if ¢ > 0
then (6.3) has the same critical exponents q* and g, as in Theorem 6.1. This was proved
in [50] for p > 2 and even for more general perturbations of the type "‘x(fz) with p(x) being
a Dini function at infinity. For (6.3) this can be easily obtained by arguments similar to
those used in Section 3.2.2. Notice also that the value of the critical exponent ¢g* in this
case does not depend on the value of the parameter p as one can see, e.g. by scaling.

On the other hand, one can verify directly that if e < 0 and v < 0O, then (6.3) admits
positive solutions for all g € R, while ife < 0 and u > 0 then (6.3) has no positive
supersolutions for any q¢ € R. The latter follows immediately from Theorem B.2.

In the borderline case ¢ = 0 the critical exponents ¢* and ¢, depend explicitly on the
value of the constant u, as we already observed this in a particular case in Section 3.1.

The improved Hardy Inequality (Theorem B.2) plays a crucial role in the analysis of
equation (6.2) in the critical case u© = Cg.

To formulate the main result of [49] we assume that @ < Cp, otherwise (6.2) has no
positive supersolutions (by the optimality of the Hardy inequality, see Appendix B). When
u < Cpy, the scalar equation

—ylyIP 2y (p—1D+N—-p) =n

has two real roots y_ < y;. Note thatif u = Cy then y_ = y; = %. For pn < Cy we
introduce the critical line 0 = A*(gq, n) for equation (6.2) on the (¢, o)-plane defined by

A, ) =min{ly_(g —p+D+p,yr(@—p+D+p} (@eR),
and the nonexistence set
N ={(g.0) € R? \ (p — 1, p) : (6.2) has no positive supersolutions in B;}.

THEOREM 6.2. The following assertions are valid.
() If v < Cp then N = {o < Au(q@)}.
(ii) If p = Cy then N = {0 < Au(@)} U{o = Au(q), ¢ = —1}.
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REMARK 6.3. (i) Using sub- and supersolution techniques one can show that if (1.1)
has a positive supersolution in B then it has a positive solution in Bj. Thus for any

(q,0) e R2\N equation (6.2) admits positive solutions.

(i) Figure 6 shows the qualitative pictures of the set A for typical values of y—, ¥t and
different relations between p and the dimension N > 2.

The proof of the nonexistence for the case ¢ > p — 1 is again based on the comparison
and the maximum principle. However, the presence of the negative “potential” V makes
these tools much more delicate. We refer the reader to [72,81] (see also [49]) for the
corresponding maximum and comparison principle. The proof in the case ¢ < p — 1 again
as in the previous sections is based on the a priori estimate of the Keller—Osserman type
and a Phragmen—Lindel6f type comparison arguments. The difficulty in comparison with
the semi-linear cases arises when one needs a subsolution to the homogeneous equation,
with zero on the boundary of the ball and a given asymptotic at infinity (compare how it
was done in the case of a linear equation). In [49] this has been overcome by means of a
generalized Priifer transformation. The most delicate case when u = Cy and 1 < g < 1
was treated using the improved Hardy inequality (see Appendix B). We refer the reader to
[49] for the details of the proofs.

Discussion.  There are still many open issues on the existence and nonexistence of positive
solutions to the p-Laplace equations. One of the problems would be to extend the
nonexistence results described in this section to a more general notion of a supersolution.
The desirable conditions on the supersolutions are C(B,¢) N WIL‘CP - (B,°). The problem
of the existence and nonexistence of positive solutions to the equation —A ,u + Vu? e
colx|7uf for 1 < p < 2 with V weaker than the Hardy potential, satisfying conditions in

the spirit of Section 3.2, is still waiting to be explored.

6.2. General quasi-linear equations in exterior domains

Here we discuss the results on the nonexistence of positive supersolutions to general quasi-
linear elliptic equations in exterior domains.
Lu = —divA(x, u, Vu) + ap(x, Vu, u) > colx| uf. (6.4)

We suppose standard conditions on the main term on the left-hand side of (6.4). Namely,
we suppose that the functions A : RN x R x RY — RV, g9 : RY x R x RY — R are
such that A(-, £, u), ag(-, u, &) are Lebesgue measurable for all £ € RY and all u € R, and
A(x,u,-), ap(x, u, -) are continuous for almost all x € RN ueR.

We also assume that the following structural conditions on A are fulfilled for all
x,&E,n GRN,Withp > 1:

AC,u, &) —AC,u,n) - (E—n) >0, &#n,
Alx,u, &) - &= |E]P — g1 (x)|ul?,

AG,u, &) < vilE1P + go (o) |ulP T, (6.5)
lao(x, u, &)| < g3(0)IEIP" + ga(x)|ulP ",
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Existence

Existence

p
Y—
q
Nonexistence Nonexistence
Y- <7+ <0 (p<N) ¥-=7+<0 (p<N)
g, o -
Existence Existence
. Hn = CH =0
................. Pl
p—(p—Dv :
P | .
(p—1— oy :
-1 p+-1 q
| Nonexistence Nonexistence
7= <0<t 7-=7=0 (p=N)
. ) lod
Existence Existence
n=Cy

| Nonexistence

0<y- <7+

(p>N)

Nonexistence

V-=7+>0

(p>N)

Fig. 6. The nonexistence set N of equation (1.1) for typical values of y_ and y.



Positive solutions to semi-linear and quasi-linear elliptic equations on unbounded domains 259

where g1, g2, g3, g4 are locally bounded (one can allow for mild singularities, but we will
not discuss this issue here).

Under the above conditions it is well known by now (see [77]) that positive
supersolutions to Lu = 0 satisfy the weak Harnack inequality, and solutions are Holder-
continuous.

The next theorem which gives the nonexistence of positive solutions in the whole of RY
was proved in [13].

THEOREM 6.4. Let (6.5) be fulfilled with gi = 0, i = 1, 4. Assume that 1 < p < N and
q>p—1L1Ifqg < % then there are no nontrivial positive solutions to (6.4) in RN

If instead of (6.5) one assumes that A(x,u,n) = A(nD)n, n € RY, where A €
C ([0, 00), R) N CL((0, 00), R) t > A(£)t is nondecreasing and there exists M > 0 such
that

(6.6)

A1) < MtP~2 for any t > 0,
A(t) > M~ '+P=2  for small t > 0,

then the following nonexistence result in exterior domains holds (see [13,12]).

THEOREM 6.5. Let 1 < p < N and g > p — 1. Suppose the above condition on A is
fulfilled. Then (6.4) has no nontrivial positive solutions in 31 if

W0l
=< N_p
Theorems 6.4 and 6.5 and some generalizations are extensively discussed in [13,55].
However, the lower-order terms g;, i = 1, 4 are absent in these results. Using the methods
of the mentioned works based on a wise choice of test functions for (6.4), it seems fairly
straightforward to include some lower-order terms in proving the nonexistence theorems
up to the critical value of g (but not inclusive). Even without the lower-order terms under
conditions (6.5) the results in [13,55] do not include the critical value of g.
In order to include the lower-order terms in a nonexistence result on exterior domains
we make the following additional assumption:

there exist § € (0, 1) and a positive nonincreasing function G : R — R
which is Dini at infinity, such that

N — p 1
gl(x)f[ p} (1—8) —,
p |x|?

G(x)

x|
G(lxD)
|x[?

g3(x) <

(6.7)

ga(x) <

hold for |x| > 1.
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The result below is based on the comparison principle. So we require an additional
combined assumption on A and ag. We assume that for every u, v € HC1 (BY) N L (BY)

/ [A(x,u, Vu) — A(x, v, Vv)] - (Vu — Vou)ldx
B

c
1

—i—/ [ag(x, u, Vu) —ag(x, v, Vu)|(u — v)dx (6.8)
By

> vo/ |Vu — Vo|Pdx. (6.9)
BL'

1

The next theorem is the main result of [50].

THEOREM 6.6. Let conditions (6.5), (6.8), (6.7) be fulfilled. Let

o leg < N

, o <p.
<q= N—p p

Then equation (6.4) has no nontrivial positive solutions in Bi".

REMARK 6.7. (1) Theorem 6.6 because of the condition (6.8) implicitly assumes that
p > 2. The corresponding result for I < p < 2 is an open problem.

(2) Recently under the conditions of Theorem 6.6 the existence of a weak solution to
Lu = 0in RY, which is squeezed between two positive constants, was proved in [51]. This
solution can be used to prove nonexistence of positive solutions to (6.6) for 0 < g < 1.
However, in comparison with the case of a semi-linear equation, the case ¢ < 0 remains
an open question.
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A. Appendix. Extended Dirichlet space

Let £ be a symmetric bilinear form defined by
E(u,v) = / Vu-a-Vvdx +/ Vuvdx (u,v e HJ (G) N LZ(G)),
G G

where G € R" is a domain, a is a symmetric locally elliptic matrix and V & Ly (G) a
potential. In this section we briefly discuss several facts concerning the relations between
the positivity of the form £ and the existence of positive (super) solutions to the linear

equation

(-V-a-V+Vw=f inG, (A1)
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associated with &y, where f € Llog’c(G) (see some more details in [48]). As usual, a

supersolution to (A.1) is a function u € HIIOC(G) such that

/VM.a.V<pdx+/ Vmpdxz/frpdx, V0 <geH(G)NLXG).
G G G a2
Assume that the form & is positive definite, that is
Ew,u) >0, Y0O#ueHNG)NLX(G). (A.3)

Following Fukushima [26, p. 35-36], denote by D(&, G) the family of measurable a.e.
finite functions u : G — R such that there exists an £-Cauchy sequence (u,) C Hc1 G)yn
L2°(G) that converges to u a.e. in G. This sequence (u,) is called an approximating
sequence for u € D(E, G). Then the limit £(u, u) := lim,_ o E(uy, u,) exists and is
independent of the choice of the approximating sequence. Thus £ is extended uniquely to
anonnegative definite bilinear form on D(E, G). The family D(E, G) is called the extended
Dirichlet space of £. Tt is easy to see that D(E, G) is linear and invariant under the standard
truncations: if u, v € D(E, G) thenut =uv0e DE,G)andu v v,u Av e DE, G).

Following [3,4], we say that the form & satisfies the A-property if there exists a function
0 <xeLl (G)suchthat A~! € L (G) and

loc loc
Eu,u) > / wr(x)dx, Yue HNG)NLX(G). (A4)
G
If & satisfies the A-property then the extended Dirichlet space D(£, G) is a Hilbert space
with the inner product £(-, -) and the corresponding norm || - [|[p = /E(:, -). Clearly
HNG)NLX(G) c DE,G) c HL(G) and D(,G) c L*(G, 1dx).
By D'(€, G) we denote the space of linear continuous functionals on D(E, G). The
following lemma is a standard consequence of the Riesz Representation Theorem.
LEMMA A.1. Assume that € satisfies the A-property. Letl € D'(E, G). Then there exists
a unique ¢, € D(E, G) such that
E(px, @) =1(p), Ve eDE, G). (A.5)

It is easy to see that
L*(G, 27" dx) c D' €y, G).
Consider the homogeneous equation
(=V-a-V+V)u=0 inG. (A.6)
The following maximum and comparison principles can be proved much in the same way

as Lemmas 2.5 and 2.6.

LEMMA A.2. Assume that £ satisfies the h-property. Let w € HILC(G) be a supersolution
to (A.6) such that w= € D(E, G). Then w > 0in G.

LEMMA A.3. Assume that £ satisfies the A-property. Let 0 < w € HI})C(G), veDE,G)
and w — v be a supersolution to equation (A.6). Then w > v in G.
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B. Appendix. Improved Hardy’s inequality

The standard Hardy inequality has the form

N =2 2 2
Wultdr > N =2D7 [ e foraiu e HIRY). (B.1)
RN 4 R [x]? ¢

It is meaningless in the dimension N = 2. Instead, the following inequality holds on the
exterior of the unit ball

1 2 _

f \Vul? dx > -/ g forallu e B2\ By). (B.2)
4 Jr2 |x 2 log? |x|

In the main body we use the following extension of (B.2) to the N-dimensional case:

1 2 i}
/ x>~V Vul|? dx > —/ de forallu € H'(RN \ By).
RN 4 Jry x|V log? |x|

(B.3)

The above inequalities can be easily verified using Theorem 2.13 by choosing appropriate
supersolutions to homogeneous equations with potentials. For instance, (B.3) follows from
Theorlem 2.13 since the function v(x) = (log |x|)!/? solves the equation —V - |x|>~V . Vv —
aloerp? = O

In the interior of a ball or the exterior of a ball the Hardy inequality (B.1) can be
improved [1,25]. We give an improved Hardy-type inequality on cone-like domains,
which is appropriate for our purposes (see e.g. [48] for a proof). Recall that, for
0 < p < R < 400, we denote

PP i={rnw eRY: we Q. reR), Chi=Cyt™, Cq=0CI,

where @ € SV~ is a subdomain of S¥~! = {x € RV : |x| = 1}. By A we denote the
first eigenvalue of the Dirichlet Laplace—Beltrami operator on £2.

THEOREM B.1. The following inequality holds:
2 2
1
/ \Vol2dx > (Cy +A1)/ ”—2dx+ —/ — o —dx
Co 5 4 Jeg, |x|? log” |x|
VveH (C )ﬂLOO(C ), (B.4)

2
where Cy = (NTJ) . The constants Cyg + A1 and JT are optimal in the sense that the
inequality

2 2
2 v v
/ [IVv|“dx > /L/ —2dx+ef —zdx
cs cs |x] ch |x]2 log* | x|
VveH (C )ﬂLoo(C ), (B.5)

fails in any of the following two cases:
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1) u=Cy+rand € > 1/4,
(i) o > Cy+ A andVe € R

An improved version of the Hardy inequality on exterior domains is also valid for the
case of p-Laplacian. In the form below it is taken from [49].

THEOREM B.2 (Improved Hardy Inequality for p-Laplace). For every p > 1 there exists
p > 1 such that

J

) Jul” 0]
|Vu|Pdx > Cy ——dx +¢ —mdx,
B 1x[P 5 1x[7 log"™ |x|

ve WP(BS)NL¥(BY),

c
o

(B.6)
with
N-—-pl|’ p—N
CH = 5 Vs = ’
p
p—1 )pr”’*z N#p
2 ’ ’ _ 12 N#p.
e < Cy:= (E)N v My = {N, N=p. (B.7)
N £l _p7

The constants Cy and Cy are sharp in the sense that the inequality fails if ¢ > Ci.

References

[1] Adimurthi, N. Chaudhuri and M. Ramaswamy, An improved Hardy—Sobolev inequality and its
application, Proc. Amer. Math. Soc. 130 (2002), 489-505.

[2] Agmon, S. On positivity and decay of solutions of second order elliptic equations on
Riemannian manifolds, Methods of Functional Analysis and Theory of Elliptic Equations
(Naples, 1982), Liguori, Naples (1983), pp. 19-52.

[3] S. Agmon, Lectures on Exponential Decay of Solutions of Second-order Elliptic Equations:
Bounds on Eigenfunctions of N-body Schridinger Operators, Princeton Univ. Press, Princeton,
NJ (1982).

[4] W. Allegretto, Criticality and the A-property for the elliptic equations, J. Differential Equations
69 (1987), 39-45.

[5] A. Ancona, First eigenvalues and comparison of Green’s functions for elliptic operators on
manifolds or domains, J. Anal. Math. 72 (1997), 45-92.

[6] C.Bandle and M. Essén, On positive solutions of Emden equations in cone-like domains, Arch.
Rational Mech. Anal. 112 (1990), 319-338.

[7] C. Bandle and H.A. Levine, On the existence and nonexistence of global solutions of
reaction—diffusion equations in sectorial domains, Trans. Amer. Math. Soc. 316 (1989),
595-622.

[8] Bandle, C., Moroz, V. and Reichel, W. “Boundary blowup” type sub-solutions to semilinear
elliptic equations with Hardy potential, J. London Math. Soc., to appear.



264 V. Kondratiev et al.

[9] H. Berestycki, I. Capuzzo-Dolcetta and L. Nirenberg, Superlinear indefinite elliptic problems
and nonlinear Liouville theorems, Topol. Methods Nonlinear Anal. 4 (1994), 59-78.

[10] H. Berestycki, L. Nirenberg and S.R.S. Varadhan, The principal eigenvalue and maximum
principle for second-order elliptic operators in general domains, Comm. Pure Appl. Math.
47 (1) (1994), 47-92.

[11] M.-F. Bidaut-Véron, Local and global behavior of solutions of quasilinear equations of Emden-
Fowler type, Arch. Rational Mech. Anal. 107 (1989), 293-324.

[12] Bidaut-Véron, M.-F. Behaviour near zero and near infinity of solutions to elliptic equalities and
inequalities, Proceedings of the USA-Chile Workshop on Nonlinear Analysis (Via del Mar-
Valparaiso, 2000), 29-44 (electronic), Electron. J. Differ. Equ. Conf., 6.

[13] M.-F. Bidaut-Véron and S.I. Pohozaev, Nonexistence results and estimates for some nonlinear
elliptic problems, J. Anal. Math. 84 (2001), 1-49.

[14] L. Birindelli and E. Mitidieri, Liouville theorems for elliptic inequalities and applications, Proc.
Roy. Soc. Edinburgh Sect. A 128 (1998), 1217-1247.

[15] H. Brezis and X. Cabré, Some simple nonlinear PDE’s without solutions, Boll. Unione Mat.
Ital. Sez. B (8) 1 (1998), 223-262.

[16] H. Brezis, L. Dupaigne and A. Tesei, On a semilinear elliptic equation with inverse-square
potential, Selecta Math. (N.S.) 11 (1) (2005), 1-7.

[17] H. Brezis and S. Kamin, Sublinear elliptic equations in RV, Maunscripta Math. 74 (1992),
87-106.

[18] Ph. Clément and G. Sweers, Getting a solution between sub- and supersolutions without
monotone iteration, Rend. Instit. Mat. Univ. Trieste 19 (1987), 189-194.

[19] E.N. Dancer and G. Sweers, On the existence of a maximal weak solution for a semilinear
elliptic equation, Differential Integral Equations 2 (1989), 533-540.

[20] E.B. Davies, Heat Kernels and Spectral Theory, Cambridge University Press, Cambridge, New
York, Melbourne (1989).

[21] K. Deng and H.A. Levine, The role of critical exponents in blow-up theorems: the sequel, J.
Math. Anal. Appl. 243 (2000), 85-126.

[22] W.Y. Ding and W.-M. Ni, On the elliptic equation Au+ KuT2/=2) = 0 and related topics,
Duke Math. J. 52 (1985), 485-506.

[23] L. Dupaigne, Semilinear elliptic PDE’s with a singular potential, J. Anal. Math. 86 (2002),
359-398.

[24] H. Egnell, Positive solutions of semilinear equations in cones, Trans. Amer. Math. Soc. 330
(1992), 191-201.

[25] S. Filippas and A. Tertikas, Optimizing improved Hardy inequalities, J. Funct. Anal. 192 (2002),
186-233.

[26] M. Fukushima, Y. Oshima and M. Takeda, Dirichlet Forms and Symmetric Markov Processes,
de Gruyter, Berlin (1994).

[27] B. Gidas and J. Spruck, Global and local behavior of positive solutions of nonlinear elliptic
equations, Comm. Pure Appl. Math. 34 (1981), 525-598.

[28] D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order,
Grundlehren der Mathematischen Wissenschften, vol. 224, Springer-Verlag, Berlin, Heidelberg,
New York (1977).

[29] A. Grigor’yan and W. Hansen, A Liouville property for Schrodinger operators, Math. Ann. 312
(1998), 659-716.

[30] W. Hansen, Harnack inequalities for Schrodinger operators, Ann. Scuola Norm. Sup. Pisa Cl.
Sci. (4) 28 (1999), 413-470.

[31] J. Heinonen, T. Kilpeldinen and O. Martio, Nonlinear Potential Theory of Degenerate Elliptic
Equations, Oxford University Press, (1993).



Positive solutions to semi-linear and quasi-linear elliptic equations on unbounded domains 265

[32] J. Hernandez, F.J. Mancebo and J.M. Vega, On the linearization of some singular, nonlinear
elliptic problems and applications, Ann. Inst. H. Poincaré Anal. Non Linéaire 19 (2002),
777-813.

[33] N.J. Kalton and LE. Verbitsky, Nonlinear equations and weighted norm inequalities, Trans.
Amer. Math. Soc. 351 (1999), 3441-3497.

[34] C.E. Kenig and W.-M. Ni, An exterior Dirichlet problem with applications to some nonlinear
equations arising in geometry, Amer. J. Math. 106 (3) (1984), 689-702.

[35] Y. Kitamura and T. Kusano, Oscillation criteria for semilinear metaharmonic equations in
exterior domains, Arch. Rational Mech. Anal. 75 (1) (1980/81), 79-90.

[36] V. Kondratiev and S. Eidelman, Positive solutions of second-order quasilinear elliptic
equations, Russian Acad. Sci. Dokl. Math. 49 (1994), 124-126.

[37] V. Kondratiev and E.M. Landis, Qualitative properties of the solutions of a second-order
nonlinear equation, Mat. Sb. (N.S.) 135 (177) (1988), 346-360, 415 (Russian); translation
in Math. USSR-Sb. 63 (1989), 337-350.

[38] V. Kondratiev, V. Liskevich and Z. Sobol, Second—order semilinear elliptic inequalities in
exterior domains, J. Differential Equations 187 (2003), 429-455.

[39] Kondratiev, V., Liskevich, V. and Sobol, Z. Positive super-solutions to semi-linear second-order
non-divergence type elliptic equations in exterior domains, Trans. Amer. Math. Soc., to appear.

[40] V. Kondratiev, V. Liskevich and V. Moroz, Positive solutions to superlinear second-order
divergence type elliptic equations in cone-like domains, Ann. Inst. H. Poincare Anal. Non
Lineaire 22 (2005), 25-43.

[41] V. Kondratiev, V. Liskevich, V. Moroz and Z. Sobol, A critical phenomenon for sublinear
elliptic equations in cone-like domains, Bull. London Math. Soc. 37 (2005), 585-591.

[42] V. Kondratiev, V. Liskevich, Z. Sobol and A. Us, Estimates of heat kernels for a class of second-
order elliptic operators with applications to semi-linear inequalities in exterior domains, J.
London Math. Soc. (2) 69 (2004), 107-127.

[43] K. Kurata, Continuity and Harnack’s inequality for solutions of elliptic partial differential
equations of second order, Indiana Univ. Math. J. 43 (1994), 411-440.

[44] V. Kurta, On the nonexistence of positive solutions to semilinear elliptic equations, Proc.
Steklov Inst. Math. Moscow 227 (1999), 1-8.

[45] G.G. Laptev, Absence of global positive solutions of systems of semilinear elliptic inequalities
in cones, Izv. Ross. Akad. Nauk Ser. Mat. 64 (2000), 107-124 (Russian). Translation in Izv.
Math. 64 (2000), 1197-1215.

[46] A.C. Lazer and P.J. McKenna, On a singular nonlinear elliptic boundary-value problem, Proc.
Amer. Math. Soc. 111 (1991), 721-730.

[47] H.A. Levine, The role of critical exponents in blowup theorems, SIAM Rev. 32 (1990),
262-288.

[48] V. Liskevich, S. Lyakhova and V. Moroz, Positive solutions to singular semilinear elliptic
equations with critical potential on cone-like domains, Adv. Differential Equations 11 (2006),
361-398.

[49] V. Liskevich, S. Lyakhova and V. Moroz, Positive solutions to nonlinear p-Laplace equations
with Hardy potentials in exterior domains, J. Differential Equations 232 (2007), 212-252.

[50] V. Liskevich, LI. Skrypnik and I.V. Skrypnik, Positive super-solutions to general nonlinear
elliptic equations in exterior domains, Manuscripta Math. 115 (2004), 521-538.

[51] Liskevich, V., Skrypnik, L.I. and Skrypnik, L.V. Positive solutions to singular non-linear
Schrodinger-type equations, submitted.

[52] V. Liskevich, H. Vogt and J. Voigt, Gaussian bounds for propagators perturbed by potentials,
J. Funct. Anal. 238 (2006), 245-277.



266 V. Kondratiev et al.

[53] W. Littman, G. Stampacchia and H.E. Weinberger, Regular points for elliptic equations with
discontinuous coefficients, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (3) 17 (1963), 43-77.

[54] N. Meyers and J. Serrin, The exterior Dirichlet problem for second order elliptic partial
differential equations, J. Math. Mech. 9 (1960), 513-538.

[55] E. Mitidieri and S.I. Pohozaev, A priori estimates and the absence of solutions of nonlinear
partial differential equations and inequalities, Tr. Mat. Inst. Steklova 234 (2001), 1-384.
(Russian).

[56] Moroz, V. unpublished manuscript.

[57] M. Murata, On construction of Martin boundaries for second order elliptic equations, Publ.
Res. Inst. Math. Sci. 26 (1990), 585-627.

[58] M. Murata, Semismall perturbations in the Martin theory for elliptic equations, Israel J. Math.
102 (1997), 29-60.

[59] M. Murata, Martin boundaries of elliptic skew products, semismall perturbations, and
fundamental solutions of parabolic equations, J. Funct. Anal. 194 (2002), 53-141.

[60] J.D. Murray, Mathematical Biology, Springer, Berlin (1993).

[61] A. Nachman and A. Callegari, A nonlinear singular boundary value problem in the theory of
pseudoplastic fluids, SIAM J. Appl. Math. 38 (1980), 275-281.

[62] N. Nadirashvili, Nonuniqueness in the martingale problem and the Dirichlet problem for
uniformly elliptic operators, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 24 (1997), 537-549.

[63] W.-M. Ni, On the elliptic equation Au + K(x)u(”"'z)/(”_z) = 0, its generalizations, and
applications in geometry, Indiana Univ. Math. J. 31 (1982), 493-529.

[64] W.-M. Ni, Some aspects of semilinear elliptic equations on R", Nonlinear Diffusion Equations
and Their Equilibrium States, Il (Berkeley, CA, 1986), Math. Sci. Res. Inst. Publ., vol. 13,
Springer, New York (1988), pp. 171-205.

[65] A.Okubo and S.A. Levin, Diffusion and Ecological Problems: Modern Prospectives, Springer,
New York (2001).

[66] Y. Pinchover, On the equivalence of Green functions of second order elliptic equations in R",
Differential Integral Equations 5 (1992), 481-493.

[67] Y. Pinchover, On positive Liouville theorems and asymptotic behavior of solutions of Fuchsian
type elliptic operators, Ann. Inst. H. Poincaré Anal. Non Linéaire 11 (1994), 313-341.

[68] Y. Pinchover, Maximum and anti-maximum principles and eigenfunctions estimates via
perturbation theory of positive solutions of elliptic equations, Math. Ann. 314 (1999), 555-590.

[69] Y. Pinchover and K. Tintarev, A ground state alternative for singular Schrodinger operators, J.
Funct. Anal. 230 (2006), 65-77.

[70] R.G. Pinsky, Positive Harmonic Functions and Diffusion, Cambridge Univ. Press (1995).

[71] S.I. Pohozaev and A. Tesei, Nonexistence of local solutions to semilinear partial differential
inequalities, Ann. Inst. H. Poincaré Anal. Non Linéaire 21 (2004), 487-502.

[72] A. Poliakovsky and 1. Shafrir, A comparison principle for the p-Laplacian, Elliptic and
Parabolic Problems (Rolduc/Gaeta, 2001), World Sci. Publishing, River Edge, NJ (2002),
pp. 243-252.

[73] M.H. Protter and H.F. Weinberger, Maximum Principles in Differential Equations, Springer,
New York (1984).

[74] M. Reed and B. Simon, Methods of Modern Mathematical Physics. 1V: Analysis of Operators,
Academic Press, New York, London (1978).

[75] A.A. Samarskii, V.A. Galaktionov, S.P. Kurdyumov and A.P. Mikhailov, Blow-up in
Quasilinear Parabolic Equations, de Gruyter, Berlin (1995).

[76] Yu.A. Semenov, On Perturbation Theory for Linear Elliptic and Parabolic Operators; The
Method of Nash, Applied Analysis, Contemp. Math., vol. 221, Amer. Math. Soc., (1999),
pp. 217-284.



Positive solutions to semi-linear and quasi-linear elliptic equations on unbounded domains 267

[77] 1. Serrin, Local behavior of solutions of quasi-linear elliptic equations, Acta Math. 111 (1964),
247-302.

[78] J. Serrin, Entire solutions of nonlinear Poisson equations, Proc. London. Math. Soc. (3) 24
(1972), 348-366.

[79] J. Serrin and H.F. Weinberger, Isolated singularities of solutions of linear elliptic equations,
Amer. J. Math. 88 (1966), 258-272.

[80] J. Serrin and H. Zou, Cauchy-Liouville and universal boundedness theorems for quasilinear
elliptic equations and inequalities, Acta Math. 189 (2002), 79-142.

[81] I. Shafrir, Asymptotic behavior of minimizing sequences for Hardy’s inequality, Commun.
Contemp. Math. 2 (2002), 151-189.

[82] B. Simon, Schriodinger semigroups, Bull. Amer. Math. Soc. (N.S.) 7 (1982), 447-526.

[83] D. Smets and A. Tesei, On a class of singular elliptic problems with first order terms, Adv.
Differential Equations 8 (2003), 257-278.

[84] E.M. Stein, Topics in Harmonic Analysis Related to the Littlewood—Paley Theory, Annals of
Mathematics Studies, no. 63, Princeton University Press, (1970).

[85] M. Surnachev and I. Filimonova, Existence of positive solutions of a semilinear nondivergence
form elliptic equation in a conical domain, Differential Equations 43 (2007), 147-150.

[86] S. Terracini, On positive entire solutions to a class of equations with a singular coefficient and
critical exponent, Adv. Differential Equations 1 (1996), 241-264.

[87] J.F. Toland, On positive solutions of —Au = F(x, u), Math. Z. 182 (1983), 351-357.

[88] J.L. Vazquez and E. Zuazua, The Hardy inequality and the asymptotic behavior of the heat
equation with an inverse square potential, J. Funct. Anal. 173 (2000), 103-153.

[89] L. Véron, Singularities of Solutions of Second Order Quasilinear Equations, Longman, Harlow
(1996).

[90] H. Vogt, Equivalence of pointwise and global ellipticity estimates, Math. Nachr. 237 (2002),
125-128.

[91] Q.S. Zhang, Gaussian bounds for the fundamental solutions of V(AVu) + BVu — u; = 0,
Manuscripta Math. 93 (1997), 381-390.

[92] Q.S. Zhang, On a parabolic equation with a singular lower order term, Part II: The Gaussian
bounds, Indiana Univ. Math. J. 43 (1997), 989-1020.

[93] Q.S. Zhang, An optimal parabolic estimate and its applications in prescribing scalar curvature
on some open manifolds with Ricci > 0, Math. Ann. 316 (2000), 703-731.

[94] Q.S. Zhang, A Liouville type theorem for some critical semilinear elliptic equations on
noncompact manifolds, Indiana Univ. Math. J. 50 (2001), 1915-1936.



This page intentionally left blank



CHAPTER 4

Symmetry of Solutions of Elliptic Equations via
Maximum Principles

Filomena Pacella?, Mythily Ramaswamy®

4 Dipartimento di Matematica, Universitd di Roma La Sapienza, P.le A. Moro 2, 00185, Roma, Italy
E-mail: pacella@mat.uniromal..it
b TIFR-CAM, Yelahanka New Town, Bangalore-560065, India
E-mail: mythily@math.tifrbng.res.in

Abstract

We review here some results in the study of symmetry properties of solutions of
elliptic nonlinear differential equations, obtained using maximum principles.

Keywords: Maximum principle, Moving-plane method, Comparison principle,
Elliptic equations, Foliated Schwarz symmetry, Degenerate elliptic equations
AMS Subject Classifications: 35B50, 35B99, 35J60, 3570

Contents
1 Introduction . . . . ... .. ... 271
2 Moving-plane method . . . . . . . .. 272
2.1 Boundeddomains. . . . . . . ... ... 272
2.2 Symmetry results in RN 276
3 Break of radial symmetry . . . . .. ... 282
3.1 Non-Lipschitz nonlinearity . . . . . . . . . . . . . . e 282
32 Henonequation. . . . . . . . ... e 283
3.3 Sign-changing solutions . . . . . . . . . .. e 284
3.4 Nonconvex domains . . . . . . . . .. ... ... 285
3.5 Other boundary conditions . . . . . . . . . ... ... 287
4 Partial symmetry results . . . . . ... e e 288
4.1 Preliminaries on foliated Schwarz symmetry. . . . . . . ... ... ... ... ... ...... 288
4.2 Symmetry of Morse index one solutions . . . . . . . .. ... ... 291
4.3 Symmetry of solutions with higher Morse index. . . . . .. . ... ... ... ......... 293
4.4 Axial symmetry of solutions of an asymptotic problem . . . . . . .. .. ... ... ... 298

HANDBOOK OF DIFFERENTIAL EQUATIONS
Stationary Partial Differential Equations, volume 6
Edited by M. Chipot

© 2008 Elsevier B.V. All rights reserved

269



270 F. Pacella, M. Ramaswamy

5 Symmetry of solutions of p-Laplace equations . . . . . . ... .. ... ... .. 300
5.1 Preliminaries . . . . . . . ... e 300
5.2 Bounded domains: Thecase | < p <2 ... . . . . . . . . ... 302
5.3 Bounded domains: Resultsforall p > 1. . . . . .. ... ... ... ... .. . ..., 305
5.4 Symmetry results in RN for1 < P<2 . . 308

References . . . . . . . o 310



Symmetry of solutions of elliptic equations via maximum principles 271
1. Introduction

To establish symmetry properties of solutions of differential equations is obviously an
important goal in mathematical analysis, both from a theoretical point of view and for
the applications. This question received new impulse after Serrin’s paper [46] about an
over determined problem where he proved that if a function u satisfies —Au = 1 in a
smooth, bounded, connected domain €2, together with the boundary conditions

u
u =20, — = constant on dQ2
av

then Q2 is a ball and u is radially symmetric. To prove this result he introduced in the
differential equations framework the method of moving planes which had been previously
used in differential geometry by A.D. Alexandroff to study surfaces of constant mean
curvature. This device consists in moving parallel hyperplane up to a critical position,
while comparing the solution with its reflection with respect to the hyperplane, in order to
show that the solution is symmetric about the moving hyperplane. The main ingredients
to carry on this procedure are comparison principles which, for linear operators, are
equivalent to maximum principles. Years later, the same method was employed by Gidas,
Ni and Nirenberg to obtain in [31] fundamental monotonicity and symmetry results for
positive solutions of nonlinear elliptic equations under very general assumptions on the
nonlinearities.

After that many other interesting results followed: different operators, different
boundary conditions, different geometries were studied. However though the Gidas—Ni—
Nirenberg results and their developments apply in very general situations, there are cases
when break of symmetry occurs, as a consequence of the failure of some of the hypotheses
necessary to apply the moving-plane method.

Some of these are described in Section 3. In these cases it is reasonable to expect, for
certain nonlinearities, or for certain types of solutions that at least part of the symmetry of
the domain is inherited by the solution. This is a new line of research that recently has got
some attention and which we describe in Section 4.

Another context where the moving-plane method does not apply in a straightforward
manner, is when the differential equation under consideration involves operators which are
not uniformly elliptic. A typical case is p-Laplace equations where the elliptic operator is

Apu = div (|DulP">Du), p>1

which is singular, if p < 2 or degenerate, if p > 2. The main difficulty here is that
comparison principles, which are essential to apply the moving-plane method, are not
available in the same form as for p = 2. Indeed there are counterexamples both to the
validity of comparison principles and the symmetry results, as described in Section 5.1.
Nevertheless it is possible to extend the moving-plane method under suitable assumptions
and get some symmetry and monotonicity results for positive solutions, [22,23,25-28,47].

In this paper we survey some results in bounded domains or in the whole space in
the directions we have outlined, mainly partial symmetry and p-Laplace equations. The
common feature of the results we present here is that they rely on maximum or comparison
principles, in different forms.
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We start by reviewing the moving-plane method and the Gidas—Ni—Nirenberg results
in Section 2. In Section 3 we describe different counterexamples to radial symmetry.
Section 4 is devoted to partial symmetry results, while in Section 5 we review the
developments concerning p-Laplace equations.

2. Moving-plane method

Let us denote by H;, the hyperplane, whose normal is along the direction e in RV, with
le] = 1:

Ho={xeRV:x.-e=1}, reR
Let © be a smooth domain in RY. The cap that is cut off from €2 by this hyperplane is
Y,={xeQ:x-e> A}

We move the hyperplane H) from a minimal position to a maximal position till the reflected
cap with respect to H,, lies within 2. The comparison of the solution u with its reflection
u with respect to the hyperplane is used to derive the symmetry properties. Hence various
forms of maximum principles are used depending on whether 2 is bounded or not. We
describe here some main results in each case.

2.1. Bounded domains

Let 2 be a bounded, regular domain in RN, N > 2. For a direction ¢ in RY, with le] =1,
we define

a(e) =supx -e.
xeQ
We start moving the hyperplane H, from A = a(e) to a maximal position. In this case,
strong maximum principle, Hopf maximum principle at a boundary point and its refinement
due to Serrin at corner points, were quite crucial in the early works. This restricted the use
of the method to smooth domains only. For simplicity, we fix the direction e to be along
the x; axis. A typical symmetry result in [31] is:

THEOREM 2.1. Let u be a positive solution in the ball of radius R in RN of

Au+ f(u) =0 in Bg,

u=0 ondBg. @.1)

Let f € C'. Then u is radially symmetric and the radial derivative u, satisfies
u <0 forO<r <R. (2.2)
O

In fact a more general result is true [31].
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THEOREM 2.2. Let Q2 be a C? domain in RN convex in the xi-direction and symmetric
with respect to the plane x1 = 0. Let u be a positive C*(2) solution of

Au+ fw)=0 inQ,

u=0 onoS, 23)

with f € C. Then u is symmetric with respect to x1, and
uy, <0 inf{x e Q:x; > 0}. 2.4)
O

But the corresponding question for simple domains as cubes remained open because of
the presence of corners. Later Berestycki and Nirenberg introduced the maximum principle
in narrow domains in this context (see [9]) and that simplified the proofs and widened the
applicability of this method to arbitrary domains. A typical result from [9] is:

THEOREM 2.3. Let Q be an arbitrary domain in R", convex in the xi-direction and
symmetric with respect to the plane x1 = 0. Let u be a positive solution of (2.3) belonging
to leo’cn () N C(Q) and assume that [ is Lipschitz-continuous. Then u is symmetric with
respect to x| and (2.4) holds.

PROOF. Leta = sup,.q x1. Consider the hyperplane Hj = {x € RY : x; = A} and %;,
the cap from €2, cut off by H,, :
Yp={xeQ:x >\
Define in X,
up(x1,y) = ulxp — 24, y).
Let us define the set
A:={re0,a):Ya>pu>ku>u,inX,}.

The proof consists of these main steps:
(1) Show that A is nonempty.
(2) Show thatif g :=inf A, then Ag = 0 and u = u;, in %;,.

Step 1: Define in %;,
w(x, A) = u(x) — up(x)
w satisfies the equation

Aw+ Cx,AMD)w =0 in X,

w=0 ondX,, 2.5)

where
fux)) = f(ur(x))
u(x) —up(x)

Since f is Lipschitz continuous, there exists some constant b > 0 such that

ICl<b VxeZ, Va.

Clx, 1) =




274 F. Pacella, M. Ramaswamy

For a — A small, the domain %, is narrow in the xj-direction. Hence we can apply
the following maximum principle in narrow domains to conclude w < 0 on %,, for A
sufficiently close to a. O

PROPOSITION 2.1 ([9]). Consider a second-order elliptic operator in a bounded domain
Q CRV:

L=M+c=aj + b; (x)0; + c(x)
with L™ coefficients and uniformly elliptic:
colx|? < aij(x)xixj < Colgl*, ¢, Co > 0Vx € RY,

and

JEZb? <b, c| <b.

Assume that the diameter of Q@ < d. There exists § > 0 depending only on N, d, co and b
such that whenever

Lw>0 ongQ,

w<0 ondQ. (2.6)

We have w < 0 on 2, provided
measure () = |2| < 8. 2.7)
O

We give the proof of this proposition after proving the theorem. It is clear that one can
find & such that

a—e<i<a=|%,l <.
Proposition 2.1 then implies that
wy <0 onX
for these A’s : @ — ¢ < A < a. Thus we have
u(x;) >u(x) onx,fora—e <X <a. (2.8)

Thus the set A is nonempty.

Step 2: Let p be the infimum of A’s for which equation (2.8) holds. We would like to
show that © = 0. We suppose that © > 0 and argue to get a contradiction.

By continuity, w, < 0on X,. Since i > 0, the reflection of the cap is strictly inside the
ball where u > 0. Thus we have w, < 0 on Eu N (02\ H,). Hence it follows by strong
maximum principle, that w, < 0 on X,,. We now show that w,_¢(x) < 0on X,_ for all
small positive ¢ < .
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Let § > 0 be the constant given by Proposition 2.1.
Y, =KU(EL\K),

where K is a compact proper subset of X, and
8
12\ K| < 7 (2.9)

The idea is to get the nonpositivity of w,, ., for small €, in K and (X, \ K) separately by
different arguments, leading to a contradiction with the fact w is the infimum of such A’s.
By compactness of K, for some small 6 > 0

w, <—0 onK.
Again by continuity, for small ¢, 0 < ¢ < &,
[Xu—¢ \ K| < 6.
Proposition 2.1 then implies that
wy—e <0 onX, \K
for 0 < ¢ < 9. Combining the two inequalities for w,_, it follows that
wy—e <0 onX,

for 0 < & < &g, which is a contradiction to the definition of p. Thus u = 0.
Now for each A, 0 < A < a, we have by strong maximum principle

wy, <0 onX,.

Hopf maximum principle then implies that

ow ou ou
———=————>0 onH, N
0x1 dx1 dx1
Thus u,, < 0 forx; > 0. O

PROOF OF PROPOSITION 2.1. We rewrite the equation as
ajjuij +bi(x)u; —c” (x)u = —cT(x)u

and apply the lemma of Alexandroff, Bakelman and Pucci (see [33], Chapter 9) in the
following form:
If ¢ <0 and w satisfies Lw > f and w < 0 on 02, then

Supw < Cllfllpy,

where C depends only on N, co, b and d. 0
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REMARK 2.1. In the above theorems, we can allow the nonlinearity f to depend on
r = |x| also, provided that the  dependence has the right monotonicity. In particular,
in equation (2.5) forw =u —u); =u —vin X, if

Aw+ Cx,)w >0

then again the maximum principle will be applicable. For that we need

S, ) = f, |x])
so that

S, 1x) = fu, ) = fu,lx)) = f, x).

As |x| > |x;] in X, we require that f should be nonincreasing in the r-variable.

In a similar way, we can allow f(u) to be f1 + f> with fj(u) Lipschitz and f,(u) with
the right monotonicity to allow the application of the maximum principle in the above
equation for w. In particular, we require f> to be nondecreasing in u.

2.2. Symmetry results in RN

If © is the whole space, then the moving-plane procedure has to start in a different way
because neither Hopf maximum principle nor maximum principle for narrow domains is
available as before. Let us consider positive solutions of the following problem.

Aux)+ f@)=0 inRY, N=>2

u(x) > 0 as|x| - oo. (2.10)
In general, to start the procedure, it is important to have the asymptotic decay rate of the
solutions near infinity. In the case f(0) = 0 and f'(0) < 0, all positive solutions can be

shown to decay exponentially and are indeed radially symmetric, as the following theorem
from [32] shows:

THEOREM 2.4. Let u be a positive C? solution of (2.10) with
fw) =—u+gu),

where g is continuous and g(u) = O u®) near u = 0 for some o > 1. On the interval,
0 <s < ug = maxu, assume that

8(s) = gi(s) + g2(s)
with g» nondecreasing and g, € C', satisfying, for some C > 0, p > 1,
Cls —t|

816) =810l = o G o

forall 0 < s,t < ug. Then u is radially symmetric about some point xo in RN and u, < 0
forr = |x — xgo| > 0. Furthermore

N2
lim r 2 e'u(r) =pu>0. (2.11)

r—00
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Observe that this theorem applies to the case of a smooth nonlinearity f, with f(0) =0
and f'(0) < 0. An improvement of the above theorem for the case f/(s) < 0 for
sufficiently small s, is obtained in [39]. In this case, equation (2.10) may have solutions,
which decay slower than (2.11), for example, power decay or even logarithmic decay. See
example 1, in [39].

THEOREM 2.5. Suppose that f'(s) < 0 for sufficiently small s > 0. Then all positive
solutions of (2.10) must be radially symmetric about the origin up to translation and

ur <0 forr=lx|>0.

Both these theorems do not apply to the case when f(u) = u®, for some o > 0.
More generally, when f(u) > 0 and f(u) = o(u) near u = 0, the situation is
more complicated because solutions may have different asymptotic behaviours at co. The
symmetry conclusion can be drawn only for solutions with “fast” decay at co. Theorem 1’
in [32] covers certain such situations. This was later improved in [38]. There it is actually
proved for a more general case of fully nonlinear equations. Let us mention here a version
for the Laplace equation:

THEOREM 2.6. Suppose there exist so, @ > 0 such that for all u, v such thatQ <u < v <
so we have

J) — fu)

V—Uu

< C(u+v)“. (2.12)
Let u be a positive C? solution of (2.10) satisfying

ulx)=0 (L> as |x| - oo (2.13)

|x|™
with ma > 2. Then u is radially symmetric and strictly decreasing about some point.

The original proof of Theorem 2.4 was by using the Green’s function to write down the
solution as

u(x) = c/ &dy
R

N x — y|N=2

for some ¢ > 0 and then using decay estimates at infinity. The proof in [39] uses the
maximum principle but without any decay estimates. We indicate here a simple proof for
the last two theorems, following [26], avoiding pointwise arguments and hence extendable
directly to the degenerate case of p-laplacian (see section 3 in [26]).

PROOF OF THEOREM 2.5. Let us introduce the half space:
EX:{xGRN:x-v<A},
for a direction v in R, i.e. [v| = 1 and for A € R. Define the hyperplane

Hf:{xeRN:x-v:)»}
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and the reflection R; through H),i.e.
Ri(x)=x) =x+2(A —x-v)y,
for any x € RV, Let
() = RU(ED).
For a function u € C'(RV), let the reflected function
u(x) =u(x)) Vxe RV
Let us define the set
A={LeR Vu>)\,uzuﬂinE;‘i}.

As before, the proof consists of these main steps:
(1) Show that A is nonempty and bounded from below.

(2) Show thatif Ao := inf A, then u = u;,, in EXO.
Then the radial symmetry and monotonicity of # will follow with standard arguments.

Step 1. Let us put v = u; and observe that v satisfies the same equation as u in X;. Since
u — 0 when x — o0, the function (v — u — &)™, for ¢ > 0 has compact support. Further
u = von H){’ . Hence, we can use the test function (v — u — &) in the equations for v and
u in X;. Subtracting the equations we get

/ |D(U—M—8)|2=/ [f) = f@)]w—u—e)". (2.14)
ZlNv=u+e] ZlNv=u+e]

Here we have used the fact that D(v — u — &)™ = D(v — )" x{y>ute)- Since u — 0 as
|x] — oo, there exists R such that for x outside Bg, u(x) < €p. By the assumption,
f'(s) < 0fors < €, for A > R, we have v < € on Z/‘\’ and hence on the set
XY N{x : v > u+ €} the function f’ is nonpositive and hence f(v) — f(u) < 0.
Thus it follows from (2.14) that

f ID(v—u—e)t|><0.
ZU

A

As € — 0, we get by monotone convergence theorem

/ IDv—u—e)T > <0.
ZU

A

Since (v — u)T vanishes on H){’, we conclude that it vanishes a.e. on X /‘\’ Thus v < u on
%) forall A > R and A # ¢. The same argument shows that A corresponding to —v is
also nonempty. Hence for the direction v, this set is bounded below.

Step 2. Let us put Ag := inf A. By continuity of u with respect to A, u > uy, in Exo.
Suppose by contradiction that u  u;,, in E;O. Since w = wy, = u — u,,, satisfies in EXO

S ()= f (upg (x))
HT W) ¢ Ly RY), by

the linear equation —Aw = ¢, (x)w, where ¢;,(x) = PTCETNED)
0
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the strong maximum principle we get u > u;,, in E;fo. We will show that this implies that
the inequality u > u; in X; continues to hold when A < A is close to Ag, contradicting
the definition of Ag.

Consider 1 < Ao, close to A¢. Define P to be the projection of the origin on H,’. Let

B, =X NB(P,R),

where B(P, R) is the ball centred at P and has radius R, chosen so that u(x) < €, for x
outside B(P, R). We split X} as follows:

%) = BU(S) \ B).

As before, we take the test function (v — u — €)' in %} for the equation for u and v.
Subtracting the equations, we get

/ ID@w—u—e)f? = /N(f(v) — f@)w—u—et
=y B
+ / (f) = f@)@—u—e)F
S\B

< /E(f(v) W) —u—e. (2.15)

This is because f(v) — f(u) <0on X\ B since u(x) < v(x) < €y on that set.
Recall that for functions in H' (B) vanishing on BN H Y, we have the Poincaré’s
inequality (see for example, Lemma 2.1 in [26]):

1/2N

lwly g < CIB N supp (w) /|| Dwll, 7,

C being a constant depending only on N.
Using the Lipschitz constant L, for f on the compact set B,

/ |D(v—u—e)+|2§L/~|v—u||v—u—e|+.
hiie B

A

Passing to the limit as € — 0, we get

/~|D(v—u)+|2 < /~(|v—u|+)2
B B

<C|Bn supp(v—u)+|1/N/~|D(v—u)+|2. (2.16)
B

Since (4 — u;,) > 0 on any compact subset K of 2;0, we have by continuity of
u,(u —uy) > 0on K C XV, for A close to Ag. Thus the supp (v — u)™ is small in B
for A < Xg, A close to Ao, we conclude that for such A, when

C|B N supp(v — )|V <1

the function D(v — u)™ = 0 a.e. Since (v — u)" = 0 on H, it follows that (v — u)* = 0
a.e. on B.
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Using (2.15) and (2.16), it now follows that D(v — u)™ = 0 a.e. on =0\ B also and
hence v < u on ;. But this contradicts the minimality of Ag. Thus the only possibility
iSu = uy, on E/‘{O. Repeating the argument in N-orthogonal directions, we can conclude
that u is radially symmetric with respect to O, the common point of intersection of these
planes. 0

PROOF OF THEOREM 2.6. This is also along the same lines as the above proof except
that we deal differently with the integrals on the unbounded sets. Since f(u) need not
be decreasing for small u as in the earlier case, we use the assumption (2.12) on f and
then Hardy’s inequality to estimate these integrals. To be able to use the test function
(v —u — &)™, we need to know that

/Eu[f(v) — f@IT —w)* < oo

Let Bg be chosen such that u(x) < so outside this ball. By our assumption (2.12), we have
for A > R, v(x) < sp on X} and

[f(v) — F@]TT(w— )] < Co@tl,

By our assumption (2.13), v* ! = O(W) at infinity. Hence we can find t > 1
such that m(a + ¢t + 1) > N and then

/Ev [f(v) — f@)]T[(v—uw)T] < oo.

Let us now take [(v —u — &) "] as the test function in the equation for u and v. Subtracting
the equations we get

t/ [ —u— )T D@ — w)
ZNv>u+e]
_ / LF () — FAOTw — u — &)
ZNv>u+e]

< / LF ) — F@T I —u— e)*T.
ZNv>u+e]
As e — 0 we get
/ [w— w1 D— ' < C / LF () — FaOT* (v — u)*]' < oo.
iy =

ol
2

Let w := [(v — u)T] 2 . Then this can be written as

)

IfA>R,thenv=uk<soandWSCv“,soweget

f |Dw|zsc/
X >

IDw® < Co / LF () = F@T 0 — )T < oo. 2.17)
5

v
A

1
vw? < c/ | v|maw2- (2.18)
v v E_\/ _)C)L

A A A
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Notice that if A > 0 then |x}'| > |x| and by Hardy’s inequality,

/ |Dw|? < c/ _1 w . sup——— / Dwl>.  (2.19)
- » g . .
x s fx) a2 |x|? ) lxy1me=2 | Jsy

v v
s A
Asma > 2,

Hence there exists A’ such that if A > )/ then fzv |Dw|?> = 0 ie. w is constant. This
A
implies that w = 0, since w = 0 on H;’. Thus u > u; in X} and A is nonempty.

Step 2. Arguing as in the proof of Step 1 of the earlier theorem but with the test function
[(v—u —¢e)T]", we arrive at

r/ [—u—e) T D —u— P
5

= /E(f(v) — f)lw—w™ +/z _(f) = fa)lw—w™*T. (2.20)

W\B

There exists Ry > 0, C > 0, such that for all A in a neighbourhood of Xy we have
ux) < # if |[x| > Rp. Then if R > R is big enough,

+ +qt 1 2
- f@He-w T < | sp ———— | [ iDwl
Z\B 2;\5 |, | =\B
1 2
=z _|Dw| (2.21)
2 JsnB

for all A in a neighbourhood of 1. ~
Using the Lipschitz continuity of f in B and the Poincaré’s inequality, we have

fN[f(v) @I —w)'T = C / w|?
B B

IA

1
C |B) N supp (u —u)*|V ﬁ|Dw|2
B

IA

1 2
— | 1pw]? (2.22)
2 )5

Combining (2.21) and (2.22) we get that if X is close to Ay we have

)

i.e. Dw =0and u > u}i. This contradicts the definition of Ay and shows that u = u;,, in
Y.
Ao

1
Dwp < —/ \Dw?
2 =Y

v
7a
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3. Break of radial symmetry

In this chapter we will analyse different cases when the solution of a semi-linear elliptic
equation of the type considered in the previous chapter fails to be radial, though both the
domain and the data of the problem are spherically symmetric. More precisely we will
consider solutions of the equation

—Au = f()x|,u) in B, 3.1)

where B will be either a ball or an annulus in RV, N > 2, while the assumptions on the
nonlinearity and the boundary conditions will be made precise in each case.

3.1. Non-Lipschitz nonlinearity

It is natural to ask if Lipschitz condition on the nonlinearity can be dropped in these
symmetry theorems. The example given in [31] shows that in that case, there may be
compactly supported positive solutions. If p > 2
we) = (1= xP)P, xl <1,
w=0 inx|>1
satisfies
Aw+ f(w) =0 (3.2)
with the nonlinearity, a Holder continuous function with exponent (1 — 2/p)
fw)=—=2p(p—2w' P +2pn+2p — 2w~/
Then the function
ulx) =wkx) + wkx — xo)

with some fixed xo satisfying |xg| = 3, satisfies (3.2) in |x| < 5 with the same f but u
is not radially symmetric, but a combination of two “bumps”. In fact, this is typically the
situation for non-Lipschitz nonlinearity, as the following theorem from [17] shows:

THEOREM 3.1. Assume that

(@) £(0) <0, f continuous in [0, 00), locally Lipschitz in (0, 00);
(b) there exists a > 0 such that f is strictly decreasing in [0, a].
Let u be a classical solution of

Au+ fw)=0 inRY, N>1

u>0.

Then we have

(i) Either the support of u is the whole of RN and u is radially symmetric with respect to a
point.

(ii) Or any connected component of the set {x : u(x) > 0} is a ball and u restricted to this
ball is radially symmetric with respect to its centre.
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A typical example is
F) = uP —ut

for0<g<l<p< N+2 and N > 3. Note that f(0) = 0 and f < O near origin and f
is non-Lipschitz (see [18])

3.2. Henon equation

Let us assume that B is a ball in RV, N > 2 and f(|x|,u) = |x|*u” with & > 0 and
pe(,+o0)if N=2orp € (1, %H) if N > 3. Using a constrained minimization
method it is quite easy to prove the existence of a positive solution of (3.1) satisfying the
boundary condition

u=0 ondB. (3.3)

Indeed, defining

- [ |Vv[?dx
Sa = n wlo il g N2/
UEH#Oém (fB lx]@|v|P dx)
v

since the embedding H| (B) <> LPT!(B) is compact (p < N+2 if N > 3) , we have that

S, 1s achieved by a function v which can be assumed nonnegatlve and that, after suitable
rescaling, solves (3.1)—(3.3). By the strong maximum principle it follows that v > 0 in B.
Analogously we can consider another infimum

. [ |Vv|?dx
Zy = inf il o >0,
veH} (B) (fB |x|a|v|p+1dx) P
v#£0

where H, 1 +(B) is the subspace of the radial functions in H (B). Obviously, also Z, is
achieved by a radial function which, after rescaling, gives rise to a positive radial solution
of (3.1)—(3.3).

Obviously Sy < Z, and the natural question is to ask whether S, and Z, coincide, i.e.
if the ground state solution of (3.1)—(3.3) is radial or not. The following result is proved
in [48].

THEOREM 3.2. There exists «* > 0 such that for any o > a*, Sy < Zg.

This implies that a symmetry result as the one described in the previous chapter, does
not hold for this type of problem. Comparing with the nonlinearities considered in the
Gidas-Ni-Nirenberg theorem, we observe that the function f(|x|, u) = |x|*u? does not
have the right monotonicity in the x-variable, because it is monotonically increasing.
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3.3. Sign-changing solutions

Let us start by observing that it is very easy to construct sign-changing solutions which
break the symmetry in symmetric domains, in particular those which are not radial in
spherically symmetric domains. Indeed it suffices to consider the second eigenfunction
of the laplacian operator in the ball which is an antisymmetric function with respect to a
hyperplane passing through the origin. More generally if f(u) is an odd nonlinearity and
u is a positive solution of the problem

{—Au = f(u) inB~

u=>~0 ondB~ 3.4)

in the half ball B~ = {x = (x1,...,xy) € RN x < 0}, N > 2, then, by reflecting
u by oddness in BT = {x = (x1,...,xn),x > 0}, we get a sign-changing solution of
(3.1)—~(3.3) in B which is obviously not radial. On the other hand if B is a ball or an
annulus it is often easy, by using the associated ordinary differential equation, to also find
radial solutions of (3.1)—(3.3) which change sign. Hence a more subtle question is how
to distinguish radial or nonradial solutions, in particular how to prove whether “the least
energy” nodal solution is radial or not.

At this point it is useful to observe that for semi-linear elliptic Dirichlet problems of the

type

(3.5)

—Au= f(u) inQ
u=~0 on dQ2

when € is a smooth bounded domain in RY, N > 2, several multiplicity results have been
obtained using a variety of variational methods. However only quite recently it has been
proved that sign-changing solutions exist, by studying the associated energy functional

J(u) = 1/ |Vu|2dx—/ F(u)dx,
2 Ja Q

where F is a primitive of the nonlinearity f, on the set
M ={ue Hy(Q),u" #0,u” #0,(J' ), u’) = (J'w),u") =0)}

(see [14] and [6]). In particular, the existence of a sign-changing solution which minimizes
the functional J on M is shown and it is therefore called least energy nodal solution. In
particular this solution has Morse index 2 and precisely two nodal regions.

In [3] some results about the break of symmetry of this solution, as well as of solutions
of (3.5) with low Morse index are proved. Let us describe them briefly.

Let us assume that Q = B, i.e. is either a ball or annulusin RY, N > 2 and f isa C'*
nonlinearity. We have

THEOREM 3.3. Any radial sign-changing solution of (3.5) has Morse index greater than
orequalto N + 1.

In particular, from this theorem it follows that a least energy nodal solution (3.5) is not
radial, because it has Morse index equal to 2.
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A more general result on the geometry of a symmetric, but nonradial solution, is also
obtained in [3].

THEOREM 3.4. If B is a ball and u is a nodal solution which is even in k-variables, with
Morse index less than or equal to k, then its nodal set N intersects the boundary.

We recall that the nodal set is defined as

= {x € B, u(x) = 0}.

It can be useful to sketch the idea behind these results. It relies on the study of the sign
of some particular eigenvalues of the linearized operator L = —A — f/(u) at the solution
u. Indeed let us consider the hyperplanes 7; = {x = (x1,...,xy) € B,x; = 0} and
the half domains B;” = {x € B,x; < 0},i = 1,..., N. Then we denote by u; the
first eigenvalue of L in B;. It is easy to see that, by the symmetry of a radial function
u in each x;-variable, the numbers u; are also eigenvalues of L in the whole B, with a
sign changing corresponding eigenfunction, obtained by odd extension to B of the original
eigenfunction in B; . In [3] it is proved, by using the maximum principle, that all x; are
negative, providing the negative eigenvalues for the linearized operator L in B. Since also
the first eigenvalue must be negative we get that the Morse index of a radial solution is
greater than or equal to N + 1.

Let us observe that the results described hold for solutions of autonomous equations
like (3.5). Break of symmetry has also been proved for nonautonomous problems. Some
interesting results in this context have recently been obtained in [30] (see also [45]) for a
class of superlinear Ambrosetti—Prodi-type problems in the ball. More precisely, in [30]
the following semi-linear elliptic problem is studied.

{—Au =u®>—ty; inB

u=0 on 9B, (3.6)

where ¢ is a real parameter and ¢ is the first eigenfunction of the laplacian in B, with zero
Dirichlet boundary data. By comparing the Morse index of solutions in H,, '(B) or in the
subspace HO1 (B) of the radial functions, the authors are able to show that the solutions of
(3.6) with Morse index one (which always exist by the Mountain Pass Theorem) change
sign and are not radially symmetric, for ¢ > 0O sufficiently large.

3.4. Nonconvex domains

It is easy to understand that the moving-plane method is a continuous procedure
which requires the convexity of the domain in the direction of the displacement of the
hyperplanes. When the convexity fails it is possible to prove break of symmetry. In the
case of spherically symmetric domains this means showing that in some cases there are
positive solutions in an annulus which are not radial. An interesting counterexample of
this type was given in the classical paper [10] in the presence of a critical nonlinearity. Let
us consider the problem



286 F. Pacella, M. Ramaswamy

N+2
—Au=uN-2+4+)xu inB
u=>0 in B 3.7)
u=20 on 0B,

where B is an annulus in RN, N > 4 and 1 is a positive real parameter.

In [10] it is proved that for any A € (0, A1), A1 being the first eigenvalue of —A in
Hé (B), there is a solution of the problem analogous to (3.7) in general smooth bounded
domains 2. This is achieved by proving that the infimum

2N
S = inf /|Vv|2dx— /|u|2dx p A —— (3.8)
veHO(Q) N -2

vl > 2 () =1

is achieved, for any A € (0, A1), by a positive function v which, up to a suitable rescaling,
solves (3.7). In the case of a spherically symmetric domain B, as in Section 3.1, we can
also consider the following infimum

Z, = inf /|Av|2dx— /|v|2dx (3.9)
LEHI L(B)

\ILHLZ*(B) 1

which is achieved if A > 0. However, when B is annulus, thanks to the fact that the
embedding Hol’r(B) < L*(B) is compact, we have that the infimum Zq defined in (3.9)
is achieved even when A = 0, while the infimum Sy for A = 0 defined in (3.8) is never
achieved in any bounded domain. This remark is the crucial point in [10] to show that, for
A close to zero, S; < Z, and hence the least energy solution of (3.7) in an annulus is not
radial.

However it is also interesting to remark that the symmetry of all positive solutions of
some problems of type (3.1) may be preserved sometimes under symmetric perturbations
of the initial domain, even if these perturbations destroy the convexity properties of the
domain. More precisely, the following type of results is proved in [35].

Let 2 be a domain with the required convexity properties to apply the moving-plane
method and let €2, be a sequence of suitable approximating domains which are still
symmetric but not convex anymore. A typical example is obtained by making one or
more holes in 2, i.e. 2, = 2\ Uf.‘zl B;, where B; are small balls in 2, whose radius tends
to zero, as n tends to co. In [35], it is shown that for any given nonlinearity f(u) in a
certain class, all positive solutions of a problem of type (3.1) in €2,, are symmetric if €2,
is sufficiently close to 2. In particular, they are radial if €2,, is an annulus with a small
inner radius. Note that the “closeness” of €2, to €2, for which the symmetry is preserved
depends on the assigned nonlinearity and hence this result is not in contradiction with the
counterexample in the annulus given before.

We conclude this section mentioning that some other interesting symmetry results in
nonconvex domains are proved in [36] using again the maximum principle and a variant of
the sliding method of [9].
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3.5. Other boundary conditions

When the Dirichlet boundary conditions are replaced by other kinds of conditions, again
radial symmetry breaks even for positive solutions. A typical case is when we deal with
homogeneous Neumann boundary conditions and an example can be given by taking a
critical nonlinearity.

Let us consider the problem

N42 o
—Au+Au=uN-2 in

u >0 in (3.10)
% =0 on 082,

where A is a positive real parameter and 2 is a bounded smooth domain in RN N > 3,
while v denotes the outer normal to 9€2.

In [1] it was proved that there exists Ao > O such that for all A > A¢ the problem (3.10)
admits a solution which minimizes the functional

|Vul|“dx + X [, u“dx
Jo IVulPdx + & [qu*d
(Jq luF)¥? ’

in the space H'(2). Subsequently in the paper [2], the authors proved that, for every
domain €2, this solution attains its maximum at only one point belonging to 9€2, if A is
sufficiently large. Moreover in higher dimensions this point must belong to the set of the
points of maximal mean curvature of the boundary. In the case of the ball, this result
implies, obviously, that the least energy solution is not radial. It also suggests that, for
Neumann boundary conditions, the ball is not the “right” domain to require that solutions
would preserve the symmetry, even if they are positive. Another result in this direction is
a spherical symmetry result for positive solutions of a semi-linear equation with mixed
boundary conditions in a sector, obtained in [8]. This result indicates that the mixed
Neumann-Dirichlet boundary conditions prescribed on suitable parts of the boundary are
the right conditions in a convex sector to get the spherical symmetry of the solution. More
precisely we consider the semi-linear elliptic problem

—Au = f(u) in X(a, R)

Q3 (u) = u#0

u=>0 on Iy 3.11)
g—ﬁzo onl',

where X («, R) is the spherical sector of radius R > 0 and amplitude o € (0, 277) defined
by

S, R)={xeRY,0<|x|=p<R,6 €0,n),
i=1,.N—20y_1€(0,a)}

(p,01,...,0n_2,0N_1) being the polar coordinates in RN, Consequently, 0¥ (x, R) =
o UT;, where

I'p={x € dX(x, R), |x| = R},
I'={xedX(a,R),0y_1 =0o0ry_1 =}

The main result proved in [8] is the following.
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THEOREM 3.5. Let0 <o <m and f € C'(R). Ifu e CZ(E(oc, R)) is a positive solution
of (3.11), then u is spherically symmetric and g—z <0for0<p<R.

This result is also optimal with respect to the amplitude of the sector in the sense that
for o € (m, 2m) it is possible to prove that for some power nonlinearity there are positive
solutions of (3.11) which are not spherically symmetric.

4. Partial symmetry results

In the previous chapter we have analyzed several cases when the full symmetry of the
solution breaks i.e., in the case of a ball or an annulus, this means that solutions are not
radial. Nevertheless, for some nonlinearities, or for certain types of solutions, it is natural
to expect that the solution inherits at least part of the symmetry of the domain.

In this chapter we will describe some recent results in this direction in spherically
symmetric domains obtained with the aid of the maximum principle, exploiting the
Morse index of the solution. The type of symmetry proved is an axial symmetry with
a monotonicity in the angular coordinate which is often referred as foliated Schwarz
symmetry or codimension 1 symmetry. In the last section we will also indicate some
axial symmetry results for solutions of some asymptotic problems.

4.1. Preliminaries on foliated Schwarz symmetry

Let us consider a semi-linear elliptic problem of the type:

{—Au = f(|x|,u) inB

u=~0 on 0B, @.1)

where B is either a ball or an annulus centred at zero in RV, N > 2, and f: BxR—->R
is a locally C* function. Now we recall the definition of foliated Schwarz symmetry.

DEFINITION 4.1. We say that a function v € C(B) is foliated Schwarz symmetric if there
is a unit vector p € RY such that v(x) only depends on r = |x| and 6 := arccos(ﬁ - p),
and u is nonincreasing in 6.

Let S be the unit sphere in RY, S = {x € RY : |x| = 1}. For a unit vector ¢ € S
we consider the hyperplane H(e) = {x € RY : x.e = 0} and the open half domain
B(e) = {x € B : x.e > 0}. We write 0, : B — B for the reflection with respect to H (e),
that is 0,(X) = x — 2(x.e)e for every x € B. Note that

H(—e) =H(e) and B(—e) =o0.(B(e)) =—B(e) foreverye € S.

In the sequel we will use a variant of the moving-plane method which is very suitable
to find symmetry hyperplanes in spherically symmetric domains. It consists in rotating
hyperplanes, rather than translating them parallel, starting from an original position where
a comparison between a solution u of (4.1) and its reflection holds. Again the main
ingredient to carry on the procedure is the maximum principle.
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LEMMA 4.1. Letu € HO1 (B) N C(B) be a weak solution of (4.1) and assume that for a
unit vector e € S we have

u(x) > u(o.(x)) foranyx € B(e). “4.2)

Then for any rotation axis T belonging to H (e) and passing through the origin there exists
a0 € [0, ) such that u is symmetric with respect to the hyperplane H (ez), where eg is the
unit vector belonging to the hyperplane through the origin orthogonal to T and forming
with e an angle 6.

PROOF. Let us define the function

We (x) = u(x) —u(oe(x)), x € Ble)
which satisfies the equation

—Aw,(x) = V,(x)w.(x) in B(e), 4.3)
where

SAxLu@)—fx|u(oe(x))
Ve(x) = e we(X)X — if we(x) #0
0 if we(x) =0

4.4)

and obviously, V,(x) € L*°(B).

By (4.2) we have that w.(x) > 0 in B(e) and hence, by (4.3) and the strong maximum
principle, either w, = 0 in B(e) or w, > 01in B(e). In the first case the assertion is proved,
taking & = 0, in the second case we start the rotating-plane procedure in the following
way. Without loss of generality we sete = (0,0, ...,0, 1),

eg = (sinH,0,...,0,cos60), 6 >0
and define
6 = sup{6 € [0, 7) : w,, > 0in B(ep)}.

Because of (4.2) and by continuity we have weg(x) > 0, which, by the strong maximum
principle implies that either w,;, = 0 in B(ey) which proves the assertion, or we, > 0
in B(egz). Exactly as in the classical moving-plane procedure, described in chapter 2, this
second possibility is excluded, by the maximality of 6, using the maximum principle in
domains of small measure. O

Now we prove some sufficient conditions for the foliated Schwarz symmetry (see
also [13]).

LEMMA 4.2. Let u be a solution of (4.1) and assume that for every unit vector e € S either
u(x) > u(o.(x)) for all x € B(e) or u(x) < u(o.(x)) for all x € B(e). Then u is foliated
Schwarz symmetric.
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PROOF. Let [; = (1,0...,0) and b, = (0,1,0,...,0) and denote x € RN, by
(x1,x2,x"), x" € RN=2. We introduce the polar coordinates (z, 8) in the plane (xi, x2),
by

x|y =zcosf, xp=zsinf, 6 €[0,2x] z>0.

Applying Lemma 4.2 starting with the hyperplane H (l;) and choosing as rotation axis
the one defined by x; = x2 = 0 we get that u is symmetric with respect to H(ez), for
eg = (—sinf, cos6,0,...,0), forsomed € [0, 7). Let us define e; = ez and let S be the
hyperplane orthogonal to e;. In S; we fix two mutually orthogonal vectors e3 and e4 and,
repeating the same procedure we find a vector e; in Sy such that u is symmetric with respect
to H (e2). Then we define the subspace S, orthogonal to e; and e; and repeat again the same
procedure. In this way we find N — 1 orthogonal unit vectors {ey, ..., exy—_1} such that

u(x) =u(o,(x)) foranyx € B(e;),i =1,...,N — 1.

Now let us prove that u is axially symmetric around the axis e determined by one of the
two unit vectors orthogonal to the span{eq, ..., exy—1}. We denote by e one of these two
vectors, (the other one being —e) and by

H(l) ={xeR":xl=0}, I € spaniey, ..., en—1},
any hyperplane containing e. We have to prove that
u(x) = u(o.(x)) foranyx € B(e).
By the symmetry of u with respect to H(e;),i = 1...N — 1, itis easy to see that
u(o.(te)) = u(te) foranyt € R.
On the other hand, by hypothesis we have
u(x) > u(o.(x)) (oru(x) <u(o.(x)) foranyx € B(e).

Hence, by the strong maximum principle, we must have u(x) = u(o.(x)) for any x € B(e)
and the axial symmetry follows.

The monotonicity of u with respect to the angular coordinate follows by applying the
maximum principle to the function g—g which solves the linearized equation, after a suitable
choice of coordinates, as shown in [42], Proposition 2.3 (see also Lemma 4.3 below). This
yields that either u is radial or is never symmetric with respect to a hyperplane which does
not pass through the symmetry axis. O

We now give a simple criterion for the foliated Schwarz symmetry. Let us consider the
linearized operator.

L: H*(B)N Hy(B) C L*(B) — L*(B)

Lv:—Av — V,(X)v, (4.5)

where V,(x) = f'(Ix|,u(x)) = %(le,u(x)). Since, by elliptic regularity theory,
ueC 3""(E) the function V, (x) is continuous in B. Then the operator L is selfadjoint
and its spectrum consists of a sequence of eigenvalues A < Ay < A3 < --- < Ax — 00.
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We denote instead by Ay (e, V,,) the eigenvalues of the operator L in the half domain B(e),
with homogeneous Dirichlet boundary conditions. O

LEMMA 4.3. Let u be a solution of (4.1) and assume that there exists e € S such that u
is symmetric with respect to the hyperplane H (e) and such that 11(e1, V) > 0. Then u is
foliated Schwarz symmetric.

PROOF. Since the proof is quite long and technical we only sketch it, all details can
be found in the proof of Proposition 2.3 of [42]. After a rotation, we may assume
that e = (0,1,0,...,0), hence H(e) = {x € RY : x, = 0}. We want to apply
Lemma 4.2. So we consider an arbitrary unit vector ¢’ € S different from +e. After another
orthogonal transformation which leaves e» and H(ep) invariant, we may assume that

e’ = (cosbp, sinf, 0, ..., 0) for some 6y € (=%, 7). Now we choose new coordinates,
replacing x1, xo by polar coordinates r, 0 with x; = rcosf,xy = rsinf and leaving
x"” := (x3,...,xyn) unchanged. Differentiating the equation in (4.1) with respect to 6,

we obtain —Aug = f'(|x|, u)ug = V,(x)ug in B, where uy stands for g—g. Moreover,
up = 0 on 0B, because u = 0 on dB. Hence uy is an eigenfunction of L corresponding
to the eigenvalue 0. Moreover, since u is symmetric with respect to H (e), it is easy to see
that ug is antisymmetric with respect to H (e). We claim that ug does not change sign in
B(e), otherwise its restriction to B(e) would be a sign-changing Dirichlet eigenfunction,
corresponding to the zero eigenvalues, of the operator L in B(e). This contradicts the
assumption A1 (e, V;,) > 0. Hence u is monotone in B(e) (and also in B(—e)), with respect
to 6. This allows to prove the comparison assumption of Lemma 4.2, which gives the
foliated Schwarz symmetry of u. 0

4.2. Symmetry of Morse index one solutions

In this section we will prove that solutions of (4.1) with Morse index less than or equal to
1 are foliated Schwarz symmetric if the nonlinearity is convex in the second variable. This
result was proved in [43] assuming the strict convexity of the nonlinearity f(u). The proof
we present here is slightly different from that given in [43] with the aim of unifying the
arguments of this chapter and of relaxing the hypothesis of strict convexity made in [43].

Let us recall that the Morse index of a solution u of (4.1) is the number of negative
eigenvalues of the linearized operator L.

We start with a preliminary result which emphasizes the role of the eigenvalue 11 (e, V,,)
in the foliated Schwarz symmetry.

PROPOSITION 4.1. Let B be a ball or an annulus and is a solution of (4.1) with f(|x|, u)
convex in the second variable. If there exists a direction e € S, such that A1(e, V;;) > 0
then there exists a possibly different direction ¢’ such that u is symmetric with respect to
H(e") and (€', V,) > 0.

PROOF. Let us consider again the function

We (x) = u(x) —u(oe(x)), x € Ble)
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and observe that, by the convexity of f(|x|, u) in the second variable we have

Foe@)l, uloe(x))) — f(x], u(x)) = f'(x], u(x)we(x).

Hence w, satisfies

{—Awe > f/(|x|, u)w, in B(e) (4.6)

we =0 on dB(e).

We claim that w, does not change sign in B(e). Indeed, if w, < 0 in a connected
component D, strictly contained in B(e), we would have, by (4.6)

/|Dwe|2—f f(Ixl wwg <0
D D

which implies that the first eigenvalue of L in D is less than or equal to zero. Hence, by
monotonicity, A1(e, V,,) < 0, against the hypothesis. So w, does not change sign in B,
and we can assume that w, > 0 in B,. By the strong maximum principle either w, = 0
in B, from which the assertion would follow, or w, > 0 in B,. In this last case we are
in a position to apply Lemma 4.1 and we find by applying the rotating-plane method, a
direction e (see the notations in the proof of Lemma 4.2) such that u is symmetric with
respect to the hyperplane H (ej),

6 = sup{f € [0, ) : w,, > 0in B(ey)). 4.7
In addition we have that, for every 6 € [0, ), w,, solves the linear problem

—Awg, = Ve, (X)we, in B(ey)
We, =0 on dB(ey),

where V, is defined as in (4.4).

Hence w,, is an eigenfunction for the operator —A — V,, (x) in B(ey), corresponding to
the zero eigenvalue which is the first one, whenever w,, > 0. Then, by (4.7), we have, by
continuity, that the first eigenvalue A1 (e, Ve, ) of the operator —A —V z(x) in B(ey) is zero.
Because of the symmetry of u with respect to H(e;) we have that Ve, = f(x|, u(x)),
hence 11(¢’, V,,) = 0 for e’ = ¢;. O

We can now prove the symmetry result for solution of Morse index one.

THEOREM 4.1. Let B be either a ball or an annulus and assume that u is a solution of
4.1) with f(|x|, u) convex in the second variable. If the Morse index of u is equal to one
then u is foliated Schwarz symmetric.

PROOF. Since the solution # has Morse index one the second eigenvalue of the linearized
operator in B, A = Ax(L, B) is nonnegative. Thus, using the variational characterization
of the second eigenvalue it is easy to prove that for any direction e € §, at least one among
Ari(e, V,) and Ai(—e, V,) must be nonnegative. By first using Proposition 4.1 and then
Lemma 4.3, we get that u is foliated Schwarz symmetric. O
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REMARK 4.1. If f(]x|, u) is convex in the second variable and the solution « of (4.1) has
Morse index zero it is easy to see that u is radial. Indeed in this case the first eigenvalue
of the linearized operator in the whole B is nonnegative. This implies that, for any e € S,
both eigenvalues 1 (e, V,) and A1 (—e, V,,) are positive, i.e. the maximum principle holds
for the operator L = —A — f’(|x|, u) in B(e) and B(e) and B(—e). Then by (4.6), we get
that w, > 0 in B(e) and, analogously, w, > 0 in B(—e). Hence w, = 0, for any direction
ec€S.

REMARK 4.2. Theorem 4.1 applies to solutions of a large variety of problems. Indeed
in many cases a solution is found by using the Mountain Pass theorem of Ambrosetti and
Rabinowitz and it is well known that these solutions have Morse index one. In particular it
can be applied to some of the problems considered in chapter 2 when the radial symmetry
is broken. In particular it shows that the ground state solution of the Henon equation (see
Section 3.1) is foliated Schwarz symmetric. This was also proved later in [49] using a
symmetrization method which applies to minimization problems. From Theorem 4.1 it
also follows that the solutions of (3.5) considered in [30] are foliated Schwarz symmetric,
as well as the least energy solution of problem (3.6) in the annulus.

REMARK 4.3. Concerning solutions of Neumann problems let us mention that the result
of Theorem 4.6 can be extended by using the first eigenvalues of the linearized operator
L in the half domains B(e) with respect to mixed boundary conditions. This is proved,
among analogous results in unbounded domains, in [41] and it shows, in particular, that
the least energy solution of (3.10) (as well as that of the analogous subcritical problem) is
foliated Schwarz symmetric.

4.3. Symmetry of solutions with higher Morse index

In the previous section we have proved a symmetry result for solutions of Morse index one
of (4.1) when the nonlinearity f(|x|, «) is convex in u. Though this result, as indicated at
the end of the section, applies to a large number of problems, there are cases when it is not
applicable, in particular, for some problems with sign-changing solutions. Indeed, often
sign-changing solutions have Morse index greater than one or the nonlinearity f(|x|, u),
when considered on the whole real line, is not convex in the second variable. This is, for
example, the case of the simple nonlinearity given by f(s) = |s|?"'s,p > 1. A first
result, concerning variational problems where minimizers are sign-changing functions has
been obtained in [7] where, using symmetrization techniques a foliated Schwarz symmetry
result is obtained.

In this section we go back to the approach of [43], based on the maximum principle
and Morse index information, and prove general symmetry results for solutions of (4.1)
having higher Morse index, in the case where the nonlinearity f has its first derivative,
with respect to the second variable, convex in the second variable.

We start with a preliminary result which needs some further notations.

For a solution u of (4.1) and a direction ¢ € S. We denote by V,, the even part of the
potential V,(x) = f/(]x|, u(x)) relative to the reflection with respect to the hyperplane
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H(e), i.e. we define

1
Ves () = 3 [f/(xl ux)) + £/ (x|, u(oe(x)] . (4.8)

Then we denote by Ak (e, V) the eigenvalues of the operator (—A — V) in the half domain
B(e), with homogeneous boundary conditions.

PROPOSITION 4.2. Assume that f'(|x|,u) is convex in the second variable for every
x € B, and let u be a solution of (4.1) and e € S a direction such that ,(e, Vo5s) > 0.
Then

(i) if either 11 (e, Vos) > 0 or f'(|x|, s) is strictly convex in S, then u is symmetric with
respect to the hyperplane H (e) and hence A1(e, V) = Ai(e, Vog) > 0

(ii) there exists a possibly different direction ¢’ € S such that u is symmetric with respect
to the hyperplane H (') and 1 (¢’, V,,) > 0.

Before proving this proposition let us observe that combining it with Lemma 4.3 we
immediately get:

COROLLARY 4.1. Under the assumption of Proposition 4.2 the solution u is foliated
Schwarz symmetric.

PROOF OF PROPOSITION 4.2. As usual we denote by w, the difference between u and its
reflection with respect to the hyperplane H (e). It is easy to see that w, solves the linear
problem

—Aw, — Vo(x)w, =0 in B(e)
{we =0 on dB(e), 4.9)
where
1
Ve(x) = / f/(x], tu(x) + (1 = Hu(oe(x))dt, x € B(e).
0
Since f is convex in the second variable, we have
1
Ve = [ [0/ el )+ (1= 0 (. aoo)
0 (4.10)

1
3 (£ (], u @) + /(%1 (06 (x)))] = Ves (x)

for any x € B. Here the strict inequality holds if f” is strictly convex and u(x) # u(oe(x)).
Hence, denoting by A (e, V,) the eigenvalues of the linear operator —A — V,(x) in B(e)
with homogeneous Dirichlet boundary conditions, we have, by (4.10), that Ag(e, V) >
Ak (e, Veg). In particular A (e, V) > Li(e, Vos) > 0 by hypothesis. If Aq(e, V) > 0, then
w, = 0 because it satisfies (4.9) and hence we get (i). If A (e, V,) = 0, then V, = V,, in
B by the strict monotonicity of eigenvalues with respect to the potential. In the case where
S’ is strictly convex, this implies again that u(x) = u(o(x)) for any x € B and hence
(i) holds. It remains to consider the case where f’ is only convex and Aj(e, V,) = 0. In
this case either w, = 0 or w, does not change sign in B(e) and, by the strong maximum
principle, w, > 0 or w, < 0 in B(e). Thus we are in the condition to apply the rotating-
plane method, exactly as in the proof of Proposition 4.1 and we get (ii). O
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REMARK 4.4. By Proposition 4.2 it follows that any solution (4.1) of Morse index zero is
radial if f’ is convex in the second variable. Indeed, in this case the first eigenvalue A; of
the linearized operator, —A — V,,(x) in B is nonnegative. Moreover it is easy to see that
M (B, Ves) > A1 > 0 for any unit vector e € S, denoting by A1 (B, V,y) the first Dirichlet
eigenvalue of the operator —A — V,, in the whole domain B. Hence A1 (e, V,s) > 0 for any
direction e, which yields, by Proposition 4.2, the symmetry of the solution with respect to
any hyperplane passing through the origin.

Now we can prove the main symmetry result.

THEOREM 4.2. Let B be either a ball or an annulus in RN | N > 2 and f’(|x|, u) convex
in the second variable, for every x € B. Then every solution of (4.1) with Morse index
Jj < N is foliated Schwarz symmetric.

PROOF. For functions v, w € H(} (B) we define

(v, w)=f v(x)w(x)dx
B
Ou(v, w):/ Vv(x)Vw(x)dx—/ Vi(x)v(x)w(x)dx,
B B
Qs (v, w) =/Vv(x)Vw(x)dx—/ Ves(x)v(x)w(x)dx.
B B

Assume that the solution u has Morse index m(u) = j < N. Thus, for the Dirichlet
eigenvalues A; of the linearized operator L = —A — V,(x) in B we have

A <0,...,4; <0 and Ajr1 = 0. “4.11)

We first assume that j < N — 1 and show how to obtain the foliated Schwarz symmetry
of u applying Corollary 4.1 in a simple way. For any direction e € S, let us denote by
g € HO1 (B) the odd extension in B of the positive L?-normalized eigenfunction of the
operator —A — V,(x) in the half domain B(e) corresponding to 1j(e, V,s). It is easy to
see that g, depends continuously on e in the L?>-norm. Moreover, g, = —g_, = —g.
for every e € S. Now we denote by ¢1,¢2,...,9; € Hol(B) the LZ-orthonormal
eigenfunctions of L corresponding to the eigenvalues Ay, ..., A;. It is well known that

inf Qu(v, N)

veH) (BM\(0) (v, v)
(v.p)==(v,9)=0

P (4.12)

We consider the map
h:S—R, ) =[{ge 1) (8 0))] - (4.13)

Since 4 is an odd continuous map defined on the unit sphere S ¢ RY and j < N — 1,k
must have a zero by the Borsuk—Ulam Theorem. This means that there is a direction e € S
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such that g, is L2—0rth0g0na1 to all eigenfunctions ¢y, ..., ¢;. Thus Q,(g., g.) > 0 by
(4.12). But, since g, is an odd function

0u(ger ge) = Qes(ger ge) = 201(e, Ves)

which yields that A{(e, V,s) > 0. Having obtained a direction for which Aj(e, V) is
nonnegative, Corollary 4.1 applies and yields the foliated Schwarz symmetry of u.

Now we turn to the more difficult case when the Morse index m (u) is equal to N. The
main difficulty in this case is that the map /, considered in (4.13), now goes from the
(N — 1)-dimensional sphere S into RV, so that the Borsuk—Ulam theorem does not apply.
We therefore use a different and less direct argument to find a symmetry hyperplane H (¢)
for u with A;(e’, V;,) > 0, so that Lemma 4.3 can be applied. We start defining

Sy ={e€eS:w,=0in B and A (e, V,) < 0}

which is a symmetric set. We observe that either S, = ¢ or in S, there exists at most
k-orthogonal direction ¢;, ..., e, with k € {1,..., N — 1}. Indeed each eigenfunction
8e;» corresponding to A1(e; v, ),i = 1, ..., k can be reflected by oddness to the whole B,
producing k negative eigenvalues of the linearized operator L in B, whose corresponding
eigenfunctions change sign. Hence, considering also the first eigenvalue of L in B, there
are k+ 1 negative eigenvalues and k+1 < N implies k < N — 1. The same argument shows
that if we denote by L the selfadjoint operator which is the restriction of the operator L to
the symmetric space V), i.e.

Lo: H*(BYNH}(B)NVy — Vo
Lov = —Av — V,(x)v

and we denote by p the number of the negative eigenvalues of L (counted with
multiplicity), we have

1 <po<N—k. (4.14)

Note that the inequality on the left just follows from the fact that ¢; € Vjy is an
eigenfunction of L relative to a negative eigenvalue. Now we first assume that S, # ¢
and consider S* = SN H(e1)N---N H (er). By the maximality of k, we have S*N S, = ¢.
If we prove that there exists a direction ¢ € S* such that w, does not change sign in B(e),
for example

we(x) >0 forevery x € B(e) (4.15)

then the assertion of the theorem is proved. Indeed if w, = 0, because ¢ € S* and
S* N S, = ¢ we have that A;(e, V,,) > 0 so that the foliated Schwarz symmetry follows
from Lemma 4.3. If instead (4.15) holds and w, s O then, by the strong maximum
principle, w, > 0 in B(e) and we can start rotating the hyperplanes as in the proof
of Proposition 4.1, reaching a direction ¢’ such that w, = 0 and A(¢’, V,)) = 0. Thus
Lemma 4.3 can be again applied. If S, = ¢, we take S* = § and repeat exactly the same
procedure. Hence our aim is to prove (4.15).
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Arguing by contradiction we assume that w, changes sign in B(e) for every e € S* and
consider the functions.

wh = wl xBe) — Wy XB(—e)s w; = —w, XBe) + W) XB(—o)»

where wT = max{w, 0}, w~ = min{w, 0} and xq denotes the characteristic function of
a set 2. Since u € V), we find that wé, wg e Vo N HOI(B) \ {0}, and both functions are
nonnegative and symmetric with respect to o,. Moreover,

1 2

w_,=w, and w2,

2 = w; for every e € S*. (4.16)

By the definition of V,(x), since w, satisfies the equation in (4.9) in the whole domain
B, with w, = 0 on d B, multiplying by w} xp() + w, xB(—e) and integrating over B we
obtain

0= /B VweV(w, xBe) + Wy XB(—e))dx
- /BVe(X)we(w;“XB@+w§XB<_e>)dx
= /B (VW] @) * + IV (W, xB(~e) [ dx
- fB Ve x(e)? + w5 X)) ldx
=/ |Vw;|2dx—f Ve (x)(wl)?dx.
B B

Now we can use the comparison between the potential V,(x) and V,4(x), given by (4.10),
obtaining

0> / |Vw! Pdx — / Vos () (wh)2dx = Qes(wl, w))
B B

4.17)
= Qu(wl, wh),
because w ; is a symmetric function with respect to o,. Similarly we can show
Qu(wy, wy) < 0. (4.18)

Now, for every e € S*, we let ¥, € Vy N HO1 (B) be defined by
1/2 12
(wga §01> 1 (wg}f (pl) 2
Ve(X) = | —7—— w, = | —>5—— wy (X).
‘ (wl, o1) <\ (w2 1) ‘

Using (4.16), it is easy to see that e — 1, is an odd and continuous map from S* to Vy
by construction, (., ¢1) = 0 for all ¢ € §*. Moreover, since w; and wZ have disjoint
supports (4.17) and (4.18) imply

Qu(We,¥e) <0 foralle € S*. (4.19)

Recalling (4.14) we now distinguish the following cases:
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Case 1. 1o > 2. Then let Aq, A2y, m be the negative eigenvalues of the operator
Ly in increasing order, and let 1, @2, ..., ¢, € Vo be the corresponding L?-orthonormal
eigenfunctions. Similar to that in (4.12) we have

0. v) _

inf > 0. (4.20)

veHOI (B)NVy,v#£0 (v, v)
(v,91 ):(v.@).,..,(v,%):O

We now consider the map 4 : §* — RH0—1 defined by h(e) = [(Ve, ©2), - .., Ve, Pug)]-
Since A is an odd continuous map defined on a (N — k — 1)-dimensional sphere and
o < N —k, h must have a zero by the Borsuk—Ulam Theorem. Hence there is e € S such
that (v, 9x) = O0fork = 2, ..., o and, by construction, (., ¢1) = 0. Since ¥, € Vyand
QuWe, ¥e) < 0, the function ¥, is a minimizer for the quotient in (4.20). Consequently,
it must be an eigenfunction of the operator L corresponding to the eigenvalue zero. Hence
Ve € C%(B), and ¥, solves —Ay, — V,(x)¥, = 0 in B. Moreover, ¥, = 0 on H (e) by
the definition of ¥, and d.¥, = 0 on H (e), since ¥, is symmetric with respect to the
reflection at H (e). From this it is easy to deduce that the function 1/38 defined by

»ooy _ | We(x), x € Ble),
Velr) = {0, x € B(—e),

is also a (weak) solution of —Al/}e -V (x)lﬁe = 0. This however contradicts the unique
continuation theorem for this equation.

Case 2. g = 1. Then, for any e € S*, since ¥, € Vy, (Y, ¢1) = 0 and Q, (¥, ¥.) <0,
the function ¥, must be a Dirichlet eigenfunction of the operator L corresponding to the
eigenvalue zero. This leads to a contradiction as in Case 1. Since in both cases we reached
a contradiction, there must be a direction e € S* such that w, does not change sign on
B(e). Hence (4.15) holds either for e or for —e and the assertion is proved.

By combining this result with the proof of Theorem 3.3 in [42] also the following
geometric result is proved. O

THEOREM 4.3. If Bisa ballin RN, N > 2, f = f(u) does not depend on x and f'(u)
is convex, then the nodal set of any sign-changing solution of (4.1) with Morse index less
than or equal to N intersects the boundary of B.

Let us conclude this section recalling that the assumption of Theorem 4.2 are, in
particular, satisfied by the power nonlinearities of the type f(s) = |s|?~'s, p > 2.

4.4. Axial symmetry of solutions of an asymptotic problem

In the previous section we have proved that low Morse index solutions are foliated Schwarz
symmetric under some convexity assumption on the nonlinear term f(|x|,s). Let us
remark that this kind of symmetry has more properties than just the axial symmetry because
it carries also information on the monotonicity with respect to the angular coordinate and
implies that all critical points of the solutions lie on the symmetry axis.
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We believe that this kind of symmetry is peculiar to solutions with low Morse index
because it is somehow equivalent to the nonnegativity of the first eigenvalues of the
linearized operator in the half domains determined by the symmetry hyperplane. Hence
solutions with Morse index greater than NNV, are in general not foliated Schwarz symmetric.
However they could be only axially symmetric.

It is indeed an interesting open question to find the right hypotheses to get axial
symmetry or just symmetry hyperplanes for the solutions of (4.1). In this section we
present some symmetry results for a specific problem related to the critical Sobolev
exponent. The techniques used to get these results rely also somehow on the maximum
principle but, more than this, exploit a careful blow-up analysis which is typical of these
kinds of problems. Therefore we just outline these results, without giving many details.
Let us consider the problem

—Au=NN-=2u*"1"¢ inA
u >0 in A 4.21)
u=>0 on 0A,

where A is an annulus centred at the origin in RN N >3,2%= % is the critical Sobolev

exponent and & > 0 is a small parameter. It is well known that the study of (4.21) is strictly
related to the limiting problem (¢ = 0) which exhibits a lack of compactness and gives
rise to solutions of (4.11) which blow up and concentrate in a finite number of points, as
e — 0.

It is obvious that the solutions of (4.21) which concentrate in a finite number of points
cannot be radial. Nevertheless it is natural to expect a partial symmetry of the solutions, as
well as a symmetric location of the limiting blow-up points. To be more precise we need
some notations. We say that a family of solutions {u,} of (4.21) has k > 1 concentration
points Pgl, sz, e, ng in A, if the following holds.

be #+ ng ; 1 # j and each Pgi is a strict local maximum for u,
u, — 0as e — 0locally uniformly in A \ {Psl, P€2, R Pek}
ug(Pl) > ocase — 0.

The results obtained in [15,16] concern solutions with one or two concentration points.

THEOREM 4.4. Let u, be a family of solutions of (4.21) with one concentration point
P. € A. Then for ¢ small, u, is foliated Schwarz symmetric and its symmetry axis is the
one which connects the origin with the point P;.

THEOREM 4.5. Let {u.} be a family of solutions of (4.21) with two concentration points,
PEl and Ps2 belonging to A. Then, for ¢ small, the points P} lay on the same axis passing
through the origin and u. is axially symmetric with respect to this axis.

REMARK 4.5. If the solution u, with one concentration point has Morse index one then
its foliated Schwarz symmetry follows from Theorem 4.1. However solutions with one
concentration point may have index higher than one, since it is related to the Morse index
of the Robin function which is the regular part of the green function. If instead the solution
u, has two concentration points then from Theorem 4.5 we get its axial symmetry, but it
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is clear that if the two concentration points are, as we conjecture, on opposite sides with
respect to the origin, then u, cannot be foliated Schwarz symmetric and hence its Morse
index must be greater than N, otherwise Theorem 4.2 would apply.

We conclude this section with another symmetry result for solutions which concentrate
in more than two points.

THEOREM 4.6. Let u, be a family of solutions of (4.21) which concentrates at k points
P! € A, j=1,...,k,k >3 and k < N. Then, for ¢ small, the points P! lie on the same
(k — 1)-dimensional hyperplane [, passing through the origin and u; is symmetric with
respect to any (N — 1)-dimensional hyperplane containing [, .

5. Symmetry of solutions of p-Laplace equations

In all previous chapters we have analyzed different kinds of symmetry results for solutions
of semi-linear elliptic problems of type (3.1). Most of these results could be extended
easily to more general types of equations where a general uniformly elliptic operator takes
the place of the laplacian or the nonlinearity depends also on the gradient of the solutions
making obviously suitable assumptions.

The situation changes completely if we deal with differential equations involving
degenerate or singular operators which may also be nonlinear. Indeed the main ingredient
of the results analyzed so far are maximum principles or, equivalently, comparison
principles which, in general are not available for elliptic operators of the general type.
In this chapter we will consider the case of elliptic equations involving the so-called
p-Laplace operator and review some recent symmetry results for positive solutions of
Dirichlet problems.

5.1. Preliminaries

Let us consider the problem

—Apu = f(u) inQ
u=>0 in (5.1)
u=>0 on 092,

where 2 is a smooth domain in RN, N > 2, f is a real function whose regularity will be
specified later and A, denotes the p-Laplace operator, A ,u = div (|Du|? “2Du), p > 1.
We are interested in studying monotonicity and symmetry properties of the solutions in
dependence on the geometry of the domain 2.

Note that if p # 2, solutions (5.1) can only be considered in a weak sense because,
generally, they belong to the space C'*(£2) ([29,50]). Anyway this is not a difficulty
because the moving-plane method can be adapted to weak solutions of strictly elliptic
problems in divergence form (see [21] and [19]). The real difficulty with problem (5.1), for
p # 2, is that the p-Laplace operator is degenerate or singular in the critical points of the
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solutions, so that comparison principles (which could substitute the maximum principles
in dealing with nonlinear operators) are not available in the same form as for p = 2.
Actually there are counterexamples both to the validity of comparison principles and to
the symmetry results ([34,12]). Let us describe one.
For p > 2 and s > 2 let us define

CJa—=xPf ifx <1
wlx) = {0 if x| > 1

and
v(x):{l , ) %f|x|<5
1 —((Jx|]©—=25)/11)* if5 <|x| <6.
We choose two points x; and x> with |x;| <4,i = 1,2 |x; — x3| > 2 and set
ulx) =vx) +wkx —xy) + wkx —x2)

forany x € Bg = {x € RV, |x| < 6).
It is easy to see that u is not radially symmetric though it is a solution of (5.1) in the ball
Bg with

Qs/1DP7125 + 111 — w)/$)W/D=1(1 — yyp=(p/)=1

{50/1)(p — (s = 1)+ 2ps —2s — p+nm)(1 —w)'/$} ifO<u<1
@s)P~ 11 = (u — 1)1/S))(”/2)—1(u — p—(p/9)-1

{=2(s —1)(p— 1)+ Q2ps —2s — p+n)(u — D1/} ifl<u<2.

fu) =

Note that the nonlinearity f changes sign and belongs to C%([0,2]) if s > p/p — 2.
If 1 < p < 2 analogous counterexamples hold for less regular nonlinearities. In view of
this, it is clear that some extra assumptions are needed to get monotonicity and symmetry
results. The main progress have been made recently assuming p € (1,2) or p > 2 and
f > 0 and requiring in both cases f to be locally Lipschitz-continuous. These results will
be described in the following sections.

Let us now review briefly some other existing results. When €2 is a ball, a first partial
result is obtained in [5], where it is proved that, if f is locally Lipschitz-continuous, the
solutions are radially symmetric, assuming that their gradient vanishes only at the origin.
In this case, the solutions are of class C? in € \ {0} and there the equation is uniformly
elliptic, therefore the application of the moving-plane method, as in [31] does not present
much difficulty. In [34] it is shown, by an approximation procedure, that isolated solutions
with nonzero index, in suitable function spaces, are symmetric.

A different approach was used in [37] where, combining symmetrization techniques
and the Pohozaev identity (as done in [40]) it is proved that if p = N, Q is a ball
and f is merely continuous, but f(s) > O for s > 0 then u is radially symmetric
and strictly decreasing. Using a new rearrangement technique, called continuous Steiner
symmetrization, spherical symmetry results in the ball have also been obtained in [11] and
[12]. This technique which does not use comparison principles, works also in the case of
problems in the whole R .
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In the following sections we will describe some monotonicity and symmetry results that
have been obtained extending the method of moving planes to the case of the p-laplacian.
As already observed, this extension is not at all straightforward and relies on weak and
strong comparison results which have recently been proved in [19,27,28] and [44]. We will
first consider the case of bounded domains and then we will treat solutions of equations
in the entire space. We will also distinguish between the case p € (1,2) and p > 2.
Indeed in the first case complete results have been obtained in [22,23] (see also [24]),
regardless of the sign of the nonlinearity which is assumed to be Lipschitz-continuous.
Instead when p > 2 complete results concern the case when f is positive, as expected in
view of the counterexample described above (see [27]). Moreover in [27] and [44], some
very interesting results on the structure of the critical set of the solution are provided, in
particular in some cases the authors show that it consists of only one point P, so that the
solution is of class C% in Q \ {P}.

5.2. Bounded domains: The case 1 < p <2

In this section we mainly describe the results of [22] and [23] (see also [24]). We will
consider solutions of problem (5.1) where €2 is a smooth bounded domain in RV N >2
and f satisfies the following hypothesis:

(H) f is locally Lipschitz-continuous in (0, 4-00) and either f > 0 in [0, 400) or there
exist sp > 0 and a continuous nondecreasing function  : [0, so] — R satisfying

B(0) =0, B(s) >0 fors >0, /So(ﬂ(s)s)_l/pdx =00
0

such that f(s) + B(s) > 0Vs € [0, so].

Note that any nonlinearity f(s) = g(s) — cs? satisfies (H) if g is locally Lipschitz-
continuous in (0 4+ 00), g(s) > 0,c¢ > 0 and ¢ > p — 1. Moreover the hypothesis
(H) also ensures that any nonnegative solution is positive, by the maximum principle of
Vazquez [51].

To state the monotonicity and symmetry results we need some notations which will be
similar to the one used in Chapter 4. For a unit vectore € S = {x e RV : [x| = 1} and a
real number A we define

Hy(e) ={x e RN :x-e =1}
Que) ={xeQ:x-e<A}
x5 =x+4+2(h—x-e)e, xeRY.

(i.e. x7 is the reflection of x through the hyperplane H; (e).)
= inf x -e.
a(e) xlggx e
If & > a(e), then 2 (e) is nonempty; thus we set
Qi(e) ={x +2(A —x-e)e, x € Qy(e)}.

As in Chapter 2 we have that if 2 is smooth and 1 > a(e), A close to a(e), then the reflected
cap €2 (e) is contained in € and will remain in it, at least until one of the following occurs.



Symmetry of solutions of elliptic equations via maximum principles 303

(1) Q;L (e) becomes internally tangent to €2 at some point not on Hj (e).

(i1) H, (e) is orthogonal to a2 at some point.

Let Aj(e) be the set of those A > a(e) such that for each u € (a(e), A] neither (i) nor
(i1) holds, and define

A1(e) =sup Ajq(e).

Note that A (e) is a lower-semicontinuous function whenever 9€2 is smooth.
The main result proved in [23] (which extends a previous result of [22] is the following
monotonicity theorem.

THEOREM 5.1. Let u € CY(Q) be a weak solution of (5.1) with f satisfying (H) and
1 < p < 2. Then, for any direction e € S and for A in the interval (a(e), A1(e)) we have

ux) <uxy), Vxe Qe).

Moreover,
u
E(X) >0, VxeQe@e)\Z,

where Z = {x € Q : Du(x) = 0}, and u is strictly increasing in the e-direction in the set
Qi (©)-

From this the following symmetry result follows

COROLLARY 5.1. If, for a direction e, the domain Q2 is symmetric with respect to the
hyperplane Ho(e) and k1 (e) = 0, then u(x) = u(xg) for any x € Q. Moreover u is strictly
increasing in the e-direction in the set Q(e) with ‘3—’; > 0in Qo(e) \ Z. In particular if Q2
is a ball, then u is radially symmetric and g—’; < 0in Q\ {0}.

The proofs of these results rely on the moving-plane method which needs to be modified
to overcome the difficulties arising from the singularity of the operator A ,. The new idea,
introduced in [22] consists in moving simultaneously hyperplanes orthogonal to directions
close to a fixed direction ep. To ensure continuity (with respect to the directions) in this
procedure we assume that €2 is smooth. The proof of Theorem 5.1 and Corollary 5.1 is
long and technically very complicated, hence we only indicate the main steps, referring
the reader to [22] and [23] for the complete details. Let us finally remark that other crucial
ingredients of the proofs are the weak and strong comparison principles obtained in [20].
Sketch of the proof of Theorem 5.1. Let u be a C!($2) solution of 5.1. For any direction
e, let us set

ui (x) =ulx;), x € Q)
Z; = Z5(u) = {x € Qy(e) : Du(x) = Du$ (x) =0}
Ao(e) = {A € (ale), r1(e)] 1 u < u; in Q,(e) for any u € (a(e), A1}

If Ag(e) # ¢, we set
Ap(e) = sup Ag(e).

A preliminary result which is crucial to prove Theorem 5.1 is the following proposition
which gives a useful information on how the set Z of the critical point of a solution u of
(5.1) can intersect the cap ;) (e).
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PROPOSITION 5.1. Suppose that u is a CY(Q)-weak solution of 5.1), with1 < p < 2.
For any direction e the cap 2, () (e) contains an open subset of H; ) (e) (relatively to the
induced topology).

The proof of this proposition relies on a careful use of the Hopf’s lemma.

To prove Theorem 5.1 we show that Ag(e) # ¢ and Ag(e) = A1(e). The last one will be
proved by showing that if Lg(e) < A1(e) then there exists a “small” set I" of critical points
of u in the cap £2;,()(e) on which u is constant and whose projection on the hyperplane
H, () (e) contains on open subset of H; ) (e). Of course this would be in contradiction to
the statement of Proposition 5.1.

We now state another result which is a different formulation and an extension of
Theorem 1.5 in [20]. It essentially asserts that, once we start the moving place procedure
we must necessarily reach the position Hie) o) unless the set Z of the critical points of u
creates a connected component C of the set, where Du # 0 which is symmetric with
respect to the hyperplane Hx(f;ie) and where u coincides with the symmetric function uio @

PROPOSITION 5.2. For any direction e we have that Ay(e) # ¢ and, if o(e) < Ai(e),
. 0 (e) _

t.hen )there exists at least one connected component C¢ of Q2 @) \Z)‘i0 © such that u = uio( 0

in C¢. For any such component C¢ we get

Du(x) 20 VxecC*
Du(x) =0 Vx e dC®\ (Hye(e) UdRQ).

Moreover for any A with a(e) < A < Ao(e) we have
u<us inQe)\ Zs

and finally
au
%(x) >0 Vxe Qe Z

Now, for any direction e, let F, be the collection of the connected components C*
of Qe (e) \ Zio(e) such that u = uio(e) in C°,Du # 0 in C°, Du = 0 on
BCe\(HAO(E) (e)Uaf2). If Ag(e) < A1(e) we deduce from Proposition 5.2 that F, # ¢. If this
is the case and C¢ € F, we also have that u = uio(e) in C* so that (660852)\on(€) (e)=1¢
since u = 0 on 02 while uio(e) >0inC* \ H)\(gze)’ because by the definition of A (e), we
have that Q;,()(e) \ Hi, ) (e) C Q.

Hence there are two alternatives: either Du(x) = O for all x € 9C¢, in which case we
define C¢ = C¢, or there are points x € 0C°® U H;)(e) such that Du(x) # 0. In this last
case we define C¢ = C¢ U C{ U C3, where CY is the reflection of C¢ with respect to the
hyperplane Hj () (e) and C5 = {x € 0C* N Hyye)(e) : Du(x) # 0}. It is easy to see that
C¢ is open and connected with Du = 0 in C¢, Du = 0 on 9C°. Let us finally denote by
F, the collection {C" : C* € F,} and by Is(e) the set

Is(e) ={ueRY 1 jul=1,|n —e| <8}

As already observed, Theorem 5.1 will be proved if we show that Ag(e) = Aj(e) for any
direction on e. Therefore suppose that e is a direction such that Ag(e) < Aj(e). Then from
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Proposition 5.2, it follows that F,, # 0 and since RY is a separable metric space and every

component is open, F, contains at most countably many components of €2; ) \ Z/(\f)o()eo),
SO

Fo={C,i el CN}.

The remaining part of the proof can be summarized in the following three steps whose
proofs are omitted (see [22,23]).

Step 1. The function Ay(e) is continuous. Moreover there exists o > O such that for any
e € Iy, (eo) there exists i € I with Cfo € F,.

The second part of this statement asserts that for any direction e in a suitable
neighbourhood I5,(eq), there exists a set Cl.e % in the collection Fe, which also belongs
to F,.

Step 2. There exists a direction ey € Iy, a neighbourhood s (e1) and an index
i1 € {1, ..., no} such that for any e € Is,(ey) the set C’;O belongs to the collection Fe.

From this we deduce that in C‘flo the function u is symmetric with respect to all
hyperplanes H;,,)(e) with e € I5, (e1). It is this symmetry property which is exploited in
the next step to conclude the proof of Theorem 5.1.

Step 3. Let ey, i1, 81 be as in Step 2 and set C = Ciio' Then 9C U Q),(e;)(e1) contains
a subset T on which u is constant and whose projection on the hyperplane H; ., (e1)
contains on open subset of the hyperplane.

Since Du = 0 on dC U ;) (e1), Step 3 gives a contradiction with Proposition 5.1 and
ends the proof of Theorem 5.1.

5.3. Bounded domains: Results for all p > 1

In this section we will describe some symmetry and monotonicity results which also hold
when p > 2. They will require the nonlinearity f to be positive and will allow to get
information about the set of the critical points of the solutions, proving, for some domains,
that it reduces to only one point. However let us note that when the nonlinearity f changes
sign there are counterexamples to the symmetry of C! solutions of (5.1), as shown in
Section 1. These results have been proved in [27] and [28] as a consequence of some
regularity theorems which allow to get new weak and strong comparison principles for
solutions to (5.1). The key idea in [27] is to work in a weighted Sobolev space with
weight p = |Du|P~2. This new point of view in the study of p-Laplace equations was first
introduced in [4] to define a Morse index for radial solutions of (5.1) in the ball. In this
case the summability properties of 1/|Du| are quite easy to derive because the gradient of
the solution vanishes only at the centre of the ball and the precise behaviour of Du near
the origin can be obtained using L'Hospital’s rule.

Instead, in general smooth bounded domains, the set of the critical points of a solution
u, that we denote by Z, as in the previous section, may be very irregular that the study of
the regularity of u, which depends on the behaviour of Du in the points where it vanishes,
can be very complicated.
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Nevertheless in [27] some summability properties of 1/|Du| are derived (see
Theorem 1.1 in [27]). From this the authors deduce a weighted Poincaré-type inequality
which in turn, allows to prove a weak comparison principle which is crucial to apply the
moving-plane method as in the case 1 < p < 2 considered in the previous section. To
state the symmetry and monotonicity results, we use the same notations as in the previous
section and in addition define, for any direction e € RV, |e| = 1.

Az(e) = {1 > a(e) : Q,(e) S Q,Vu e (ale), 1))

and Ap(e) = sup Ajz(e).
Note that since 2 is assumed smooth, neither A (e) nor Az (e) are empty and Aj(e) S
Ay (e) sothat Aj(e) < Ap(e).

THEOREM 5.2. Let Q be a bounded smooth domain in RN, N > 2 and u € C'(Q) a
weak solution of (5.1) with 1 < p < oo and f : [0, 00) — R a continuous function which
is strictly positive and locally Lipschitz-continuous in (0, 00). For any direction a and for
M in the interval (a(e), A1(e)] we have

ux) <u(xy) Vx e Q(e).
Moreover, for any A with a(e) < . < Ai(e) we have
ux) <uxy) Vxe Qe \ Z;.

Finally
au
a(x) >0 VxeQel))\Z

If f is locally Lipschitz-continuous in the closed interval [0, 00) then all results hold up to
M(e).

COROLLARY 5.2. If f is locally Lipschitz-continuous in the closed interval [0, 00) and
strictly positive in (0, 00) and the domain Q2 is convex with respect to a direction e and
symmetric with respect to the hyperplane Hy(e) = {x € RN : x - e = 0}, then u is
symmetric and g—';(x) > 0in Qo(e) \ Z. In particular if 2 is a ball then u is radially

symmetric and g—’; < 0, where % denotes the derivative in the radial direction.

REMARK 5.1. The main interest of Theorem 5.2 and Corollary 5.2 is that they provide
monotonicity and symmetry results in the case p > 2. However, in the case of positive
nonlinearities, Theorem 5.2 improves slightly Theorem 5.1 because it allows to get the
monotonicity for all 1 € (a(e), A2(e)).

The proof of Theorem 5.2 follows the same procedure sketched in the previous section to
prove Theorem 5.1. However the assumption that f is positive together with the regularity
obtained allows to simplify considerably the proof.

Let us note that in Theorems 5.1 and 5.2, as well as in Corollaries 5.1 and 5.2 the

information about the derivative g—’; can be obtained only outside of the critical points
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of the solution and no results on the critical set Z is obtained, unless 2 is a ball. In
the paper [28] the authors continue the study of the regularity of the solutions of (5.1)
and are able to get some type of Harnack inequalities which allow to prove a strong
maximum principle for solutions of the linearized equation as well as strong comparison
principle for solutions of (5.1). Combining these results with those at Theorem 5.2 they
are able to prove important properties of the critical set of a solution. More precisely they
prove:

THEOREM 5.3. Ler Q be a bounded smooth domain in RN, N > 2 and u € C! (Q) be a
weak solution of (5.1) where f : [0,00) — R is a continuous function which is strictly
positive and locally Lipschitz-continuous in (0, 0c0) and p > 216\:32 or p > 2. Then for any
direction e and for X in the interval (a(e), 11(e)] we have

ux) <u(xj) Vx e Q(e).

Moreover
du
&(x) >0 Vx e Qyele). 5.2)

If f is locally Lipschitz-continuous in the closed interval [0, 0o) then all results hold up to
the value Ay (e).

Let us remark that in Theorem 5.2 the inequality (5.2) was proved only for x €
2@\ Z.
Then we have

COROLLARY 5.3. If the nonlinearity f is as in the previous theorem and the domain 2
is symmetric with respect to the hyperplane Hy(e) = {x € RN : x - e = 0} and strictly
convex in the e-direction, then u is symmetric and strictly increasing in the e-direction in
Qo(e) with g—‘; > 0in Qq(e). In particular the only points where Du vanishes belong to the
hyperplane Hy(e). Therefore if for N-orthogonal directions e;, the domain <2 is symmetric
with respect to any hyperplane Hy(e;) and L1(e;) = A1(—e;) = 0, then the critical set Z
is just {0}, assuming that O is the centre of symmetry. Moreover if f is locally Lipschitz-
continuous in the closed interval [0, +00) then the same result holds assuming only that
the domain Q2 is convex and symmetric with respect to N-orthogonal directions.

REMARK 5.2. As a consequence of the previous corollary we have that the solution u
belongs to C?(2\ {0}) whenever € is convex and symmetric with respect to N -orthogonal
directions. This follows easily from standard regularity results because the p-Laplace
operator is uniformly elliptic in € \ {0} since it is only degenerate in the points where
|Du| = 0.

We conclude this section by mentioning that a few more results about geometrical
properties of the set of the critical points of a solution of (5.1) in the case of sign-changing
nonlinearities can be found in [44].
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5.4. Symmetry results in RN for1 < p <2
This section deals with symmetry and monotonicity results for ground state solutions of

—Apu(x) = f(u(x)), inRY
u>0 in RN (5.3)

ux) — 0 as x| - oo

forl < p <2, with Apu= div(]Du|P~2Du). The results described here following
[25] and [26], concern the extensions of the results of Section 2.2 for the laplacian in RN,
to the degenerate case of p-laplacian, for 1 < p < 2. The first result is for the case of a
nonlinearity f, nonpositive near the origin, as in Theorems 2.4 and 2.5.

THEOREM 5.4. Under the assumptions:

(H1) f is locally Lipschitz-continuous in (0, 00).

(H2) there exists so > 0 such that f is nonincreasing on (0, sg).

Ifu € C'RYN) is a weak solution of (5.3), for 1 < p < 2, then u is radially symmetric
about some point xo € RN, ie. u = u(r), withr = |x — xql|, and strictly radially
decreasing, i.e. u'(r) < 0 forall r > 0.

The second result applies to the case of a power nonlinearity, extending the result of
Theorem 2.6:

THEOREM 5.5. Under the assumptions:
(H1) f is locally Lipschitz-continuous in (0, 00).
(H3) there exists so > 0 and a > p — 2 such that for 0 < u < v < sy,
fO) = fw {cw ifa = 0
(v —u) Cu®* ifa <O.
Ifu € CY(RN) be a weak solution of (5.3) for | < p < 2 satisfying, for some m > 0,

ux)=0 (L> as |x| — oo,

|x|™

C
<u(x) > —— as|x| > o0 whena < 0) , 5.4)

ol
1
Du(x) =0 |X|T+l as |x| — oo
and if
m(ae+2—p)>p, (5.5)
then u is radially symmetric about some point xo € RN and strictly radially decreasing.
To prove these theorems, we introduce the half space,

i) ={x eRN :x-e <2}
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for any direction e in RV and A € R. Following the notations of Section 2.1, we let

Hye)={x eRY :x.e =2}
x5 =x4+20 —x-e)e,
for any x € R" and
ui (x) =u(xf), x e X;(e)
Z; = Z5(u) = {x € ¥(e) : Du(x) = Dus(x) =0}
Aole) ={LeR,:u> qu in X, (e) for any p > A}.
As before, in order to prove radial symmetry, we need to check that

(1) Ao(e) is nonempty and bounded from below.

(2) If Ap(e) :=inf Ag(e), then u = u;,, in Xy, (e).

We indicate here the proof of step (i) for both theorems. The proof of step (ii) will follow
by arguments similar to those in Section 5.2.

Proof of step (i) of Theorem 5.4:
In all comparison theorems for p-Laplacian, the following inequality is often used:

P20 =170y - =) = el + ' DP 2 — ') (5.6)

for any 1,1’ € RY, where ¢ is a constant depending on N and p. As in Section 2.2, we
test the equations for u and v with (v — u — &)™ and subtract to get

c/ (|Du| + |Dv))? 2| D(v — u)T)? dx (5.7)
% (@n{v=u+te}

<

/ (f() — fw)(w—u—e)tdx.
X (e)Nf{v=u+e}

Since u — 0 as |x| — oo, there exists R such that for x outside Bg, u(x) < so. Then using
(H2), we have for A > R, the function f(v) — f(#) < Oontheset £,(e) N{x :v > u-+e}
since on this set u < v < sg. Thus it follows from (5.7) that

cf (1Dv| + | Du)? 2D —w)* P dx <0
o (e)N{v=u+e}
and by monotone convergence theorem, as ¢ — 0 we get
f (|Dv| + |Du)?2|D(v — u) T dx < 0. (5.8)
(e

Hence D(v —u)* =0 a.e. on Iy (e) and since (v —u)™ =0on % (e), (v —u)* =0on
E}L (6)
Proof of step (i) of Theorem 5.5: This is along the same lines as the proof above but uses
the test function [(v—u —€) ™" for a suitable 7. The integral [ (f(v)— fu)[(v—u—e)T]
is then carefully estimated using weighted Hardy—Sobolev inequality (see Proposition 3.2
in [26], for details).

The proof of step (ii) for both theorems relies on a version of Proposition 5.2, adapted to
unbounded domains and the arguments outlined in the three steps at the end of Section 5.2
in the proof of Theorem 5.1.
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1. Introduction

Compressible Navier—Stokes equations are the subject of current studies. We refer the
reader to the books by Lions [34], Feireisl [16], Novotny and Straskraba [41] for the state
of the art in the domain. The related references are listed at the end of the chapter.

Inhomogeneous boundary value problems for the equations are of some importance in
applications, including optimal control theory, shape optimization and inverse problems.
Such results, however, are not available in the literature on the subject in the full
range of physical parameters. In our joint research, see e.g., [50-53], the specific
problem studied is the minimization of the drag functional which is a representative shape
optimization problem for the mathematical models in the form of compressible Navier—
Stokes equations.

In this chapter, we present the results and the techniques which can be used to study not
only the existence and uniqueness of weak solutions, but also the compactness of the set of
solutions with respect to the boundary perturbations, and the differentiability of solutions
with respect to the coefficients of differential operators. The class of mathematical models
is of elliptic—hyperbolic types. We briefly describe the modelisation issue, define all the
physical constants which are related to compressible Navier—Stokes equations. One of the
constants, which is called the adiabatic constant ¥ > 1, which is present in the formula
for the pressure in terms of the density, is quite important from the mathematical point
of view. We present some results for the range of constants which includes the diatomic
gases. The case of the ideal gas with y = 1 is considered e.g. in [51] and leads to some
singularities in three spatial dimensions, such a singularity is absent however in two spatial
dimensions [50].

The content of the chapter can be described as follows.

In Section 2 the steady state equations of compressible fluid dynamics are introduced
for the state variables including the density, the velocity field and the temperature. The
boundary value problems considered are of elliptic-hyperbolic type.

In Section 3 the general properties of the boundary value problems are described. Local
existence and uniqueness results for classical solutions known in the literature are recalled.
The weak solutions to compressible Navier—Stokes equations are defined, and the existence
of such solutions is discussed.

In Section 4 the mathematical tools including the interpolation theory, the Young
measures and the Sobolev spaces are introduced.

In Section 5 the framework for the transport equations which constitute the hyperbolic
component of the boundary value problems is established. The so-called emergent vector
field conditions are given in order to assure the appropriate solvability of the transport
equations.

In Section 6 important properties of the transport equations with discontinuous
coefficients are analysed, among others the normalization procedure, the kinetic form
of equations, the compactness of renormalized solutions, and the so-called oscillation
defect measure. The strong convergence of solutions to the transport equation is shown
in Theorem 6.4.

In Section 7 the existence of weak solutions for some range of adiabatic constant is
shown, which is the original contribution.
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In Sections 8-10, Appendices A and B all proofs of the technical results of the chapter
are provided.

2. Equations of viscous compressible fluid dynamics

Let a compressible fluid occupy the domain € in Euclidian space R3. The steady state
of a fluid at point x € €2 is completely characterized by the macroscopic quantities: the
density o(x), the velocity u(x), and the temperature ¥ (x). These quantities are called state
variables in the sequel. The governing equations represent three basic principles of fluid
mechanics: the mass balance

div(ou) =0 in , (2.1a)
the balance of momentum

diviou®u) + Vp = of + h+divS in Q, (2.1b)
energy conservation law

div((E + p)u) = divS(u) + div(k V®) + (of + h)u. (2.1c)

Here, given that the vector fields f and h denote the densities of external mass and volume
forces, the heat conduction coefficient k is a positive constant, the viscous stress tensor S
has the form

2
S(u) = v <Vu +Vul — 3 diva) + vy divvl, (2.1d)

in which the viscous coefficients v; satisfy the inequality vi4/3 + v» > 0, the energy
density E is given by

1 2
E = Solul® +ce.

where e is the density of internal energy. The physical properties of a gas are reflected
through constitutive equations relating the state variables to the pressure and the internal
energy density. We restrict our considerations to the classic case of perfect polytropic gases
with the pressure and the internal energy density defined by the formulae

p = Ry00 e = ¢yl (2.1e)

Here R, is a positive constant inversely proportional to the molecular weight of the gas,
that is

Ry =cp—cy, with y =1cp/cy > 1,
where ¢, is the specific heat at constant volume and ¢, is the specific heat at constant
pressure, are positive constants. In this case the entropy density S takes the form

S =loge — (y — 1)logo. (2.2)
The system of partial differential equations (2.1) is called compressible Navier—Stokes—
Fourier equations.
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It is useful to rewrite the governing equations in the dimensionless form, which is widely
accepted in applications. To this end we denote by u., o., and ¥, the characteristic values
of the velocity, the density, and the temperature, and by /. and Ad,. the characteristic values
of the length and the temperature oscillation. They form five dimensionless combinations:
the Reynolds number, the Prandtl number, the Mach number, the viscosity ratio, and the
relative temperature oscillation defined by the formulae, see [54],

Roo Qcicle o Viep o we
V1 K cpte(y — 1)
1 V2 A,
A=-+—, b=—2°
3 + V1 l?c

Note that the specific values of the constants y, A, and Pr depend only on physical
properties of a fluid. For example, for the air under standard conditions, we have y = 7/5,
A = 1/3, and Pr = 7/10. The passage to the dimensionless variables is defined as follows

X = lex, u—u, ©— 00,

ecl? iz
Y — U+ A90, of —> of, h— h
Ville Ville

and (2.1) performed leading to the following system of differential equations for
dimensionless quantities in the scaled domain [ 10, which we still denote by €,

Au+ AVdiva =kou-Vu+oV(o(l + b)) —of —h inQ, (2.3a)
diviou) =0 in €, (2.3b)
AY = kb (ouVY + (y — (b~ + ®)odivu) (2.3¢)

k *\2 . 2
— —by(Vu+ Vu*)” + (A — 1) divu?),
o

where
k=R Re b Pr b ]P’r( 1
= IR€, o = , = —), = - .
yMa?2 ! y 2T

The asymptotic analysis of solutions is of mathematical and practical importance. In
theoretical hydrodynamics the following cases are distinguished:

e the low compressible and hypersonic limits Ma — 0, oo;

e the Stokes and the Euler limits Re — 0, oo;

o the elastic low compressible limit A — oo.
From this point of view the quantities b, b; do not play any important role in the theory,
and further we shall assume that

b=by=by=1.

2.1. Barotropic flows

The flow is barotropic if the pressure depends only on the density. The most important
example of such flows are isentropic flows. In order to deduce the governing equations for
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isentropic flows we note that for perfect fluid with v; = k¥ = 0, the entropy takes a constant
value in each material point. Hence in this case the governing equations have a family of
explicit solutions with the entropy S = const. By virtue of (2.1e) and (2.2) in this case we
have

p(0) = (y — Dexp(Sc)e”,

where a positive constant S. is a characteristic value of the entropy (without loss of
generality we can take (y — 1) exp(S,) = 1). Assuming that this relation holds for v; # 0
we arrive at the system of compressible Navier—Stokes equations for isentropic flows of
viscous compressible fluid

Au+ AVdivu =kou-Vu+oVp" —of —h inQ, (2.4a)
diviou) = 0 in . (2.4b)

Recall that the exponent y depends on the physical properties of the fluid. In particular,
y = 5/3 for mono-atomic, y = 7/5 for diatomic and y = 4/3 for polyatomic gases, [14].
It is worthy of note that equations (2.4) are not compatible with (2.3), and that they are
not thermodynamically consistent. Nevertheless, compressible Navier—Stokes equations
play an important role in the theory as the only example of physically relevant equations
of compressible fluid dynamics for which we have nonlocal existence result.

2.2. Boundary conditions

The governing equations should be supplemented with the boundary conditions. The
typical boundary conditions for the velocity are: the first boundary condition (Dirichlet-
type condition)

u=U onoQ, (2.5)
the second boundary condition (Neumann-type condition)
Su)—pDhn=S, onad<, (2.6)

where n is the outward normal vector to 92, U and S, are given vector fields. The
important particular cases are the no-slip boundary condition with U = 0, and zero
normal stress condition with S, = 0. The third physically and mathematically reasonable
condition is the no-stick boundary condition

u-n=0, (S —-—phn)xn=0 onadL,

which corresponds to the case of frictionless boundary.
The typical boundary conditions for the temperature are the Dirichlet boundary
condition

9 =g ondQ, 2.7)



Stationary boundary value problems for compressible Navier-Stokes equations 319

the Neumann boundary condition
Vi -n=g onadf2,
and the third boundary condition
V¥ -n+Nud =g ondf.

Here g is a given function, the dimensionless Nusselt number defined by the equality
Nu = /.a/«, in which « is the positive heat transfer coefficient.

The formulation of boundary conditions for the density is a more delicate task. Assume
that the velocity u satisfies the first boundary condition (2.5), and split the boundary of
flow region into three disjoint sets called the inlet Xj,, the outgoing set Xoy, and the
characteristic set X, and defined by the relations

Tin={x€dR:U-n<0}, Sou={xecdQ:U-n>0}

2.8)
$o={xedQ: U-n=0}.

The density distribution must be given on the inlet
0 =0p On Xj,. (2.9)

The boundary conditions for the density are not needed in the case Xj, = . In particular,
there are no boundary conditions for the density if the velocity satisfies the no-slip and
no-stick conditions when X, = Xy, = ¥. But in this case one extra scalar condition is
required to fix the average density m of the fluid

1
— dx =m. (2.10)
Is] /QQ

2.3. Bibliographical comments

The mathematical theory of compressible viscous flows is covered in the books by Lions
[34], Feireisl [16], and Novotny and Straskraba [41]. The statement of basic principles
of the fluid mechanics can be found in monographs by Landau and Lifschitz [35], and
Serrin [55].

3. Mathematical aspects of the problem

In general the mathematical analysis of boundary value problems includes the following
steps, with the mathematical proofs of the required facts,
e existence of solutions for the appropriate given data;
e uniqueness of solutions,
e stability of solutions with respect to perturbations of the given data, including the flow
domain, and coefficients of the governing equations.
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In spite of considerable progress having been made in the past two decades, the theory
of compressible viscous flows is far from being complete. In this section we give a brief
overview of available results. First note that governing equations (2.3) form a hyperbolic—
elliptic system of differential equations, which include the Lame-type equation for the
velocity, the transport equation for the density, and the Poisson-type equation for the tem-
perature. There is a significant disparity between stationary and nonstationary problems:

e in contrast to the nonstationary case, for stationary problems the energy conservation
law does not imply the boundedness of the total energy, and the derivation of the first
energy estimate becomes nontrivial;

e there are no estimates for the total mass of the gas in the inflow and/or outflow
problems, the absence of the mass control is the main difficulty because of which
these problems remain essentially unsolved;

e the equation for the density is degenerate in points where u = 0, and the mathematical
treatment of the problem requires more extensive mathematical theory of transport
equations;

e the governing equations do not guarantee automatically the nonnegativity of the
density, and this question needs further consideration.

3.1. Local existence and uniqueness results

The local theory deals with strong solutions which are close, in an appropriate metric, to
some given explicit or approximate solutions ( e.g., the equilibrium rest state). By a strong
solution is meant a solution which has locally integrable generalized derivatives satisfying
the equations almost everywhere in the sense of the Lebesgue measure. The minimal
smoothness properties which are usually required for strong solutions in the theory of
compressible viscous flows are u, ¥ € C!1(2), 0 € C(). Since the governing equations
involves the elliptic component, the scale of Sobolev spaces H*>" can be considered as the
most suitable framework for the mathematical treatment of the problem.

In this frame the considerations are focused on the detailed analysis of the linearized
problem. The main goal is in one way or another to eliminate the divergence of the velocity
field, and to obtain the transport equation for the density distribution. Roughly speaking,
there are three different approaches to this problem. The first is the simple algebraic
scheme proposed in the pioneering paper by Padula [48] for the isothermal problem with
no-slip boundary condition:

Au+ AVdiva = kou-Vu+oVp —pof inQ, (3.1a)

div(ou) =0 in €, (3.1b)
1

u=0 ondf, —fgdx:m. 3.1¢)
12l Ja

The key observation employed in the scheme is that governing equations can be replaced
by the Stokes-type equation for the velocity and for effective viscous pressure q =
oo — Adivu:

Au— Vg = kouVu — of in Q,
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1
divu:akg—xq in 2,
u=0 ondR2, o), =0/A,

and by the transport equation for the density:

qo . 1

ll‘VQ~|—U)LQ2=— in €, —/Q:m.
A 12 Jo

This scheme is working properly for large o;, A and small k. In particular, the approach

leads to the following existence and uniqueness result shown in [48], see also [49] and

[20] for further details.

THEOREM 3.1. Let Q be a bounded domain with the smooth boundary, f € C(R2) and
m > 0. Then there exists c* > 0, depending only on 2, m and £, and positive ).*, k*, and
R, depending only on 2, £, m and o, such that for all o;, > o*, . > A*(0;, m, £, Q) and
0 < k < k*(op, m, £, Q), problem (3.1) has a unique solution in the ball

||ll||H2,4(Q) + ”Q — m||H1,4(Q) < R.

The second approach is proposed in the papers [7] and [8] by Beirao da Veiga which are
devoted to studying the local existence theory for the general boundary value problem

Au+ AVdivua=kou-Vu+oVp(o, ) —of inQ, (3.2a)

div(ou) = g in Q, (3.2b)

AV = ci1py (o, ¥) diva+ coouVy (3.2¢)

— ¥ (Vu, Vu) + oh, (3.2d)

u=0, 9=0 ondQ, L/‘Qalx=m, (3.2¢)
12| Jo

where ¢;, i = 1, 2 are positive constants, (-, -) is a quadratic form, whose properties are
not essential, and % is a given function. It is assumed the a function p(¢, ) is sufficiently
smooth and pé (m, 0) > 0. In this setting the principal part of linearized equations reads

Au+ AVdiva —op'(m,00¢p =F inQ,
u-Vo+oediva+mdiva=g inQ,
AV — ciply(m,0) diva = h,
u=0 onof,
where ¢ = o — m is the density perturbation. The key observation in papers [7,8] is that

this system can be reduced to a Poisson-type equation for u and the transport equation for
the Laplacian of the density perturbation

V(Ap) + (Ap) =F( g, h)
u [ —
% Y % , 8, 1),

in which F is some linear operator. Note that this method requires the existence and
uniqueness results for a transport equation in negative Sobolev spaces, see [9]. Using this
approach Beirao da Veiga proved the following existence result.
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THEOREM 3.2. Letr € (1,00) and j > —1. Assume that Q2 € C3tJ and p € C3+/ (R?).
Then there exist constants 66, c/1 depending only on Q, A, o, m and c;, i = 1, 2 such that if
(f, g, h) verifies the condition

||f||H1+j-r(Q) + ||8||H2+j.r(gz) + ||h||1-11+j,r(gz) < CE), (,g,1)=0,

then there exists a unique solution to problem (3.2) in the ball
lall g3+ir @y + lo = mll gavio ) + 191l g3+ir gy < €}

It was also shown that in the case of barotropic flow a solution to the problem tends to a
solution of incompressible Stokes equations as ¢ — 00.

If h = 0 and the mass force is potential, i.e. f = V®(x), then equations (2.3) endowed
with the boundary conditions

u=0 9=0 on
has the only solution
=0 D=0, o) =c(m)exp(c™ ®(x)).

The equilibrium solutions of this type also exist for general constitutive law p = p(o, ¥)
provided that the total mass M is sufficiently large. The existence of solutions to
boundary value problems close to (ug, 0o, o) was established by the application of the
decomposition method proposed in the paper by Novotny and Padula [42]. The main idea
of the method is to split the velocity field u into an incompressible part uy,;, satisfying the
relation div(gouye) = 0, and a compressible irrotational part u,,; = V¢. In such a way
the original mixed elliptic—hyperbolic system is split into several equations: a Stokes-type
system for uy,;, a Poisson-type equation for ¢ and the transport equation for the density o.

In [43] and [44] the results were applied over the case of flow in exterior domains which
has practical importance. In this case the problem can be formulated as follows.

Let Q@ C R? be an exterior domain such that Q. = R3 \ € is a compact which has a
boundary of a class C¥*2, k > 0. It is necessary to find the velocity field u and the density
distribution o satisfying equations (2.4) with y = 1 (the extension to the case y > 1 is
obvious) and the boundary conditions

u=0 ond2, o) — 0, UW(X)—> U asl|x|— o0, 3.3)

where the given vector Uso = (U0, 0, 0), uso # 0. The following existence and local
uniqueness result is due to Novotny and Padula.

Let WK () be a completion of C3°(2) in the norm ||V - l g+-1.r(q)- Introduce the
Banach spaces WK% = HY4(Q) N HA"(Q) and DF9" = W24 N WK endowed with
the standard norm of intersections of Banach spaces. Finally introduce

3
Qi = whar x <]D>k"’” N L&(Q)> :

Endowed with the norm

1/4
1@ ikt 1,g.r100 = @ llwhar + 1VIpksar + ool "IV 29
L4 (Q)
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Q**1:4" becomes the Banach space. The set
M2 = {(p,v) € QX197 v = —uy on 89

is the convex closed subset of QK+1-4-7

THEOREM 3.3. Let r > 3, 1 < s < 5/6, integer k > 0, 9Q € C>™* and f €
L5(Q) N H"(Q). Let q be an arbitrary such that 3s/(3 —s) < q < 2. Then there
exists a positive kg < 1 which depends only on s, q, k, r, 92 such that for any u~ with

0 < uscl < ko
there exist positive constants v, y1 (depending only on s, q, k,r, 9 and |ux|) with the
property: If

s @) + Il gor ) < 710

then in the set

k+2,q,
{(0,u) : (0= 000, U —Uso) € M, """ [ [[[(0 — 0o0s U — o) lk42,. 1100 < Y0}

there exists just one solution to problem (2.4), (3.3).

3.1.1. Inhomogeneous boundary value problems

It is worthy of note that there are only a few kinds of physically reasonable external
forces: the gravitational force, the centrifugal and centripetal forces, the electromagnetic
forces. Therefore the stationary boundary value problems for compressible Navier—Stokes
equations in bounded domains with no-slip and no-stick boundary conditions are primarily
of academic interest. The inflow—outflow boundary value problems for 2 D-compressible
Navier—Stokes and compressible Navier—Stokes—Fourier equations were considered in
papers [23,24] by Kellogg and Kweon. It was shown that the properties of solutions are
very sensitive to the geometry of the flow domain 2 and behavior of the velocity vector
field at the boundary of €2. It turns out that in the case of a smooth domain €2 the density
has a weak singularity on the characteristic manifold %;, N Xy It was shown that if 92
and U satisfy the emergent field condition (H1)—(H2) in Section 5.1, then the problem has
a continuous solution close to the explicit solution ug = (ug, 0), 0 = const. The flow on
polygon was investigated in [24]. We consider this problem in more detail in Section 9.
The qualitative properties of solutions and the propagation of corner singularities were
considered in the papers [22,25] by Kellogg and Kellogg and Kweon, and in the paper
[56] by Xinfu Chen and Xie. It was shown that jump of discontinuity in the velocity on
the boundary produces a discontinuous density across the streamline emanating from the
point of discontinuity. Moreover, in polygons the interior singularities do occur even for
continuous boundary data.

3.2. Global existence of generalized solutions

By now there are no results on the existence of strong solutions to compressible Navier—
Stokes—Fourier equations for large data. The available results concern the existence of
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weak solutions to the boundary value problem for the barotropic compressible Navier—
Stokes equations with no-slip conditions at the boundary:

Au+AVdivau =kou®u+0oVp(p) —of —h inQ, (3.4a)

div(ou) =0 in 2, (3.4b)

u=0 ondQ, (3.4¢)

/ odx = M, (3.4d)
Q

where p(-) is a smooth strictly monotone function. Along with problem (3.4), in
mathematical literature its different regularization is also considered. The most distributed
is the relaxed boundary value problem, [34],

aou+diviou®u) + Vp(p) = of + h + divS, 3.5)
ap +diviou) =h in L, (3.6)
u=0 ono<,

where a(x) and h(x) are given positive functions. This problem is of mathematical interest
since for a = const., equations (3.5) can be regarded as the time discretization of the
evolutionary problem.

The definition of a weak solution to compressible Navier—Stokes equations differs from a
standard that is caused by the specific character of the transport equation, see [34] and [16].

DEFINITION 3.4. We say that (g, u) is a weak solution to equations (3.4a)—(3.4c) if
ue HOI’Z(Q), 0 € L'(), nonnegative functions o, o|u|?, and p(p) are locally integrable
and equations (3.4a)—(3.4b) are satisfied in the sense of distributions: for all vector fields
¢ € C5°(Q) and functions G € C'(R), ¥ € C'(Q),

/V(p:(Qu®u+pl)dx=/(V(p:Vu+kdiv<pdivu—(gf+h)-cp)dx
Q Q
(3.7a)

[Q(G(Q)u -V 4+ (G(o) — G/(Q)Q)lﬁ divu) dx = 0. (3.7b)

Note that weak solutions whose definition involves arbitrary functions of unknown
quantities are generally referred to as renormalized solutions.

The principal question in the theory concerns the compactness properties of the
generalized solution. Suppose for a moment that we have a sequence of explicit or
approximate solutions (ug, 0:)s~0 to problem (3.4) and the energies of these solutions
are uniformly bounded

2
||u8||1~11~2(g2) + ||Qs||LV(Q) + [|0g lug] ||L1(Q) < C < oo.
After passing to a subsequence we can assume that

u; — u  weakly in Hol’z(Q), 0s — 0 weakly in LY (),

0:Ve ® Ve — M star weakly in the space of Radon measures as ¢ — 0.
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The question is under what conditions will a weak limit (u, o) be a solution to the original
equation. In order to answer this question we have to solve two problems:

First we have to resolve the oscillation problem, i.e. to prove the equality w-lim p(o;) =
p(o).

Next we have to prove that the weak star defect measure S =: Ml— pv®v = 0 and thereby
to resolve the concentration problem.

The mathematical analysis of these problems in 2 and 3 dimensions originated in papers
[32,33] by Lions, where the weak regularity of the effective viscous flux was established.
This result allows to prove the compactness properties of the density and hence gives a
way around the oscillation problem. The detailed mathematical treatment of the problems
(3.4) and (3.7) was undertaken in the monograph [34] by Lions. In particular, there the
following global result on solvability of problem (3.4) was proved.

THEOREM 3.5. Let Q@ C R? be a bounded domain with C'-boundary. Assume that the C'-
function p is strictly monotone and satisfies the following conditions: there exist y > 5/3
and co > 0 such that

1

c&ls}’_1 < pl(s) < cos” 1, cy sV < p(s) < cos”  for all sufficiently large s.

Then for each M > 0, f,h € C(Q2) boundary value problem (3.4) has a generalized
solution satisfying the energy inequality

/(qu|2+)»|divu|2)dx §f(gf+h)-udx.
Q Q

The restrictions on the adiabatic exponent were weakened by Novo and Novotny in [39]
and Novotny and Straskraba in [41] in the case of potential mass forces f. Using the Feireisl
theory of the oscillation defect measure, [16,17], they proved that for potential mass forces
the statement of the Lions Theorem remains true for all adiabatic constant y > 3/2. The
extension of these results on the case of the exterior boundary value problem and boundary
value problems in domains with noncompact boundary was made by Novo and Novotny
in [40].

It is easy to see that in the three-dimensional case the energy estimates guarantee the
inclusion of o|v|> € L"(Q) with » > 1 if and only if y > 3/2. Hence, for y < 3/2
we have only an L' estimate for the density of the kinetic energy, and the concentrations
problem becomes nontrivial. In this sense the critical value y = 3/2 is the block for the
existing nonlocal theory. Steps to overcome this threshold were taken by Frehse ef al. in
[19] and by Plotnikov and Sokolowski in [53], where it was proved that the boundedness
of the total energy implies the compactness properties of solutions to problem (3.4) for all
y > 1. The proof of this result is based on pointwise estimates of the Newtonian potential
of the pressure. Using this approach Plotnikov and Sokolowski have proved the existence
of solutions to the relaxed problem (3.5) for all ¥y > 1. In Section 7 we show that this
approach also leads to the existence theory for barotropic flows for all y > 4/3.
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4. Mathematical preliminaries

In this paragraph we assemble some technical results which are used throughout of the
paper. Function spaces play a central role, and we recall some notations, fundamental
definitions, and properties, which can be found in [1] and [10]. For the convenience of
readers we also collect the basic facts from the theory of interpolation spaces and the
Young measures. For our applications we need the results in three spatial dimensions,
however the results are presented for the dimension d > 2.

4.1. Interpolation theory

In this paragraph we recall some results from the interpolation theory, see [10] for the
proofs. Let Ag and A be Banach spaces. For simplicity assume that A} C Ag. For¢t > 0
introduce two nonnegative functions K : Ag — R and J : A| + R defined by

K(t,u, Ao, Ap) = inf luglla, + tlluilla,
u=up+u|

uj €A;
and

J(t,u, Ag, A1) = max{|lull a, tllulla,}-

For each s € (0,1), 1 < r < oo, the K-interpolation space [Ag, A1]s r x consists of all
elements u € Ao, having the finite norm

00 1/r
||M||[A07A|]S.V.K = <'/ tilier(tfuaA()vAl)r dt) . (41)
0

On the other hand, J-interpolation space [Ag, A1];,, 7 consists of all elements u € Ag+ A
which admit the representation

u = / @dr, v(t) € Ay fort € (0, 00) 4.2)
0

and have the finite norm

o0 1/”
Julig s, = inf ( / 15T 16 0(0). Aoy A dt) < o, 43)
v 0

where the infimum is taken over the set of all v(¢) satisfying (4.2). The first main result of
the interpolation theory reads: For all s € (0, 1) and r € (1, 0o) the spaces [Ao, A1ls.rx
and [Ag, A1ls,rs are isomorphic, topologically and algebraically. Hence the introduced
norms are equivalent, and we can omit indices J and K. The following simple properties
of interpolation spaces directly follows from definitions.

(1) If Ay C Ap is dense in Ag, then [Ag, A1ls,r C Ap is dense in Ag. To show
this fix an arbitrary u € [Ag, A1]s.» and choose the v in representation (4.2) such that
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£ vl Lr0,00:de/1) < 00. It is easy to see that u, = fnn,l v(t)t~'dt € Ay and

.
lun —ulliag a1,

n! [ee]
< (/ +/ )t_l_er(t, v(t), Ag, A1) dt — 0 asn — oo.
0 n

() If A;, i = 0,1, are closed subspaces of A;, then [Ao, Al]” C [Aog, A1]s,r and
lulltag. A, < lulliz, 4,3, -

One of the important results of the interpolation theory is the following representation
for the interpolation of dual spaces. Let A; be Banach spaces such that A} N Ag is dense
in Ag + A;. Then the Banach spaces [(Ag)’, (A1)']s.,» and ([Ag, A1]s,/)" are isomorphic
topologically and algebraically. Hence the spaces can be identified with equivalent norms.

In particular, if A; C Ag A, C A] are dense in Ag and A/, then ([Ao, A];,,)" is the
completion of Ay, in ([Ag, A1]s,,)"-norm.

The following lemma is the central result of the interpolation theory.

LEMMA 4.1. Let A;, B;, i = 0,1, be Banach spaces and let T : A; +— Bj, be
a bounded linear operator. Then for all s € (0,1) and r € (1,00), the operator
T : [Ao, Atls.r = [Bo, Bils.r is bounded and

-
IT N 2o, At X110 = DT Wz g By 1T N2y 5y

4.2. Function spaces

Let 2 be the whole space R or a bounded domain in R with the boundary 92 of class
C'. For an integer [ > 0 and for an exponent r € [1, c0), we denote by H'" () the
Sobolev space endowed with the norm [[u|| g1.r () = sUp4<; l0%ullzr (-

For real 0 < s < 1, the fractional Sobolev space H*"(Q) = [H*"(Q), H' (Q)];.,
endowed with one of the equivalent norms (4.1) or (4.3) is obtained by the interpolation
between L™ ($2) and H!" (). It consists of all measurable functions with the finite norm

el grsr ) = NullLr @) + luls,ra,

where
lulf, o= f Ix — yI7 S u(x) — u(y)|” dxdy. 4.4)
QxQ

In the general case, the Sobolev space H'*7 () is defined as the space of measurable

functions with the finite norm ||u|l gi+5.r (@) = SUPjy < l0%ull gsr (). For0 < s < 1, the

Sobolev space H*" (L2) is, in fact [10], the interpolation space [L" (£2), H“(Q)]“.
Furthermore, the notation Hé’r(Q), with an integer /, stands for the closed subspace of

the space H Lr () of all functions u € H"" () which are being extended by zero outside
2, and which belong to HL(RY).
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Denote by Hg’r(Q) and ’H(l)’r(Q) the subspaces of L" (R?) and H'"(R?), respectively,

of all functions vanishing outside of €. Obviously H(l)”(Q) and H(} ""(Q) are isomorphic
topologically and algebraically and we can identify them. However, we need the
interpolation spaces H,;" (2) for nonintegers, in particular for s = 1/r.

DEFINITION 4.2. Forall 0 < s < land 1 < r < oo, we denote by H)" () the

interpolation space [Hg’r (2), H(l)’r (£2)]s,r endowed with one of the equivalent norms (4.1)
or (4.3) defined by the interpolation method.

It follows from the property (2) of interpolation spaces that Hf)’r (Q) ¢ H*" (RY) and
for all u € Hy" (),

letll pysrmay < (v $)llullpgsr (), w =0 outside Q. (4.5)

In other words, ’H‘S‘r(Q) consists of all elements u € H* " (£2) such that the extension u of
u by 0 outside of 2 have the finite [Hg’r(Q), H(l)’r(Q)]s,,-norm. We identify u and u for

the elements u € H;y" (€2). With this identification it follows that Hol’r(Q) C Hy' () and
the space C§°(2) is dense in Hyy" (S2).

It is worthy of note that a function u belongs to the space H;" (), 0 < s < 1,
1 < r < oo if and only if

dist (x, 3Q) " |u| € L' ().

In particular HS”(Q) = H5"(Q) for0 <s < r~!. Wealso point out that the interpolation
space Hyy" (2) coincides with the Sobolev space Hy"(€2) for s # 1/r. Recall that the
standard space Hg’r(Q) is the completion of C;°(£2) in the H*" (£2)-norm.

Embedding of Sobolev spaces. For sr > d and 0 < o < s — r/d, the embedding
H*"(Q2) — C*(L2) is continuous and compact. In particular, for s > d, the Sobolev
space H*"(£2) is a commutative Banach algebra, i.e. for all u, v € H*" (),

luv|l gsry < clr, ) lullgsr-@)llvllgsr(@)- (4.6)

Ifsr <dandt™! =r~! —d~ls, then the embedding H*" (2) < L'(2) is continuous.
In particular, foro <'s, (s — @)r < d and ﬂ_l =r 1 d_l(s — ),

lull gop @y < c(rs, o, B, llull g (@) (4.7)

If (s — a)r > d, then estimate (4.7) holds true for all 8 € (1, co). It follows from (4.5)
that all the embedding inequalities remain true for the elements of the interpolation space
Hy' ().

Duality. We define

(u, v) = /S;u vdx (4.8)
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for any function such that the right-hand side make sense. For r € (1, 00), each element
v e L”(Q), 7 = r/(r — 1), determines the functional L, of (Hy" (2))' by the identity
Ly(u) = {(u,v). We introduce the (—s, r’)-norm of an element v € L’,(SZ) to be by
definition the norm of the functional L,, that is

ollpmer = sup I, ). 4.9)
uer{’(Q)

lwllys,r =1
Hy' @

Let ’H_”/(Q) denote the completion of the space L’/(Q) with respect to (—s, r’)-norm.
By virtue of pairing (4.8), the space L"' () can be identified with (Hg’r)’ , which is dense
in H=M(Q) = (H(l)’r(.Q))’. Therefore, the space (H,")" is the completion of L™ (Q)
in the norm of (HS”(Q))/ , which is exactly equal to the norm of H’”/(Q). Hence
(Hg’r(ﬂ))’ =H" /(Q) which leads to the duality principle

el @) = sup  [(u, v)|. (4.10)
vngo(Q)

Ivll 1

Hs (@)
Moreover, we can identify H =" /(Q) with the interpolation space [L" /(Q), Hy Lr! (2)]s.r-

With applications to the theory of Navier-Stokes equations in mind, we introduce the
smaller dual space defined as follows. We identify the function v € L” (2) with the
functional L, € (H*"(2))" and denote by H™" (2) the completion of L" (2) in the
norm

lllg-sr (g = sup [, v)] (4.11)
ueHST (Q)
Hu\|Hx,r(Q)=1
In the sense of this identification the space C;°(£2) is dense in the interpolation space
H=5"(R2). It follows immediately from the definition that

H(Q) € (H(Q)) ¢ H*" ().

4.3. Embedding Hy () into L*(2, dp)

The question of integrability of elements of the Sobolev spaces with respect to general
Borel measures p is more difficult. The following theorem belonging to Adams [2]
and Mazjia [37], see also [3] for the further discussion, gives necessary and sufficient
conditions for the continuity of the embedding H01’2(Q) — LX(Q,dup)

LEMMA 4.3. Let @ C R? be a bounded domain with C*-boundary. Then the embedding
Hol’z(Q) — L"(2, dp) is continuous if and only if there is a constant C such that the
inequality u(K) < Ccap K holds true for any compact K € Q.

Further we shall use the following consequence of this result.
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COROLLARY 4.4. Let Q C R3 be a bounded domain with C' boundary and ®(x, y) is
the Green of domain 2. Assume that a Radon measure v satisfies the inequality

M =: ess sup / B(x,y)du < oo. 4.12)
yeR3 J/Q

Then there exists a constant ¢, depending only on 2, such that inequality
2 2
/lel dp < cMvllgz g, (4.13)

holds true for all v € HS’Z(D).

PROOF. Recall that the capacity of the compact K C D is defined by the equality
cap K =inf{/ IVo|?dx : 9w eCPD),p>0¢ > lonK}.
D

Choose an arbitrary admissible function ¢. It is easily seen that

12
/dMS/ odu < |A7 1l 2 (/ |w|2dx) .
K K D

On the other hand, we have
1A 1k ul}a ) = /D/Dﬁ(x,y)lK(X)lK(y)du(X)du(y) < MfK du(y)
which leads to

172 172
/ dpLSMl/2 </ du) (/ |V<p|2dx> .
K K D

Hence for any compact K C D,

/dufMinf/ |Vg0|2dx=McapK,
K ¢ Jp

which along with Lemma 4.3 yields the desired estimate. O

4.4. Di-Perna—Lions Lemma

Let 6 be a standard mollifying kernel in R,

0 € Dy (R), /G(t)dtzl, spt6 e {|t] < 1}. (4.14)
R
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For any compactly-supported and locally-integrable function f : R x R + R define the
mollifiers

[flr(x, ) := ké@(k(k — 1)) f(x,t)dt, (4.15)

f o, (2, 2) 2= m[R OmGx — [y 0@ =[[6G). @16
" i=1

We shall write simply [ f 1.« instead of [[ f . ] k. The following Lemma is due to Di-Perna
and Lions [29].

LEMMA4.5. Let f € L2 (R"xR) and v € H >

Toc loe (R™). Then for any bounded measurable
set E CR" x R,

div[ f V], —div([f]n V) = 0 in LI(E) asm — 0. “4.17)
The kinetic theory of transport equations operates with the extended velocity field
Vix, 1) = (v(x), —Adivv(x)),

which does not meet the requirements of the previous Lemma. Nevertheless, because of
the specific structure of V, the following assertion holds true, see [5].

LEMMA 4.6. Assume that all the assumptions of Lemma 4.5 are satisfied, f € L*°(R" xR)
and

157 (x, ) = divif Viek — div([ £ lm i V). (4.18)
Then, for any bounded measurable set E C R" x R,

lim { lim ™Ky =0 in LY(E). (4.19)

k—00 m—00

4.5. Young measures

Since the notion of weak limits plays a crucial role in our analysis, we begin with a short
description of some basic facts concerning weak convergence and weak compactness. We
refer the reader to [36] for the proofs of basic results.

Let A be an arbitrary bounded, measurable subset of R and I < r < oo. Then for every
bounded sequence {g,},>1 C L"(A) there exists a subsequence, still denoted by {g,}, and
a function g € L (A) such that for n — oo,

f gn()h(x)dx — / g)h(x)dx forall h € L"/"~D(A).
A A

We say the sequence converges g, — g weakly in L"(A) for r < oo, and converges star-
weakly in L°°(A) in the limit case of r = oo. In the very special case of r = 1 it is known
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that the sequence of g, contains a weakly convergent subsequence in L' (A), if and only if
there is a continuous function ® : R — R™ such that

lim ®(s)/s =00 and sup [|[P(gn)llL1(4) < 0.
§— 00 n>1

If the sequence of g, is only bounded in L'(A) and A is open, then after passing to a
subsequence we can assume that g, converges star-weakly to a bounded Radon measure

Mg L€,
lim / gn(x)h(x)dx
n—oo A
= / h(x)dpg(x) for all compactly supported 2 € C(A).
A

In the sequel, the linear space of compactly supported functions on a set A is denoted by
Co(A), and its dual by Co(A)*.

The Ball’s version [6], see also [36], of the fundamental Tartar Theorem on Young
measures gives a simple and effective representation of weak limits in the form of integrals
over families of probabilities measures. The following lemma is a consequence of Ball’s
theorem.

LEMMA 4.7. Suppose that a sequence {gn}n>1 is bounded in L" (A), 1 < r < 0o, where
A is an open, bounded subset of R3. Then we have the following characterizations of weak
limits.
(1) There exists a subsequence, still denoted by {g,}n>1, and a family of probability
measures oy € Co(R)*, x € A, with a measurable distribution function f(x,1) =
oy (—00, A] so that the function A — f(x, \) is monotone and continuous from the right,
and admits the limits 1,0 for A — =<£oo. Furthermore, for any continuous function
G : A X R+ R such that

Lm |GG, Mllcwy/IA" =0 forr <oo and

|A]— 00

sup |G(-, Mllcay < oo forr = o0,
|4

the sequence of G (-, gn) converges weakly in L' (A) to a function
G(x) = / G(x, AM)dy f(x, ). (4.20)
R
Moreover, for r < oo, the function

Aax—>/|k|rd)\f(x,k)eR
R

belongs to L(A).

(i1) If G(x, -) is convex and the sequence g, converges weakly (star-weakly for r = 00) to
g € L"(A), then G(x) < G(x, g(x)). If the functions g, satisfy the inequalities g, < M
(resp. gn = m), then f(x,A) = 1forx > M (resp. f(x, 1) =0 for A < m).
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i) If f(1 — f) = 0 a.e. in A, then the sequence g, converges to g in measure, and
hence in L*(A) for positive s < r. Moreover, in this case f(x,A) = 0 for A < g(x) and
fx, ) =1for x> g(x).

5. Boundary value problems for transport equations

The first-order scalar differential equation
u-Vo+co=f, 6D

which is called the transport equation, is one of the basic equations of mathematical
physics. It is widely used for mathematical modeling of the mass and heat transfer and
plays an important role in the kinetic theory of such phenomena. In the frame of theory
of the compressible Navier—Stokes equations the most important examples of transport
equations are: the steady mass balance equation,

div(ou) = 0, 5.2)
and “relaxed” mass balance equation
div(pu) + ap = h, (5.3)

where a given vector field u belongs to the Sobolev space H'?(2) and satisfies the
boundary condition

u=U onoQ. 54

The typical boundary value problem for the transport equation can be formulated as
follows. Split the boundary of €2 into three disjoint parts: inlet X;,, outgoing set Xoy,
and the characteristic set ©° defined by inequalities (2.8). The boundary value problem is
to find a solution to differential equation (5.1) which takes the prescribed value ¢, at the
inlet Xj,.

Suppose for a moment that the vector field u has continuous derivatives and does not
vanish in . Ifa C! curve [ : x = x(s),0 < s < s*is the integral line of u, i.e., solution
of ODE

)
— =u(x),
ds
then equation (5.1) can be rewritten as the ordinary differential equation
do(x(s))
— T c(x(s)g(x(s)) = h(x(s))

along the line /. If in addition for each point x* € €, there is a unique integral line
such that x(0) € Xj, and x(s*) = x*, then any solution of the transport equation is
completely defined by the boundary data. Therefore we can apply the classical method of
characteristics for solving (5.1). Note that if inlet £ is not an isolated component of 92
(cl =t Ncl(3Q\ =) # ), then in the general case a solution to the boundary value
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problem for transport equation is not smooth. Moreover it is easy to construct an example
of plane domain €2 such that a solution of simplest transport equation dy,0 = 1 with zero
boundary data has a jump of discontinuity at cl Xj, N cl Zgy.

The method of characteristics does not work if the totality of integral lines has a
complicated structure, for example if u has rest points within €2, and when the velocity
field is not smooth and therefore integral lines are not well defined.

To address the first issue note that the theory of linear transport equations is an integral
part of the general theory of elliptic—parabolic equations known also as the theory of
second-order equations with nonnegative quadratic form. Such a theory deals with the
general second-order partial differential equation

n
— Y aijd 0,0+ V- Vo +cp=h (5.5)
ij=1

under the assumption

n
> aj(0gE 20 forallxeQ and & €R".
i,j=1

Boundary value problems for second-order PDE with nonnegative quadratic form were
studied by many authors starting from the pioneering papers of Fichera [15], Kohn and
Nirenberg [26], and Oleinik and Radkevich [47]. In this paragraph we give a short review
of available results.

Weak solutions. The first result on the existence of weak solutions to the general equation
(5.5) is due to Fichera. Note that the definition of weak solutions proposed by Fichera is not
standard since the used set of test functions does not admit the algorithmic description. The
complete theory of integrable weak solutions to elliptic—parabolic equations was developed
by Oleinik and Radkevich. The following theorem on existence and uniqueness of weak
solutions to boundary value problems

=0 ondQ (5.6)
for equation (5.1) is a particular case of the Oleinik results, we refer to Theorems 1.5.1 and
1.6.2 in [47].

Recall that a function ¢ € L'() is a weak solution to problem (5.1), (5.6) if the integral
identity

/Q (9L — f£)dx =0 5.7)

holds true for all test functions ¢ € clQ) vanishing on X,y Here the adjoint operator
L* are defined by

L¥¢ = —div(up) + co. (5.8)
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THEOREM 5.1. Let Q be a bounded domain with the boundary of a class C* and
1 < r < oo. Assume that the vector field u € C'(Q) and a function ¢ € C(Q) satisfy the
condition

§ = inf (c(x) — r ' divu(x)) > 0.
xeQ2
Then problem (5.1), (5.6) has a weak solution ¢ € L"(R2) satisfying the inequality

lelr@ <8 I fllr@-

If, in addition, r > 3 and the intersection I' = cl (Zout U Xo) N ¢l Ziy is a smooth one-
dimensional manifold, then a weak solution ¢ € L" (S2) to problem (5.1), (5.6) is unique.

Moreover, in [47] it was shown that weak solutions are continuous at interior points of
Yin and take the boundary value in a classic sense.

It is worthy of note that, under the assumptions of the theorem, the operator £ with the
domain of definition D(L) = {¢ € L" () : uVp € L"(2), ¢ = 0 on Zj,} is m-accretive.

Strong solutions. The question on the regularity of solutions to boundary value problems
for transport equations is more difficult. All known results [26,47] related to the case of
multi-connected domains with isolated inlet. We illustrate the theory by two theorems. The
first is a consequence of the general result of Kohn and Nirenberg, see [26], on solvability
boundary value problems for elliptic—parabolic equations.

THEOREM 5.2. Let Q@ € RY be a bounded domain with a boundary 92 € C®, u,c €
C*°(2), and k > 1 be an arbitrary integer. Furthermore assume that

cl Zin N (Zou U Xo) =9, (5.9

and ¢ > c¢o > 0, where cg is sufficiently large constant depending only on Q2 |lul|¢3(q),
lcllcs(q) and k. Then for any f € H>*(Q) problem (5.1), (5.6) has a unique solution

satisfying the inequality
||§0||H2J<(Q) < C(k,Q2,u, C)”f”szk(Q)-

The second result is a consequence of Theorem 1.8.1 in the monograph [47].

THEOREM 5.3. Assume that Q is a bounded domain with the boundary of the class C*
andu,c, f € C 1 (Rd). Furthermore, let the following conditions hold.

(1) The vector field U = u‘m and the manifold Q2 satisfy condition (5.9).
(2) There is Q' 3 Q such that the inequality
} >0

is fulfilled. Then a weak solution to problem (5.1), (5.6) satisfies the Lipschitz condition in
cl Q.

aui

1 ou
c(x) —sup 4 |diva| — - supZ ‘ 4
Q 2 i i 8x]

3)6,'

Ly

YT
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If the vector field u satisfies the nonpermeability condition
u-n=0 onodQ,

then Xj, = Xy = ¥ and we do not need the boundary conditions. This particular case was
investigated in detail by Beirao Da Veiga in [9] and Novotny in [45], [46]. The following
theorem is due to Berirao da Veiga

THEOREM 5.4. Let 1 < | < k be arbitrary integers, r € (1,00), and Q@ C R? be a
bounded domain with the boundary 32 € C*. Let

uceChQ), feH"(Q)NH(Q),u nlg=0.
Then there exists a constant cg depending only on k,r, and Q2 such that for all
o > 0" =calullcrq) + llellcrg))
the equation
Loy+op=uVp+c)p+op=f
has a unique solution ¢ € H*"(Q) satisfying the inequality
el rr ) < (0 =) fllger -

In [45] these results were extended to a broad class of domains including R?, R‘i, and ex-
terior domains with compact complements. The case of noninteger k was covered in [46].

5.1. Strong solutions. General case

As was mentioned above, there are no results on regularity of solutions to transport
equations in the general case of nonempty intersections of inlet and outgoing set. In this
paragraph we formulate the theorem which partially fills this gap. With application to
compressible Navier—Stokes equations in mind we restrict our considerations by the case
when Q C R is a bounded domain and

I''=clXjpNcl Zoue =l Zjp Nl X (5.10)

is a smooth one-dimensional manifold. For simplicity we shall assume that 92 € C*°,
c(x) = o = const., and consider the boundary value problem

Lo:=uVp+op=f inQ, ¢=0 onZ,. (5.11)

The main difficulty of the problem is that the smoothness properties of solutions are very
sensitive to the behavior of the vector field u near the characteristic manifold I". Further
we shall assume that a characteristic manifold and a vector field U = ulyq satisfy the
following conditions, referred to as the emergent vector field conditions.

(H1) The boundary of Q2 belongs to class C*°. For each point P € I' there exists the
local Cartesian coordinates (xp, x2, x3) with the origin at P such that in the new
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coordinates U(P) = (U, 0, 0) with U = |U(P)|, and n(P) = (0, 0, —1). Moreover,
there is a neighborhood O = [—k, k)? x [—t,1] of P such that the intersections
2N O andI' N O are defined by the equations
Fo(x) =x3 — F(x1,x2) =0, VFy(x) -Ux) =0,
and 2 N O is the epigraph {Fp > 0} N O. The function F satisfies the conditions
IFllc2—kip2y < K. F(0,0)=0, VF(Q,0) =0, (5.12)

where the constants k, ¢ < 1 and K > 1 depend only on the curvature of ¥ and are
independent of the point P.
(H2) The manifold I' N O admits the parameterization
x =x"(x2) 1= (T(x2), x2, F(Y(x2), x2)). (5.13)

such that Y(0) = 0 and || Y[[c2_g k) =< Cr, where the constant Cr > 1 depends
only on ¥ and U.
(H3) There are positive constants N* independent of P such that for x € £ N O we have

N™(x1 — T(x2)) —VFy(x) - Ux)
NT(x; = YT(x2)) forx; > Y(x2), (5.14)
VFy(x) - Ux)

—NT(x;1 = Y(x2)) forx; < Y(x2).

—N"(x1 = T(x2))

INIA TN IA

These conditions are obviously fulfilled for all strictly convex domains and constant vector
fields. They have simple geometric interpretation, that U - n only vanishes up to the first
order at I', and for each point P € I, the vector U(P) points to the part of ¥ where U is an
exterior vector field. Note that emergent vector field condition plays an important role in
the theory of the classical oblique derivative problem, see [21]. It seems that this condition
is necessary for continuity of solutions to problem (5.11).

THEOREM 5.5. Assume that ¥ and U satisfy conditions (H1)—(H3), the vector field u
belongs to the class C' (), and satisfies the boundary condition

u=U onX, u=0 onaS. (5.15)
Furthermore, let s, r and a be the constants satisfying

O0<s<l1, l<r<oo, 2s—3/r<lI,
max{s,2s —3/r} <a <min{2s, 1} for0<s < 1, (5.16)
a=1—-1/r fors=1 and 1<r <2, '

2-3/r<a<]1 fors=1 and 2<r <3r <2.

Then there are positive constants o* > 1, and C depending only on %, U, s, r, o, and
lullcr(q) such that: for any o > o*and f € H*" () N L*°(Q) problem (5.11) has a
unique solution ¢ € HS"(2) N L°°(K2), which admits the estimates

lplasry < Co™ I fllasr@) + 0~ Cllf L. (5.17)
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PROOF. The proof is given in Section 10. O

Since for sr > 3 the Sobolev space H*"(L2) is the Banach algebra, Theorem 5.5 along
with the contraction mapping principle implies the following result on solvability of the
adjoint problem

L¥p :=—divipu) +op=f inQ, ¢=0 on Zgy. (5.18)

THEOREM 5.6. Let ¥ and U comply with hypotheses (H1)—(H3), the vector field u €
clQ satisfies boundary condition (5.15), exponents s, r, o satisfy conditions (5.16).
Moreover, assume that sr > 3 and diva € H®"(Q). Then there are positive constants
o* > 1,C depending only on £, U, s, r, «, ”u”Cl(Q)’ and || divu| gs.r(q) such that:
for any 0 > o* and f € H*" () N L*®(Q) problem (5.18) has a unique solution
@ € H®"(Q2) N L*°(K2), which admits the estimates

el asr@ < Co I fllgsr) + o0 T4Cll fll (- (5.19)

Solution to problem (5.11) is continuous if s > 3, which along with (5.16) yields
inequality s < 1. Therefore in this case ¢ is only a weak solution. Under the assumptions
of Theorem 5.5, a solution to problem (5.11) is strong, if s = 1. But in this case inequalities
(5.16) yield r < 3, which does not guarantee the continuity property. In order to obtain
strong continuous solutions we introduce the Banach space X*" = H*"(Q) N H"0(Q)
equipped with the norm

lellxs.r = Nl sr @) + el o (g)-

We shall assume that exponents s, r, ro, and « satisfy conditions (5.16) and the inequalities

rs >3, O<a=1—-1/rp<l1, rop<3. (5.20)

It follows from the embedding theory that in this case X®” is a Banach algebra.
Theorems 5.5 and 5.6 imply the following result.

THEOREM 5.7. Let ¥ and U comply with hypotheses (H1)—(H3), a vector field u satisfies
boundary condition (5.15), exponents s, r,ro, a satisfy conditions (5.16) and (5.20).
Moreover, assume that ||u|| gi+s.rq) < R < 00. Then there are positive constants o* > 1
and C depending only on X, U, s, r, ro, «, and R such that: for any o > o* and
f € X%, each of the problems (5.11), (5.18) has a unique solution ¢ € X*" which admits
the estimate

lellxsr < Co™ I fllxsr + 07 HC| flleg), (5.21)
lelice < (6 —cR M fllce- (5.22)

6. Transport equations with discontinuous coefficient

The theory of linear transport equations with discontinuous coefficients originated in the
pioneering paper [29] by Di-Perna and Lions. The key point of the theory is the concept of



Stationary boundary value problems for compressible Navier-Stokes equations 339

renormalized solutions as a new class of generalized solutions to linear problems which
play a similar role as the Kruzhkov entropy solutions in the theory of scalar nonlinear
conservation laws. The main result obtained in [29] is the existence and uniqueness of
renormalized solutions to the Cauchy problem for transport equations generated by vector
fields with integrable derivatives and bounded divergence. Note that the Cauchy problem
for nonstationary transport equations is a particular case of boundary value problem (5.1),
(5.6) with the domain € = R4t the vector fieldu = (1, uy, . .., ug)). Nowadays we have
the developed theory of the Cauchy problem for transport equations with discontinuous
coefficients, see [5] and [28] for the overview. But all available results related to transport
equations generated by vector fields u with divu bounded from below, while the theory of
compressible Navier—Stokes equations operates with vector fields whose divergence only is
integrable with square. In this section we prove the compactness of a totality renormalized
solution’s relaxed mass balance equation

diviup) =h e L"(Q) inQ (6.1)
with a vector field u satisfying the conditions
ue Hy*(Q). 6.2)

Before formulation of the results we recall some basic facts and definitions.

6.1. Renormalized solutions

We begin with the definition of renormalized solution to equation (6.1).

DEFINITION 6.1. For a given u € H2(Q) satisfying conditions (6.2) and & € L'(R), a
renormalized solution to equation (6.1), is a function g € LY (Q), with ov € L'(Q) such
that the integral identity

/Q(G(Q)u VY +(G(o) — G'(@)p)y divu) dx +/QG’(Q)h(x)1p dx =0 (6.3)

1
loc

holds for any functions ¥ € C!(£), and any function G € C! [0, co) with the properties

lim sup |G’ (s)| < oo,
|s|]—00
[0,00) 35 — G(s) — G'(s)s € R is continuous and bounded.
The generic property of equation (6.1) is extendability of renormalized solutions through

9 onto R3. Define the extensions of the vector field u(x) and the function 4 onto R3 by
the equalities,

u(x) =0, h(x)=0 forxeR\Q. (6.4)

LEMMA 6.2. Let o be a renormalized solution to (6.1). Then the extended functions serves
as renormalized solution to equation (6.1) in R3.
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Proof obviously follows from Definition 6.1. O

It is clear that each renormalized solution to transport equation is a weak solution. The
inverse is also true if, for instance ¢ € L*(S2). By virtue of the extension principle it
is sufficient to prove this fact in the case when @ = R? and u, / and ¢ are compactly
supported in R3. Fix an arbitrary point xo € R3. Denote by ® the mollification kernel in
R3 and recall formula (4.16). Substituting ¥ (x) = m" ® (m(xo — x)) into integral identity
(6.3) with G (o) = o leads to the equality

divloulm, (x0) = [Alm,(x0),

which holds true for all xg € R3. Now fix an arbitrary function G satisfying (6.4).
Multiplying both the sides of the last identity by G’([o],) and noting that the function
[o]m, has continuous derivatives of all orders we arrive at the equality

div(G([0]m,)w) + (G'([elm)[elm, — G([0]lm,) divu
+ G ([0]m,) (" — [h]m,) =0,

where
= div[oul,,, — div([o]n,w).

Multiplying both the sides by a function ¢ € Cg° (R?) and integrating the result over R?
we conclude that

A@(G([Q]m,)u VY — (G'([elm,)[elm, — G([oln,) div vy) dx
+ [ 6/l )1, "y ax =0,
R3
Since ¥ is compactly supported, Lemma 4.5 yields

lim " dx = 0.
m—00 R}
Letting m — oo and noting that [o],,, tends to o in leoc (R™) we conclude that o satisfies
integral identity (6.3). Therefore, o is the renormalized solution to equation (6.1) which is
the desired conclusion.

6.2. Kinetic formulation of a transport equation

If for a differential equation, linear or nonlinear, the renormalization procedure can be
performed, then the equation can be equivalently rewritten as a linear differential equation
for the so-called distribution function in the extended space of (x, A), where A is the extra
kinetic variable. This fact underlies the kinetic equation method, which is one of the most
powerful methods in the modern PDE theory. The method of kinetic equations has been
created and applied recently to study a wide range of problems, for example, to study
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the equations of isentropic gas dynamics and p-systems and the first- and second-order
quasilinear conservation laws [11,30,31]. In this paragraph we explain how the kinetic
formulation of transport equations can be obtained from the definition of renormalized
solution.

Assume that a renormalized solution to (6.1) meets all requirements of Definition 6.1.
For each (x, 1) € Q x R, define the distribution function f(x, A) by the equalities

fx,2)=0 forA <p(x), f(x,A)=1 otherwise. (6.5)

Obviously, for a.e. x € 2, the distribution function f(x, -) is monotone and continuous
from the right with respect to A, and the associated Stieltjes measure is given by

dpf(x,) =0 f(x, 1) =81 — o)),

where §(A — o(x)) is the Dirac measure concentrated at o(x). In particular, for each
continuous function G : R — R,

Go(x)) = / GMNdy f(x, 1) ae.in Q.
R

LEMMA 6.3. Under the above assumptions the function f(x,A) satisfies the extended
transport equation (6.6)

Q: div(f(x, A)V(x, 1) +h(x)f(x,1) =0, (6.6)

which is understood in the sense of distributions. Here, the velocity field V :  x R — R*
is defined by

V(x, ») = (ux), —rdivua(x)). 6.7)

PROOF. Choose an arbitrary ¥ € C°(2) vanishing near 9D \ ' and a function
n € C*(R). Set

G(A):/ n(s)ds.
A

Note that

G(o(x)) :/R(/ 770»)6“») ds f(x,s)
=f n(x) (f dsf(x,s)) dx
R (—00,A]

= / nA) f(x,A)dA.
R

Repeating these arguments gives

G(o) — G'(0)e /Rn()»)f(x,)»)d)»Jr/R?»n(?»)d,\f(x,k)

—/ AF (e 2 () dA,
R
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G(Q)a(x,Q)=/Rn(/\)a(x,)»)f(x,k)d/\

A
—/ n(x) </ a(x,S)f(x,s)ds) dx.
R —00

Substituting these inequalities into integral identity (6.3) we arrive at

FO, M) x) - Ve — Adiva(x)youn + a(h(x) —a(x, 2)yn) drdx
QxR

A
+ Yn(i) <f 3sa(x,s)f(x,s)ds> drdx
QxR

—00

+f FooM)YUn(MUs -ndrdZ.
T+txR

Noting that an arbitrary function ¢ € C*°(2 x R) vanishing for all sufficiently large A can
be approximate in the norm C (@ x R) by linear combinations of functions ¥ (x)n (1) we
arrive at the integral identity

fx, Max) - Ve —Aadiva(x)one + a(h(x) —a(x, A))¢)drdx
QxR

2
—i—/ Z(x, A) (f dsa(x,s) f(x,s) ds) didx
QxR —00

+/ oo (x, ) Us - ndrdZ,
TtxR

which yields (6.6). ]

The preferences of the kinetic formulation of the equation are:

e kinetic equation (6.6) is a linear equation in any case;

e the unknown function is a priori uniformly bounded and monotone with respect to
kinetic variable;

e the velocity field V is divergence-free i.e., divV = 0 in any case and the kinetic
transport equation is a Liouville-type equation.

6.3. Compactness of solutions to mass conservation equation

In this paragraph we prove the main theorem on compactness of renormalized solutions to

equation (6.1). Assume that sequences of a vector fields u, € H 1.2(R3) and nonnegative

functions g, : R? — R7 satisfy the following conditions.

(H4) Vector fields u,, and functions g, vanish outside of bounded domain Q2 & R3. There
exist positive k and ¢ such that for all n > 1,

lunll gr2wsy < c, / pndx —i—/ lont, | dx < c.
R3 R3
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Here the functions p, = p(o,) are defined by the equalities

Pn(@) = 0 + €0} (6.8)
inwhich 1 < y < k are given constants and a sequence of positive numbers ¢, tends
to zero as n — oo. Moreover, for each compact Q' € €,

/ Pt dx +/ (onlun ) dx < (),
Q/ Q

where ¢(2’) does not depend on n.

(H5) The vector fields u, converges weakly in H'?(R?) to a vector field u. For
each compact E C R® and an arbitrary function G : R — R satisfying the
condition limy_, o 077G (@) = 0, the functions G(g,)) converges weakly in LY(E)
to a function G € L& (R3). Moreover, if G satisfies the more weak condition

loc
limsup,_, ., 077|G(0)] < oo, then the sequence G(on)) converges weakly in

L'(Q) the function G in any subdomain Q" € . In particular,
o > el (QNLI*(Q) weaklyin L'(Q) forall @ € Q.

loc
(H6) There exists a function # € Co(R?) such that the limiting relation

Jim /R (Glowun - V¥ + (Glon

_G/(Qn)Qn)w divu, + G/(Qn)hw) dx =0 (69)

holds true for any function G € C2(R) with limy—.00 G"(0) — 0, and any
nonnegative function ¢ € Cg° (R3).
(H7) There exists a constant i 7% 0 such that for all functions ¥ € Cyp(€2) and g € C(R),

timint [ Vg(e)(p(en) — udivw,) dx = [ YFG - pdivv)ar.

n—0oo Q Q
THEOREM 6.4. If sequences w,, o, satisfy conditions (H4)—(H7), then 0, — o strongly
in LT_(R3) foranyr € [1,1 4+ «).

loc

The rest of this section is devoted to the proof of Theorem 6.4. We begin with the
following lemma which describes the properties of the Young measure associated with the
sequence of g;,.

LEMMA 6.5. Under the assumptions of Theorem 6.4 there exists a distribution function
f:R" xR+ [0, 1] such that:

@) fx,A)=0 forx<0 ae inR3,
fx,A)=1 forx>=0 ae inR*\ Q.

(11) f meets all requirements of Lemma 4.]. For any bounded set E C R3 and a continuous
function G : R3 xR with limy,—o00 o7 1G(, P)lc(Ey = 0, the sequence G (-, 0,) converges
weakly in L' (A) to the function

G(x) =f G(x,\N)d f(x,%) ae. inR" (6.10)
[0,00)
In particular, the weak limit of the sequence ©,, admits the representation

p(x):/ kdkf(x,}\)E/ (1= f(x,A\)dr ae inR>. (6.11)
[0,00) [0,00)
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(iii) There is a function p € L'(2)n Litx (), such that for any compact Q' € €, the

loc
14+«

oo (). The function p vanishes outside Q@ and

sequence oV converges weakly to p in L
admits the representation

ﬁ(x):/ AV ds f(x, h) Ey/ AN = Fx, A) da. 6.12)
[0,00) [0,00)

PROOF. Assertions (i)—(ii) are the obvious consequence of Lemma 4.7 and conditions
(H4)—(HS5). Recall that the sequence {p(p,)} is bounded in L% (E) for any compact
E e R3\ 9Q. Hence the function p is well defined and belongs to the class Litx (R3\ Q).

loc
Since [|pllp1 gy < minf,— o0 [[p(Pn)llL1 (k) < ¢, the function P is integrable in R, O

6.4. Kinetic equation

In this paragraph we deduce the kinetic equation for the distribution function f(x, )
pointed out in Lemma 6.5.

LEMMA 6.6. Under the assumption 6.4 the distribution function f(x,A) satisfies the
equation

div(fV) + 8, AM) + hd, f =0 in D'(RY). (6.13)

Here bilinear operator M and the divergence-free vector field V : R* + R* defined by
the equalities

Mx, 2 =—1/ (" —P)ds f(x. 5)
2 (—00,A)

= l/ (s =Pp)ds f(x,s), (6.14)
M Jx,00)

V(x, L) = (u(x), —Adivua(x)).

PROOF. Choose arbitrary functions ¢ € C8°(R3), n € CF(R) and set G(A) =
fkoo n(s) ds. Substituting G and ¥ into (6.9) we obtain

/ (Gv -V + G'hyr)dx
RS
+ lim / (G(on) — G'(en)on) ¥ divv, dx = 0. (6.15)
n—oo Jp3
Since the function G is continuous and vanishes near oo, it follows from Lemma 6.5 that

6<x)=/R(/ n()»)d/\) dsf<x,s)=/Rn(x)f<x,x)dx,

G = —/er(X)dxf(x,k)-
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Substituting these relations into (7.22) we arrive at the integral identity
[, senmGov- vudxdi~ [ homydyf i ds
R4 R4

+ lim / (G(on) — G'(en)on) ¥ divu, dx = 0. (6.16)
n—oo R3

Denote by Os §-neighborhood of d€2. Since the sequence (G — G’g,) divu, is bounded
L?(R%), we can apply Condition (H7) to obtain

lim | (G(en) — G'(en)on) ¥ divu, dx
R3

n—o0
= lim lim (G(en) — G'(on)on)¥ divu, dx
§—>0n—00 R3\05
= lim (G — G'p)divuyr dx
§—0 R3\0;
1
+ — lim ((G—G'o)p— (G —G'o)p)dx
M 8=0 JR3\05

= | (G=Go)divuydx + ! / (G =Go)p—(G-Gop. (617
Rj " JRy

Convergence of the integrals in this relation follows from integrability of the function A”
with respect to the measure d, f dx. Thus we get

/R3 v((G=G'o)p — (G - G'o)p)dx = /R4 YA —p)d; f(x, Mdx

4 / w{ / n(S)dS}(V—ﬁ)dxf(x,k)dx:—u / ¥ ds. .M (x, W))dx,
R4 A R4

which leads to the limiting relation
tim [ (Glen) ~ G'(@nan) divu, v dx
n—oo R3

- —fgdivvf(x,)\)kn/()n)tp dx +/4 U ) OM(x, 1)) dxdh.
R R

Substituting this result into (6.16) gives the integral identity

/ SV - Vi) dxdr — / hnyr dy, f dx + f W YAM)dxdr =0,
R4 R4 R4
which is equivalent to equation (6.13). O

Our next task is to justify the renormalization procedure for kinetic equation (6.13). To
this end introduce the concave function

V(f) = f—=1f), (6.18)

and note that Theorem 6.4 will be proved if we show that W () = 0. The following lemma
gives the kinetic equation for the function W (f).
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THEOREM 6.7. Under the assumptions of Theorem 6.4 the function V(f) satisfies the
equation

dix(\IJV) + 20900 f — 8, (W'(/HAM) + ;AW (f) =0 in D' (RY), (6.19)
x,
in which the function N is defined by

. 1
Mex, 1) =5 lim M)+ 5 lim Ms). (6.20)

PROOF. The technical difficulty which arises in the proof of the theorem concerns the
integration of discontinuous function with respect to a Stieltjes measure. The following
lemma alleviates the problem.

LEMMA 6.8. Ifafunction g : R — R has the bounded variation, then for any x € Co(R),
lim [x[glxlx = lim [xglx = x&,
k— 00 k— 00
1 1
here g(A) = = i - 1 .
where §0) = 3 lim 86) + 3 lim 85

Moreover;, for any F € C'(R) the function F'(g) is integrable with respect to the Stieltjes
measure dy g(A) and

/RX(/\)F/(é(/\))dxg=/RX(>»)d)\F(g(/\))~

In particular, the function 9 defined by formula (6.20) is integrable over R® with respect
to the measure dy, f (x, X)dx. Recall that mollifier [] i is defined by formula (4.15).

PROOF. The first assertion is obvious, and the second follows from the first. Next note
that for almost each x € R3, the function 9(x, -) is the pointwise limit of the sequence of
the continuous functions [M(x, -)]x and hence is measurable with respect to any finite
Borel measure. It remain to note that the nonnegative function M has the integrable
majorant p. O

Let us turn to the proof of Theorem 6.7. Applying mollifiers (4.15), (4.16) to both the
sides of equation (6.13) we arrive at the equality

div([ flnxV) + Mk + (A flms = I™F,

where "% denotes the commutator div([ f1m .k V)—div[ f V],u . Multiplying both the sides
by W' ([ f1m.x) and noting that div V = 0 we arrive at

div(Y ([ fIn ) V) + ¥ Cf i) 3 AM D i
A+ (f i) f Ik = Y (f T 15,



Stationary boundary value problems for compressible Navier-Stokes equations 347

Next multiplying both the sides of this equality by a test function ¢ € Cg° (R3) and
integrating the result over R* we obtain the integral identity

- / WA f i)V - Ver dxd+2 f E DM 02 F b g d dA
R4 R4
_ /R LVl O DM dr i+ fR CV U Y W0 e
= / é‘q"/([f]m,k)lm’k dxdh.
R4

Now our task is to pass to the limit as n, k — oo. To this end note that the nonnegative
function M vanishes outside of the cylinder 2 x R* in which it has the integrable majorant
M < p. Therefore, the sequence [AM ], x converges to the function AM in LllOC (R4) as
m, k — oo. From this and Lemma 4.6 we conclude that

—/ ‘lf(f)V-Vx,x;“ddi—f 3.0 W (f)AMdx di
R4 R4

k— 00 m—00

+ lim lim {/ CIAM k03 Lf Ik dx dx
R4
+/R4 V(S IO hdy flmk dx dk} =0. 6.21)

Note that for any positive k, the function 9, [ f] x is a smooth function of the variable A, the
function M < p(x) belongs to the class L'(R*) and

Mpx — Mg inLL (RY)  asm — oo,

From this we conclude that

m—00

im [ My ks Tk dx di. = f ( / {[AM],ka,\[f],kd)»>dx.
R4 R4 R

On the other hand, for each fixed x, the function {[AM] x(x, -) is compactly supported
and smooth in A which leads to the identity

/RE[KM],kax[f],k dr = /J‘R[é“[?»/\/l],k],k . f(x, ).
It is easy to see that the functions [¢[AM] k] x (x, -) have the common integrable majorant

[ [AM] k] k(x, )] < P(x) Slklp ¢ Sl:p{/\},
sptn

and for each fixed x, they converge to the function {A0(x, -) everywhere in R. From this
and the Lebesgue dominant convergence theorem we conclude that for a.e. fixed x € R?,

lim A CIAMI L (6, 2) dy f(x, 2) = /R My f (x, 1),
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Applying once again the Lebesgue dominant convergence theorem we finally obtain

lim lim / CIAM k00 Lf Ik dx d = / OMds f(x, N dx. (6.22)
R4 R4

k— 00 m—00

Next note that for a fixed positive k, the functions ¢[#9; f] x are continuous with respect to
2 and uniformly bounded in L?(R*) which along with the identity W' ([ f] ) = [¥'(f)]x
yields the relation

lim/ C‘I’/([f]m,k)[ha)\f]m,kdxd?\=/ (/ h[é_‘lj/(f)],kdkf> dx.
m—00 Jpa R3 \JR

On the other hand, for a.e. x, the functions A[Z[W'(f)] ] k(x,-) have the common
integrable majorant c|h|sup o, |A], and converge on the number axis to the function
heW' (f)(x,-). Applying the Lebesgue dominant convergence theorem and invoking

Lemma 6.8 we finally obtain

lim lim/ ;qﬂ([f]m,k)[hakf]m,kdxdx:/ ¢ hd, W (f)dx. (6.23)
R4 R4

k— 00 m—00

Finally, substituting (6.22), (6.23) into (6.21) we obtain the integral identity

2/ CAMd f(x, 1) dx
R4
=—/ B;LC\IJ’(f))\dedA+/ L hW(f)dxdxr
R4 R4
—i—/ W(f)V-Vialdxdr (6.24)
R4

which is equivalent to the renormalized equation (6.19). O

6.5. The oscillation defect measure

The notion of oscillation defect measure was introduced in [17] in order to justify the
existence theory for isentropic flows with small values of the adiabatic constant y.
Following [17,16] the r-oscillation defect measure associated with the sequence {0, }n<1
is defined as follows

oscr[on — 01(K) := suplimsup [|Tx(¢n) — Tk (@) I7 (k)
k>1 n—o0
where Ty (z) = kT (z/k), T(z) is a smooth concave function, which is equal to z for
z < 1 and is a constant for z > 3. The smoothness properties of 7 are not important and
we can take the simplest form 7} (z) = min{z, k}. The unexpected result was obtained by
Feireisl et al. in papers [17,18], where it was shown that (1 4 y)-oscillation defect measure
associated with the sequence {g,} of solutions to compressible Navier—Stokes equations is
uniformly bounded on all compact subsets of 2.
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Note that in the assumptions of Theorem 6.4 we cannot replace the compact subsets
K & Q by the domain €2 itself, since the oscillation defect measure is not any regular set
additive function on the family of compact subsets of €2, i.e., it is not any measure in the
sense of measure theory. In order to bypass this difficulty we observe that the finiteness
of the oscillation defect measure on compacts gives some additional information on the
properties of the distribution function I'. Our task is to extract this information and then to
use in the proof of Theorem 6.4. In order to formulate the appropriate auxiliary result we
define the function 7y (x) by the equality

Typ(x) = min{p, 0}(x) — min{o(x), O(x)} foreachd € C(R).

LEMMA 6.9. Under the assumptions of Theorem 6.4, there is a constant ¢ independent of
0 and K such that the inequalities

II%IIILTIV(K) = nlggofg Imin{o, (x), #(x)} — min{o(x), 8(x)}|'TVdx < ¢
(6.25)

hold for all 0 € C(2) and K € Q2. We point out that the limit in (6.25) does exist by the
choice of the sequence oy.

PROOF. The proof imitates the proof of Lemma 4.3 from [18]. It can be easily seen that

150,17 k) < lim sup /K Imin{o, (x), 6(x)} — minfo(x), 6(x)}|'” dx.
(6.26)

Hence, it suffices to show that the right-hand side of this inequality admits a bound
independent of . From the properties of min{-, -} it follows that

Imin{s’, 0} — min{s”, 6}|' 1
< (min{s’, 8} — min{s”, ) (s"" —s"") foralls’,s” € RT,

furthermore, for the weak limits we have the inequalities Q_V > oY, and min{p, 8} <
min{p, 0}, therefore, for any compactly supported, nonnegative function 2 € C(£2), we get

lim h|min{o,, 8} — min{p, 9}|1+” dx
n—o0 Q

< lim | h(min{o,, 8} — min{o, 6})(0) — 0")dx

n—o0 Q

< lim [ h(min{o,, 8} — minf{o, 0} (0} — 0¥)dx

n—oo Q

+ / (@7 — o) (minlg. 0) — min{o, 8) dx
Q

= lim [ h(o)} min{o,, 0} — o’ min{p, 6}) dx
Q

n—oo

= lim / h(p(on) min{g,, 0} — pmin{p, 0}) dx. (6.27)
n—oQ Q
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By Condition (H7), the right-hand side of (6.27), divided by u, is equal to

lim h(min{o,, 6} divu,, — min{p, 6} divu) dx
n—oo Q

= lim h(min{p,, 0} — min{p, 0}) divu,dx
Q

n— o0

n— 00

— lim h(min{o,, 0} — min{p, 6}) divadx
Q

< §lim sup/ h|min{o,, 6} — min{o, 6}|' " dx
Q

n—o00

+677 lim / h(| divuy,| + | diva]) 7Y
n—o0 Q
<4 lim h|min{o,, 6} — min{p, 9}|1+” dx +c§77||hllc- (6.28)
n— o0 Q

Combining (6.28) and (6.27), choosing 7 = 1 on K, and § > 0, § sufficiently small we
obtain (6.25). ]

We reformulate this result in terms of the distribution function f. Recall that the
functions min{g,, A} are uniformly bounded in R3 and min{g,, 1} div u, converges weakly
in L2(D) for all nonnegative A. Introduce the functions

V5. = (min{p, A} divu) — min{p, A} divu € L2(D), (6.29)

Hx) = /[0 )f(x, $)(I = f(x,s))ds, HeL" D).

LEMMA 6.10. There is a constant ¢ independent of A such that
191 L+ (pvsy +sup Vil pys) < e (6.30)
A
PROOF. Recall that § = V, = 0 on R3 \ 2. Hence, it is sufficient to prove that for all
compacts K € €2, we have

I L+r gy +sup Vil gy = ¢ (6.31)
2
with the constant ¢ independent of K. We begin with the observation that by Lemma 6.5,
Adyf(x, M), 9()6)}

(6.32)

for all functions & € C (D). From this and the identity o(x) = f[o OO)(1 — f(x, X)) dr we
conclude that

To(x) = / min{A, 0(x)}d, f (x, A) — min {/
[0,00) [

0,00)

To(x) = f(x,s)ds forf(x) > o(x)
0

9]

and Tg()C):/ (1= f(x,s))ds otherwise. (6.33)

6(x)
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Next, choose a sequence of continuous nonnegative functions {6 }x>1 which converges for
k — oo to o ae. in RR. By Lemma 6.9 the norms in L7 (K) of functions Ty, are
uniformly bounded by a constant independent of k and K. Moreover, 7g, converges a.e. in
K to the function

o(x) 00
Lw= [ fasds=[ a-pa
0 o(x)
which yields the estimates ||7,|| L1+r(k) < ¢ with the constant ¢ independent of K. It

remains to note that estimate (6.31) for §) obviously follows from the inequality § < 27,.
In order to estimate ;. note that

Vo = w- lim ((min{o,, A} — min{o, A}) divuy,)
n— o0
— (w- lim min{o,, A} — min{p, X}) divu,
n—o0

where by w-lim is denoted the weak limit in L! (R%). From this and the boundedness of
norms || divuy || ;2R3 hence, we obtain

||VA||L1(K) < limsup(]| diV“n”LZ(K) + |l diVu||L2(K))
n—od

x [lmin{g, (x), A} — min{o(x), A}l 2(k).
which along with (6.25) implies (6.31) and the proof of Lemma 6.10 is completed. O

At the end of this paragraph we describe the basic properties of the function M(x, 1),
which are important for the further analysis.

LEMMA 6.11. Fora.e. x € @, (i) M(x, -) is nonnegative and vanishes on R™. Moreover,
if the Borel function 9M(x, .) given by (6.20) vanishes d, f (x, -)-almost everywhere on the
interval (w, 00) with w = p(x)'/7, then d, f (x, -) is a Dirac measure and

f, ) =0 fora<p@Y, f,A) =1 fora=px)'7.
(ii) For all g € C§°(0, 00),

/ gMM(x, M)dr = —/ g Vi (x)dx, (6.34)
R

[0,00)

where V), is defined by (6.29).

PROOF. By abuse of notations we will write simply f; instead of [ f] k. The mollified
distribution function fi(x,-) belongs to the class C*°(R) and generates the absolutely
continuous Stieltjes measure oy, of the form doy, = 0; frdA. It is easy to see that for
k — oo the sequence of measures oy, converges star-weakly to the measure o, = d; f
in the space of Radon’s measures on R. In particular, for all A with d f(x, -){A} =
limg_ 40 f(x,s) —limg_,—o f(x,s) =0, we can pass to the limit, to obtain

/ & =)o fr(x, t)dt — / @ —p)d, f(x,1) fork — oo. (6.35)
[0,1) [0,2)

In other words, relation (6.35) holds true for all A, possibly except for some countable set.
Since 9, fx > 0, the function on the left-hand side of (6.35) increases on (—o0, w) and
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decreases on (w, 00). From this and (6.35) we conclude that M (x, -) does not decrease
for A < o and does not increase for A > w, which along with the obvious relations
lim) s 400 M(x, 1) = 0 yields the nonnegativity of M.

In order to prove the second part of (i) note that 9T (x, 1) = limg_, oo Sg M (x, 1) belongs
to the first Baire class, and hence is measurable in oy. It follows from the monotonicity of
M (x, -) on the interval (w, 0o) that if M (x, @) = O for some o > w, then M(x, 1) = 0
and f(x,A) = 1 on (&, 00). Assume that 9(x, -) vanishes d, f (x, -)-almost everywhere
on (w, 00), and consider the set

0= {a >w:op(w, @)= lim f(x,s)— lim f(x,s)= 0} .
s—>a—0 s—>w+0

Let us prove that O = (w, o0). If the set O is empty, then there is a sequence of points
A ¢ o with M(x, Ax) = 0, which yields f(x,:) = 1 on (w, 00) thus O = (w, 00).
Hence O # @. If m = sup O < o0, then there is a sequence A; \ m with 9(x, Ax) =0,
which yields f(x, ) = 1 on (m, 00). By construction, f(x, A) = ¢ = constant on (w, m).
In other words, restriction of the Stieltjes measure d),_f (x, -) to (w, 00) is the mono-atomic
measure (1—c)8(-—m). Hence M(x, m) = 2~ (1 —c)(m¥ —w?) = 0 which yieldsc = 1.
From this we can conclude that f(x,-) = 1 on (w, 00), and d, _f(x,-) is a probability
measure concentrated on [0, w]. Recalling that ¥ = p(x) we obtain

WM(x, 0) = / (A — ") dyf(x, 1) = 0.
[0,w]

Hence d;, f (x, 1) is the Dirac measure concentrated at w, which implies (i).
The proof of (ii) is straightforward. It is easily seen that

—,u/ gMIM(x, 1) dxr
R

=/ (/ g’(s)ds) (/ (17 —ﬁ)dzf(x71)> di

[0,00) \J[A,00) [A,00)

= / g'(s) (/ d)»f " —p)d f(x, t)) ds
[0,00) [0,s) [A,00)

= / 2'(s) (/ min{z, s}(t¥ — P) d,;T"(x, t)) ds
[0,00) [0,00)

_ /[O S @ TP w51 ds.

On the other hand, Condition (H7) of Theorem 6.4 yields min{p, A}p — min{p, A}p =
Vi (x), and the proof of Lemma 6.11 is completed. O

6.6. Proof of Theorem 6.4

We are now in a position to complete the proof of Theorem 6.4. We begin with the
observation that all terms in equation (6.19) vanish outside of the slab  x R, and integral
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identity (6.24) holds true after substituting any smooth function { = n(X) vanishing near
+00. Setn(X) = ffo 0(s—t)ds, where 0 is defined by relations (4.14) and 7 is an arbitrary
number from the interval (2, co). Note that " vanishes outside of the segment [r — 1, 1 +1],
and n(A) = 1 on the interval (—oo, t — 1). Substituting 5 into integral identity (6.24) and
noting that n” < 0 we arrive at the integral inequality

2/ nAMd, f(x,M)dx < —(t + 1)/ n' Mdx dx
R3 x(—00,1] R4

—(@+1) /R‘* W (f)(h] + |divv])dx dx.

Identity (6.34) gives the representation for the first integral on the right-hand side of this
inequality

—/ n’(k)M(x,A)dA:/ n"(Mg1(A) dr, where pl(x):/ 0, (x).
R4 [0,00) R3

The second admits the similar representation

—/ n"W(f)(|h] + | divv]) dx =/ " (Wp2(h) d,
R4 [0,00)

A
m(x)=/ <|h|+|divv|){/ \If(f(x,s))ds}dx.
R3 0

Using these relations we can rewrite (6.6) in the form
2[ A dy fx, M) dx < (1+1) / 0" (Mg (M)dA, (6.36)
(D\S) x (—00,1] [1,00)

where 9 = 1 + 2. Let us prove that the function g is bounded on the positive semi-
axis. By virtue of Lemma 6.10 we have |01 (A)| < |13y < c. On the other hand, the

obvious inequality foA Y(f(x,s))ds < $H(x)along with Lemma 6.10 implies the estimate
2| < clll divyl +a + Al 2@, 190 2@ < c (6.37)

which yields the boundedness of .
Recalling the expression for (1) we can rewrite inequality (6.36) in the form

2/ (/ AINd,, f (x, A)) dx < (1+ t)i(e * 0)(1). (6.38)
R3 \J[0,—1) dt

Since the smooth function (0 * g)(¢) is uniformly bounded on the positive semi-axis, there
exist a sequence fy — 00 such that limg_ oo (fx + 1)(0 % )’ (&) < 0. Substituting t = f;,
into (6.38) and letting k — oo, we finally obtain

/ {/ )»mdkf(x,)»)} dx = 0.
R3 [0,00)

Therefore, for almost every x € R3, the functions M(x, -) is equal to zero d f(x, A)-a.e.
on (0, c0). From this and Lemma 6.11 we conclude f(1 — f) = 0 ae. in R*, which
implies the strong convergence of the sequence g,,. O
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7. Isentropic flows with adiabatic constants y € (4/3,5/3]

In this section we prove the existence of a solution to the boundary value problem for
compressible Navier—Stokes equations

—Au— Adiva+diviou®u) + Vp(p) =of +h in Q, (7.1a)
div(ou) =0 in , (7.1b)
u=0 onod. (7.1¢)

Here p = p?, where y > 1- is the adiabatic constant, and f, h are given continuous vector
fields. Furthermore, we shall assume that the density satisfies the weighted-mass condition

/ d(x)Codx =M, (7.1d)
Q

in which M is a given constant, d(x) is the distance between a point x € 2 and the
boundary of €2, exponent s € (0, 1/2), depending only on y will be specified below. The
flow is characterized by the internal energy E and the energy dissipation rate D, given by
the formulae

E:/ P(o(x))dx D:/(|Vu|2+kdivu2)dx, (7.2)
Q Q

where a nonnegative function P is defined with an accuracy to the inessential linear
function from the equation s P’(s) — P(s) = p(s). The typical form of P is

o
P =0 / sT2p(s)ds = oe(o),

where e is the specific internal energy and o, is some equilibrium value of the density. In
the case of the isentropic flow with p = ¥ we can take P(o) = (y — 1)~ !o?. Introduce
also the weighted kinetic energy

K:/d(x)SQ|u|2dx. (7.3)
Q

Taking formally the product of the moment equation with u and integrating the result by
parts we obtain the integral identity

/(|rotu|2+(l+)»)|divu|2)dx =/(Qf+ h) - udx, (7.4)
Q Q

which express the energy balance law. The energy identity (7.4) implies the energy
inequality

/Q IVul?dx < ¢ /Q olfilul dx + () [h]12 g,
which, in its turn, yields the estimate

D < c|fllc@ VMK + c()[|h[|Z

of the energy dissipation rate via the weighted mass and the kinetic energy. It is important
to note that, in contrast with the nonstationary problems, the energy identity do not imply



Stationary boundary value problems for compressible Navier-Stokes equations 355

the boundedness of the total energy. In what follows, we shall give an outline of the
nonlocal existence theory in the class of weak solutions having a finite weighted energy
and, in particular, shall prove the following theorem on solvability of problem (7.1).

THEOREM 7.1. Let the adiabatic constant y and the exponent s satisfy the inequalities
y>4/3, se(@Gy—-4127h. (7.5)

Furthermore assume that the Q is a bounded region with the boundary 3Q € C3. Then for
any £, h € C(2), problem (7.1) has a generalized solution which meets all requirements of
Definition 3.4 and satisfies the inequalities

Il 2y + f d™*(p(e) + elu- Vd|*) dx + / dolu*dx < c, (7.6)
0 Q Q
where c depends only on y, s, Q and M, ||flc(), Ihllc)-

Inequalities (7.6) show that the internal energy and the normal component of the kinetic
energy tensor ou ® u take moderate values in the vicinity of the boundary, while the
tangential components of the kinetic energy tensor may concentrate near the wall. Does
this phenomena really take place or is it a peculiarity of our method is the question which
we cannot decide with certainty.

The rest of the section is devoted to the proof of this theorem. Recall that the scheme
for solving nonlinear problems consists of the following steps:

e First of all, we have to choose an approximate scheme and to construct a family of

approximate solutions.

e Next we find a priori estimates which guarantee the uniform boundedness of the

family of approximate solutions in the suitable norms.

e Finally we have to prove that any limiting points of the set of approximation solutions

in suitable topology is a solution to the original problem.
Hence our first task is to construct approximate solutions to problem (7.1).

7.1. Approximate solutions

There are several possibilities on how to construct the family of approximate solutions.
Here, we use a two-level approximate scheme based on solving the momentum equation
with artificial pressure p = @ +€p> and continuity equation with vanishing diffusion and
homogeneous boundary conditions

Au+ AVdivu = div((fou — Vo) ®u) + Vp(o) —tof —th in 2, (7.7a)

—eAp +tdiv(ou) =0 in €, (7.7b)

u=0, 9d,0=0 onad<, (7.7¢)

/ dodx =M. (7.7d)
Q

Here ¢+ € [0, 1] is an artificial parameter needed for application of the Leray—Schauder
fixed-point theorem. The following theorem establishes the existence of a solution to this
problem for p ~ @3.
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THEOREM 7.2. Let Q be a bounded domain with the boundary of the class C3 and y > 1,
0 < B < y — 1. Furthermore assume that a function p € C? (R!) satisfies the conditions

cg'0® = pe) =coe®. ¢y'o® = p'(0) <coo® foro=1,

-1y y -1 _y—1 / y—1 (7.8)
¢y 0 = po) <coo”, ¢, 0" = p'(o) < coo foro €10, 1].

Then for any £, h € C*(Q), problem (7.1) has a solution (u, @) € C2+5(Q)3 x C2HP(Q),
o0 > 0 satisfying the inequalities

D < cup(1 +M? + vVMK), (7.9a)
||u||Hl.2(Q) + ”Q”L9/2(Q) + «/E”Q”HI-Z(Q) <C(+M), (7.9b)
ullc2+p @) + lellc2+p(q) = Ce, (7.9¢)

where a constant cqy, depends only on Q, ||f, h||c (@), a constant C depends only on Q, 1, h,
co, and a constant C does not depend on t, The energy dissipation rate and the weighted
kinetic energy are defined by the equalities (7.2) and (7.3).

PROOF. We begin with proving a priori estimates. Assume that (u, @) be a C2-solution
to the problem with a nonnegative density o. Introduce a convex differentiable function

g0 =o0 fOQ s72p(s)ds satisfying the equation sg’(s) — g(s) = p(s). It is clear that

0<c ' <g") <cl +0).

Multiplying both the sides of equation (7.7a) by u and integrating by parts we obtain the
integral identity

[ avuP o dived + e @IVel dx =1 [ (et b - uax.
Q Q
which along with the Poincare inequality leads to the estimate

lull g12) + Vellel g < C(+ VeM) + Clloull i g, /2. (7.10)

Moreover, since
/ ofudx < C/ oluldx < 2+/MK,
Q Q

the energy identity obviously yields the energy estimate (7.9a). O
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Our next task is to obtain the estimate for o. Recall that by virtue of the Bogovskii Lemma
for any ¥ € C°°(2) with

1
- dx =0,
Yav |Q|/Ql/f X

there exists a vector field q € H3’3(Q) satisfying the conditions

leqZ w in Q, ”q”Hl*z(Q) < C”",D'”HI,B(Q).
Multiplying both the sides of equation (7.7a) by q and integrating by parts we obtain

/ po)Ydx = / (Vu: Vq+ rdivay) dx
Q Q

—/(tgu@u :Vq+eVo®u:Vq)dx —/(Qf+h)qu,
Q Q
which along with the standard duality arguments leads to the estimate

Ip = Pavll 3@y < Cll i) + llolulll 32
+8|||U|VQ||L3/2(Q) + ||Q||L3/2(Q) + 1). (7.11)

Since by the embedding theorem [[ul[16(q) < cllully1.2(q), We have

lelulllLsng) < cllolls@llulfiag,:

IalVoll L2 < cllVollp2 g llull g2

Combining this result with (7.11) and using the obvious inequalities

Pav < cllol}sq)  Nell}opg < cllplizing,
we obtain the estimate

lol3s/20y < CUIUll 120y + ol gy 01120,

+ellVoll 2 lull g2 + el g, + D- (7.12)

Next note that the Holder inequality implies the estimate

1/7 4/21
< d / 9/2 / <M\ 6/7
”Q”L3(Q) — QQ X QQ = ||Q||L9/2(Q)’

which along with the Young inequality yields the estimates
loll 3@y il gy < 8lell o) + CEOME + [ull}in ),
lel}3q) = 8lelos g + CEOM + [ullys ).

where § is an arbitrary positive number. Substituting these inequalities into the right-hand
side of (7.12) we arrive at the estimate

loll oy < Clullgiag + &l Vol 2 + M+ 1.
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Combining this estimate with the energy inequality (7.10) and choosing § sufficiently small
we obtain the estimate

lelizon) + lull g2y + Vellol giag < CU+M+ lloullig)' /). (7.13)

Applying the Holder inequality we can obtain the following estimate for the last term on
the right-hand side of

11/14 3/14
loull i) = Ill s ol Vg, el o3,

which together with the Young inequality leads to the estimate
loullzieey'’? < 8llell o) + lullg12(g)) + C(M.

Substituting this result in (7.13) we obtain estimate (7.9b), which along with the standard
bootstrap arguments, see for example [34], leads to the estimate

lollLe@) + llullpe@) < Cle, M, @, p, IIf, h|| L= q)).

From this and the results from the theory of weakly nonlinear elliptic equations, see
Theorem 13.1 in [4], we conclude that the inequality

(0, Vlc2tp (@) < C(e, Q, (£, W)lcs), M, p) (7.14)

holds for every solution (o, u) € C'*# (), 0 > 0, to problem (7.1).

To tackle the existence question we need to reformulate problem (7.1) as a nonlinear
operator equation in the form (o, v) = ®;(p, u). Introduce the mapping ®; : (¢, 1) >
(0, u) defined as a solution to the boundary value problems

Au+ AV divu = div((rpt — Vo) @ 1) + Vp(@) —tof—rh inQ, (7.15a)

u=0 onod<, (7.15b)

—eAp +1tdivion) =0 in €, (7.15¢)

9,0 =0 onaQ, (7.15d)

/ dodx =M. (7.15¢)
Q

The solvability of boundary value problem (7.15a)—(7.15b) is a well-known fact from the
theory of Lame equation. The question on existence of positive nontrivial solution to
equations (7.15c¢) is less trivial. This fact is a consequence of the general theory of positive
solutions to linear operator equations and results from the following lemma.

LEMMA 7.3. Let Q be a bounded region in R? with the boundary 3Q € C*,0 < g < 1,
and a vector fieldu € C'P(Q) vanishing at dQ. Then for any positive M and s < 1, there
exists a unique positive solution to the problem (7.7b)—(7.7d) which satisfies

/ d ¥ o(x)dx =M.
Q
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We refer to [50] for the proof. Note that only the existence of nontrivial solutions follows
from the Fredholm theory since 0 is the simple eigenvalue of the adjoint problem

—eAp —1aVpop =0 in€, 9,0=0 onQ.

The positivity of o follows from the positivity of the first eigenfunction of a second-order
elliptic operator.

Hence the mapping (0, @1, 1) — (o, v) denoted by @ : C!TA(Q)* x [0, 1] — CZHP(Q)*
is well defined and continuous. Denote by 7 a subset of C!*#(Q)* defined by the
inequalities {(0,v) : 0 = 0, [[(0, V)llc1+5(q) < Ce}, where C; is a constant from estimate
(7.9¢). It follows from Lemma 7.3 that every fixed point (o, u) of ®, satisfies inequality
(7.9c). Moreover, o is strictly positive. Hence there are no fixed points of ®; at 9.7 for all
t € [0, 1]. On the other hand, the mapping ®¢ has the unique fixed point inside 7. By the
Leray—Schauder fixed-point theorem, problem (7.7) has a solution (g, u) € int J and the
proof of Theorem 7.2 is completed. O

7.2. Weak convergence results

Theorem 7.2 guarantees the existence of smooth vector fields u, and positive functions o,
satisfying conditions (7.7b)—(7.7d) and the equations

Au, + AV divu, — div(e.u: @ uy) — Vp(oe) + 0.f+h = 0O, (7.16a)

div(ou) =0, in 2, (7.16b)
where

0O, = ediv(Vo, ® u,), 0, = eAo;.

It follows from a priori estimates that there exist a subsequence, still denoted by u,, o,
and functions u € H(:’z(Q), o€ LY%(Q) D€ L3/%(Q), such that

u, —> u weakly in H"?(Q),

0s — 0 weakly in L9/2(§2),

. an (7.17)
0:u: ®U; — ou®u  weakly in L¥?(2),
p(os) = p weakly in L3/2(Q).
Moreover, estimate (7.9b) for Vo, implies the limiting relations
0, - 0 in H32(Q), 0. > 0 in H 12(Q). (7.18)
Letting ¢ — 0 in equations (7.16) we obtain
Au+ AVdiva —diviou®u) — Vp+of+h =0 (7.19a)
div(ou) =0 in D'(Q). (7.19b)

Applying the renormalization procedure, see Section 6.1, to (7.19b) we conclude that o
serves as the renormalized solution to the mass balance equation. Hence in order to show



360 P.I Plomikov, J. Sokolowski

that (u, o) is a weak solution to the original problem in the sense of Definition 3.4 we have
to establish the equality p = p(o), which, in fact is equivalent to strong convergence of
the sequence ;.

The proof of this fact is the heart of the theory. It is based on the detailed consideration of
the properties of the so-called effective viscous flux.

7.3. Effective viscous flux

Following [34] we defined the effective viscous flux by the equalities
Vio,u)=:p—VAT'V:S=p—(1+21rdivu.

As was shown in [34,17,18] the effective viscous flux enjoys many remarkable properties.
The most important is the multiplicative relation

bV =bV, whereb = w- 111% b(os), bV =w- 111% b(os)V (0s,ug), (7.20)
£— £—

which was discovered in [34]. The simple and effective proof of this relation, based on
the new version of compensated compactness principle, was given in papers [17,18]. The
following result is due to Feireisl [16].

LEMMA 7.4. Let the quantities u,, 0 satisfy equations (7.16) and for some q > 3/2,
r>1,

u; —> u  weakly in HY2(Q), 0: — 0 weakly in L1(Q),
0,—0, o0,—0 inH ' (Q).

Then equality (7.20) holds true for any continuously differentiable function b : R — R
with |b'] < c.

This result can be easy generalized if we take into account that:

e the assertion of the lemma is local and the behavior of the quantities near the boundary
does not play an important role,

e we need the restriction ¢ > 3/2 only to guarantee the integrability of the energy
density with exponent greater than one, and the lemma remains true if we require the
boundedness of o, [u|? in L}, .(2) with r > 1.

Thus we come to the following version of Lemma 7.4, [51,52].

LEMMA 7.5. Let the quantities 0, 0. satisfy equations (7.16) with O, = 0, o, = O.
Furthermore assume that they satisfy the following conditions:
(1) There exist positive k and c¢ such that for alln > 1,

/psdx+/ |qus|1+KdX§C-
Q Q

Moreover, for each compact Q' € L,

/Q pitdx /Q (el dix < e(2),
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where ¢(2') does not depend on n.

(2) For each compact E C R3> and an arbitrary function G : R — R
satisfying the condition limy_, 0 07V G(0) = 0, the function G(o.)) converges weakly
in L\(E) to a function G € LIIOC(Q). Moreover, if G satisfies more weak condition
limsup,_,, 077 |G(0)| < 00, then the sequence G(0¢)) converges weakly in LY () to
the function G in any subdomain Q' € Q.

(3) For somer > 1,

u, —> u  weakly in HI’Z(Q),
0e —> 0 weaklyin L" ().

Then the limiting relation
/ @(-, 0)V (o, V)dx = / ® Vdx, whereV =p— 2+v)divvy (7.21)
Q Q

holds true for any function ® € C(2 x R) satisfying the conditions

O(-, 1) € Co(Q) forall » e RT,
D, A) =DP(r) € Cop(R2) forallh > N > 0.

7.4. Proof of Theorem 7.1

We begin with the observation that for any ¥y > 1 and € > 0, the artificial pressure
pe(0) = 0V + €0® meets all requirements of Theorem 7.2. Therefore, the corresponding
boundary value problem (7.7), with t = 1 and p = p¢ has a family of strong solutions
(ug, o) which admit estimates (7.9). After passing to a subsequence we can assume
that this sequence satisfies limiting relations (7.17) and its weak limit (u, o) serves as a
generalized solution to equations (7.19). In particular for any function G with G’ € C'(Q)
and any function € C1(Q) we have

/Q (G(0)us - VI + (G(02) — G'(0e)oe) ¥ divuy) dx
—e / (G'(0)V0: VY + G'(0)[Voe M) dx — 0 ase — 0.  (1.22)
Q

Moreover, estimate (7.9b) implies that (u., o) satisfy all assumptions of Lemma 7.4. It
follows from this, inequalities (7.9b), and limiting relations (7.22) that being extended by
zero outside of Q the functions (u., o) satisfy conditions (H3)-(H7) of Theorem 6.4.
Applying this theorem we conclude that o, converge to o strongly in any space L"(£2)
with r < 9/2. Therefore the limiting functions (u, o) serve as a weak solution to problem
7.1 with the artificial pressure function p = pc(0).

Our next task is to pass to the limit as € — 0. Note that estimate (7.9b), which plays the
key role in the previous considerations, depends on € and cannot be used in the analysis
of the second-level approximation. The only estimate which does not depend on € is the
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weak energy inequality (7.17), but it does not guarantee the boundedness of |ju|| H2(Q)
and ||pll1(q)- The following theorem whose proof is given in the next section allows us
to obviate the difficulty.

Let us consider the general moment relation

diviou®u) + Vp =F+divS in D'(Q), (7.23)

which links nonnegative functions o, p, vector fields u, F, and a tensor field S. We do not
suppose the existence of any other relations between these quantities. The unexpected
result is that this relation along with the weak energy inequality implies the effective
estimates for p and u.

THEOREM 7.6. Let nonnegative functions 0 € LY (), p € LY(), vector fields u €
Hy?(Q), F € LY(Q), and a tensor field S € L*() satisfy relation (1.23) and the
inequalities

ISI72) < D <ce(WK+1), p=o?, (7.24)

where the energy dissipation rate D and the weighted kinetic energy K are defined by the
formulae (7.2) and (7.3). Furthermore assume that

1 1
<s<-=, y>
S5y —4 2

, and t > 0.

Wl

Then there exist constants ¢ and o > 1, depending only on 2, ||[F|| 1 (q), S, ce, v, a constant
c(t) depending only on 2, |Fl|11(q), 5,V Ce, t

D+ |0Vl lliLo @ + Pl < ¢ lIple@) < c@). (7.25)

Denote by (ue, o¢) a sequence of generalized solutions to problem (7.1) with p replaced
by pe. It follows from (7.1a) that the functions o, pe, and the vector fields u. satisfy
relation (7.23) with

F =fo. +h, S = —(Vue + Vu*) + (A — 1) divuL
Obviously
IFllLi@) < CM+ 1), 1ISI72g, < ceDe,

where D is given by formula (7.2) with u replaced by u.. On the other hand, by virtue of
(7.17), oe and u, satisfy the weak energy inequality (7.24) with the constant ¢, depending
only on M and |If, h|c(q). Hence o¢, pe, and ue meet all requirements of Theorem 7.6
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and satisfy inequalities (7.25) with a constant ¢, ¢(¢) independent on €. After passing to a
subsequence we can assume that
u. — u weakly in HI’Z(Q),
u. — u stronglyin L(2), r <6, (7.26)
0c — ¢ weakly in LY (Q).
Moreover, the limiting relation
G(oe) > G weakly in L'(€) (7.27)

holds true for any continuous function G satisfying the condition lim,_, , |G (0)|/0 = 0.
Since y > 4/3 the sequence gcu, is bounded in L'?/11(Q) we also have

ocue. — ou  weakly in le/“(Q). (7.28)
Next, it follows from inequalities (7.25) that for any subdomain Q' € €,

0clle ®U, — ou®u  weakly in L7 (),

_ o (7.29)
ploe) — p  weakly in L7 ().
Let us show that for any positive k < o — 1,
ve=e€0? - 0 inL'(Q) ase — 0. (7.30)

To this end note that the sequence ve is bounded in L ('), and hence the inequality

pEv's 1—14x
/ vt dx < <f Ve dx> <f dx) < () (meas E)' 5"
E 94 E

holds true for any measurable set £ C 2. On the other hand, by virtue of the Chebyshev
inequality we have

meas {oc > N} <MN~' and f veH"( dx < et NIte,
{oe <N}

Combining these results we obtain

limsup/ v dx < limsup(e! T N1 4 MN—HI=55 <
e—0 / e—0
li

cM, QH)NHTT) 50 as N — oo,
which gives (7.30). It follows from (7.29) and (7.30) that for any Q' € €,
o/ - p weakly in L7(Q). (7.31)

Finally note that functions o, serve as renormalized solutions to mass balance equations
associated with vector fields u.. It follows from this that o, p(o¢), and ue meet all
requirements of Lemma 7.5 and hence satisfy all assumptions of Theorem 6.4. Applying
this theorem we conclude that the sequence o, converges to o a.e. in 2 and p(o¢) — 0¥ in
L}OC(Q). Therefore the functions (u, @) serve as the generalized solution to problem (7.1),
which completes the proof of Theorem 7.1. O
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8. Estimate of a Green potential. Proof of Theorem 7.6

This section is devoted to the proof of Theorem 7.6. Before the presentation of the formal
proof we outline the basic ideas of our method. The key observation is that in compressible
fluids the energy tensor pu®u+ p Iis a nonnegative symmetric matrix. Using this property
we can obtain a priori estimates by means of the choice of a test vector field ¢ in the integral
identity (3.7a) determining a weak solution to the moment balance equation. Calculations
show that in order to get the optimal result one should take ¢(x) = ®(x) with a convex
“potential” ®(x) = [x — y| depending of the current point y € 2. As was shown in [19]
and [51] these simple arguments lead to new internal a priori estimates for solutions to
compressible Navier—Stokes equations.

The question on existence of a priori estimates near the boundary is more difficult
since there are no nontrivial convex functions with gradients vanishing at the boundary.
Nevertheless, we show that the choice of a potential @ in the form ®(x) = |x — y| +
®o(x, y), where y is an arbitrary point of 2 and ®( is some regular function, leads to
pointwise estimates for Newtonian potential of p, which, together with the Corollary 4.4,
give the efficient estimates for the density of the kinetic energy. The following theorem
gives the explicit formulation of this result

THEOREM 8.1. Assume that nonnegative functions o € LY (Q2), p € LY(), vector fields
ue HOI’Z(Q), Fe LY(Q), and a tensor field S € L2(Q) satisfy the equation

diviou®u) +Vp =F+divS inD'(Q), (8.1

and inequality p > oV. Then for any ¢ € [0, 1/2), there exist positive constants r and ¢
depending only on v, y, Q, and (S| 12(q, such that for all y € €,

/ d(x)&(x, y)p(x)dx < ¢ (/ pdx +/ d'olul*dx
Q Q

-

+VD+1+ ||F||L1(Q)) . (8.2)

We emphasize that o, p, u, and S are independent and connected only by equation (8.1).

PROOF. In order to avoid technicalities we give the complete proof for the case when a
domain Q is a ball in R3. The extension to the case of bounded domains with smooth
boundary is obvious. The proof is based on the following construction which reduces the
original problem to an auxiliary problem in the half-space.

Further we shall assume that all coordinates are contravariant. Note that in the original
Cartesian coordinate system x; covariant and contravariant components of any object are
coincident but after passing to the general curvilinear coordinates they become different.
For any ¢ > 0, denote the subdomain by €;

Q ={x e Q: dx)=:dist (x,02) > t}.
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Since Q2 is conformally equivalent to a half-space, for each point of 92 there exists a
standard neighborhood U and a conformal mapping O : y = y(x), which takes Q2 N Uy
onto the cylinder

V=D x[0,2R], where D = {(y',y*): [y'I* + y*|* < R}

such that ¢~ 1d(x) < y3 (x) < cd(x). A finite collection of standard neighborhoods U
covers the set Q \ Qyr. There exists also a finite collection of smooth cut-off functions
Xk : V — [0, 1] such that x; vanishes in a vicinity of the set 9} \ {y3 = 0}. Moreover, the
functions i o O, being extended by zero onto the set €2 \ Uy, belong to the class C*°(2)
and satisfy the equality

ZXko(’)kzl inQ\ Qz.
k

Fix an arbitrary standard neighborhood and write ¢/ and x instead of Uy and ;. We shall
consider the velocity vector field u and the force vector field F as contravariant vector
fields, and a test vector field ¢ as a covariant vector field. In the conformal coordinate
system y' their components are defined by the equalities

i= @', §= (@102 63,

_; ay! . _ dx/

i (y) = = xONuw x), @) =-5e;x().

ax/ ayt

If u and p, p satisfy equation (8.1) and sptp C U, ¢|3q = 0, then u, ¢ and ¢ satisfy the
integral identity

/V od' @/ V;g;g"? dy + fv pdiv(g"/%g) dy — /v ¢4, 5" dy
+f g’Fpdy =0. (8.3)
y

Here /g(y) = det x/(y), the covariant derivatives V; are defined by

- _ 09 k1 (98 dg dg
Vi(pjza_yi_rijﬁl’k» FUZQ 8—yi8ﬂc+ﬁ ik—mfsij .
Let us turn to the proof of Theorem 8.1. It naturally falls into three steps. O

The first step. First we show that the function p does not oscillate near the boundary of 2.

LEMMA 8.2. Under the assumptions of Theorem 8.1 for any < 1/2 there exist constants
¢ and rg, depending only on Q2 and s such that for all r € (0, ro],

f d(x) " (olu,|* + p)dx < cf d'"?(olul* + p) dx
{0<d<r} Q
+ (ISl 2@ + IFllL1@)- (8.4

whereu,, = Vd - u.
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PROOF. Introduce the family of functions depending on a parameter 0 < § < ¢ and given
by the formulae

t+8—y3
8
fortgy3 <t+§, nly)=0 forr=>0.

ny) =1 fory> <t, n(y) =

Nextset g1 = @ =0, @ = n(y)x(y)y>. Substituting ¢ into (8.3) leads to the equality

1
—g/ y3‘lfdy+/ n(y)¥dy
Dx[t,146] Dx[0,1+5]

+f Y’ n(»)Edy =0, (8.5)
Dx[0,t+6]

where

33
W = x(g"%0@)?* + pg'/® ¢,

o — ad
E = xI} (i) —S7)g' " + p—(g"°x)
dy

+Xﬁ3gl/2+ L(gﬁ _Qﬁsﬁi)gl/z_

ay!
It is easy to see that
ex(p+o@®?* —IS) < ¥ < Cx(p+o@)?+1S), (8.6)
|| < c(p+IF| +0+IS| +oldl®), (8.7)

where ¢, C depends only on 2. Letting § — 0 in integral identity (8.5), multiplying both
sides of the obtained relation by r~2, and integrating the result with respect to ¢ over the
interval (r, 2R) we arrive at the identity

1 1 2R 3
- Vdy =— Udy — = y’Edy | dt.
r JDx[0.r] 2R Jpx10.2R] ot Dx[0.1]

2R
1 1 1
A Y e
ro 0 Dx[0.1] Dx[0, r] r 2R
3
y
— | Edy,
Dx[r2R]< 2R>

Since

we conclude from this that
1/ |W|dy < ! |W|d +/ 3 (L 1>|”|d
- e y Y\~ =55 ) Eldy
r JDx[0.r] 2R JDx[0,2R] Dx[0,r] r 2R

3 y?
+/ y1—=—1]I|E|dy.
Dx[r2R] 2R
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Using the obvious inequality
1

\/7 Dx[0,r]

and invoking estimate (8.6) we obtain the inequality

ISldy < clSllz2p) < clISll 2

X(p+ 0@ dy < clSl 2 +f/ (p + 0@ dy

1
\/7 Dx[0,r] Dx[r,2R)]
1

3
+er y3(———)|a|dy+cﬁ 1- |2| dy,
Dx[0.r] r 2R Dx[r,2R] 2R

which along with the inequalities

1

Jry? <;—ﬁ>§,/y3 for0 < y3 <r,
y3

Jr l_ﬁ <y} forr <y®<2R

implies the estimate

(P + o@D dy < clISl 2 + re / (p + 0@ dy
Dx[r,2R]

+c/ VY3Eldy.
%

1
ﬁ Dx[0,r]

From this and (8.7) we obtain

1 3.2
— x(p+o@)?)dy
«/7 Dx[0,r]

=< ¢lISll 2@ +C/V\/y3(1 +IF|+ p +ola’) dy. (8.8)
Next note that for t < 1/2 any nonnegative function f € L'(V), satisfies the inequality
[ oy s rayeear [ gay,
Dx[0,2R] (0,2R) \/— Dx[0,r] [0,2R]
which together with (8.8) yields the estimate

/ O x(p +o@@)H dy
Dx[0,2R]

= clISlz2 @) + C/;j\/ Y (A + p+olal® + [Fl)dy.
After return to the original Cartesian coordinates x we finally obtain
/Md_‘)Z(p +olua ) dx < Sl 2 + c/ Vd(1 + [F| + p + olul?) dx.
Q

Here x = x o O and r < R. It remains to note that the functions x form a partition of
unity in the domain @ \ Qr and the lemma follows. O
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COROLLARY 8.3. Inequality (8.4) can be rewritten in the equivalent form
[ aw e + s 89)
{0<d<r}
56‘/ d1/20|u|2d_x+ Cf pdx+C(||S||L2(Q)+||F||L1(Q)+1)
Q Q,

The second step. Our next task is to estimate for the convolution of p and the green
function of domain €2 near the boundary. To this end fix an arbitrary standard neighborhood
U and corresponding diffeomorphism O : U — V. Forany t € V, setv_ = |y — |,

Ty = \/(y1 —t)2+ (2 =2+ (P +19)2,

e= Ol =12+ 02 = 22 + (2,

LEMMA 8.4. Under the assumptions of Theorem 8.1 there exists a constant ¢ depending
only on Q2 such that

1

1
/ ——— ) xy’pdy <c / d™'o(Vd -w?dx + c[S] ;2
AN Q

~|—c/;2d‘(1+|F|+p+Q|u|2)dx. (8.10)
PROOF. Introduce the auxiliary potentials given by the formulae
y3
Q(y)=t—+ry, Po(y) =hp (t_3) t, ©=3& -2,
in which
h(z)=1—bz when0<z<b ', h(z) =0 whenz>b"",

a positive constant b > 4 will be specified below. Introduce also the covariant vector field
¢ defined by the equalities

oD,

8_y3' (8.11)

50 =22 5 =22 G =
(ply _ayl’ (02)’ _ay27 ‘P3y -

It is clear that ¢ vanishes for y3 = 0. Substituting x (y)@(y) into (8.3) we obtain the
integral identity

/Vx(‘lfo(y) + Wi (y)dy + /V(G)o(y) +01(y)dy =0, (8.12)
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where
Uy = ?;; oli'g!?, W = pg'/®divg, (8.13)
00 = _?)_‘;’{gffgl/% (8.14)
o1 =g (oi'd) —§) (g—;‘i@ - xl“f‘,-@k> (8.15)

+pV(xg' 0 + g2 xFg.
The further considerations are based on the following proposition.

PROPOSITION 8.5. There are absolute positive constants b and c such that for all y,t €

R? x R*,
3 - 3
y ¢; 1 1 1 . 1y 1 1
I — =< - + - + = ) d Z ey - - ’
ol < NP oyl | — ¢ (t v 83 ve=c 3\ Ty
(8.16)
and the quadratic form
3 2 2
— 3P Zizi i 3
o ,-,2::1 ayioyi” Z_: ’Byf cehEel

is nonnegative.

PROOF. Note that the potentials ®; are homogeneous functions. Moreover, they are
invariant with rotation around the vertical axis and shift in the horizontal direction.
Therefore it suffices to prove the proposition for

Y= 01037, =001, te=1+0D2+ 03 £2)%,

=/1+OH2

In this case the first two inequalities (8.16) are obviously true. In order to prove the third
note that

2
2()’) _+i_h(3)_

2 2
d1V<p——+——h( 3) +

Hence inequality (8.16) is trivial for y3 > b’] when A(y3) = 0. In the strip 0 < y3 <
b~! < 1/4 we have the identity

a1 1 1 1 3 ¥
divg — y (---) (4b +—+——4) = —(4b+0(1)),
Lo T4 T Lo T4

in which the quantity O(1) is bounded by an absolute constant. It follows from this that
inequalities (8.16) hold true for all sufficiently large b. In order to prove the nonnegativity
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of the quadratic form (8.5) note that under the above assumptions its coefficients are given
by the formulae

0P =12 (P +1)? 1 11 1
Si= "+ = 20N, Gn=—+ — 2007,
ol vy T . T
( 1)2 ( ])2 1( 3_1) 1( 3+1)
op=8) 0 5, YO D yO 4D
o v o Ty

G112 = 623 = 0. It is clear that the quadratic form & is defined positive when 4 = 0.
On the other hand, in the strip 0 < y> < b~!, where & is not equal to zero, we have the
inequality

1 v T
622=—<2by3+—+——2>,

T LR
20122 +1)) 203
1S3~ 6h = = (b g 1)
tlryv L o ol
which yields the positivity of G for all sufficiently large b. O]

Let us turn to the proof of Lemma 8.4. Assume that the vector field ¢ meets all
requirements of Proposition 8.5. Our task is to estimate W; from below and ®; from
above. The expression for ¢ implies the identity

L Ta— Y B AW et T el e
ayrguu =Q6u-u—t—3h s " u + " u”luo

which along with Proposition 8.5 yields the estimate
0P, _, _ c _ c _ c o, -
Tyr O Z 5 elIIE] 2 — 5 (7 el — 50 el ).

Combining this result with inequalities (8.16) we obtain

1 1
f X(Wo(y) + ¥1(»)dy = %/ (— - —) Y’ pxdy
v VAN

- ,%/V((YS)LQIﬁIQJr G el Px dy.  (8.17)

Next estimates (8.14) and (8.16) implies the inequality
1 1 1\ =
|®| <c|—+—+5]) IS
T Ty t
which together with the Cauchy inequality implies the estimate

B 1/2
f |©0 dy §c< / 2+ + () Hdy f |S|2dy)
% % y

c —
< t_3||S||L2(SZ)' (8.18)
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In its turn, from (8.15), (8.16), and the obvious inequality

3
cy”  — _ —
101 = =5 (S| +olal + p + [F| + 1),

we obtain the estimate
C — Cc _ —
/V|®1|dy =< t_3”S||L2(Q) + 3 /Vy3(Q|ll|2 +p +IF[+ Ddy. (8.19)

It remains to note that substituting (8.17)—(8.19) into (8.12) leads to the desired estimate

T - -
/ (— - —) Ypxdy < C/ ) oli® Px dy + clISl ;2
ZANLE I S v

+fvy3<e|ﬁ|2+p+|F|+1>dy
<c / d~*liin ? dx + Il 20
Q
+cfd(g|u|2+p+|F|+l)dx. O
Q

Lemmas 8.2 and 8.4 imply the following estimate for the convolution of the Green
function & of domain €2 and the function p.

LEMMA 8.6. Let R be a diameter of standard neighborhood depending only on Q2. Then
there exist positive constants ¢, r depending only on Q2 such that for any z € Q\ Qg /2,

/ d(x)&(x,z)p(x)dx < c||§||L2(Q) —}-c/ d'olu|* dx
Q Q

+c/ pdy+c/(|F|+1)dx.
Q) Q

PROOF. Recalling Lemma 8.4 and Corollary 8.3 we get

1 3 o2
— — — | xy'pdy <c [ dolul"dx
AN S Q
+C/ pdx +c(ISll 2 + IIFll 1) + 1.

Next note that forall x,z e/ and y = y(x),t = y(2) € V,
1 1

c_lci(x, z7) < (— — —> <cB(x, 7).

T T4

Hence the estimate
f (x, )d(0)p()F () dx < f d'(olul? dx
U Q

+C/ pdx +c(ISl 2 + IFll L1 + D
Q
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holds true for all z € . Now choose an arbitrary point z € €2\ Qg/2. Since the functions
X form the partition of unity in the domain 2 \ Qg we have

/ B(x,2)d(x)px)dx < c/ d‘(g|u|2dx
Q\Qr Q

+c/ pdx +c(ISll 2@ + IFll i + D-
Q,

It remains to note that x € Qg and z € Q\ Qg/2, G(x, z) < ¢ and hence

B, 2)dx)px)dx < c/ d‘Q|u|2dx +c/ pdx
Qr Q Q
+C(”§”L2(Q) + ”F”L'(Q) +1). O

The third step. In order to complete the proof of Theorem 8.1 it remains to deduce the
internal estimates for the Green potential of p. They result from the following

LEMMA 8.7. Under the assumptions of Theorem 8.1 there is r > 0, depending only on Q2
such that for any z € Qg2,

f &(x,2)p(x)dx < ISl 2q) +c/ d'olul*dx
Q Q

—I—c/ (p+ 1+ [F|) dx. (8.20)
Q

PROOF. Recall that Qg = {dist (x, 92) > r/2}. Choose an arbitrary z € Qg2 and set
t = R/4. Since B(x, z) < c|x —z|~!, we have

d
/Qﬁ(x,z)pdx §c/ pax —i—E/ pdx and
Q B X =zl  t Jo\B@.0

/Q (x2Sl dx < cllSll 2.

Next we use the identity

0 2
/ (I—n®n):u®udx+/
B

14
@0 1x — 2 Bz |Xx —zl

1
:/ (I —m®n) : Sudx
B(z.1) 1X — 2z

1 1
+—/ (Qu2+3p—TrS)dx+/ Q<n——(x—z)>~Fdx=0,
L JB(z0 B(z,1) t

withn = (x — z)/|x — z|, which yields the estimate

/ e (I—n®n):u®udx+/
B

@, X =2 o lx—z|

dx

1
< —/ Q|ll|2dx + cf pdx +c(||S||Lz(Q) +IFll i + D (8.21)
t JB(y.n Q
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Since (/ —m®n) : u®u > 0 and we have 1~ < 16d(x)R_2 for all x € B(z,t), the
desired inequality (8.20) is the straightforward consequence of (8.21). O

In conclusion we note that the statement of Theorem 8.1 is a consequence of Lemma 8.6,
8.7 and Corollary 8.3.

Theorem 8.1 and Lemma 4.4 imply the following corollary which plays the key role in
the proof of Theorem 7.6.

COROLLARY 8.8. Let all the assumptions of Theorem 8.1 be satisfied. Then for any
O<t<1/2andv € Hol’z(Q),

fQ d(x)p(0)|v|* dx SC( fQ d(x)'eluf® dx + /Q pdx + Sl

+ IFll 1) + 1) 1912120 (8.22)

8.1. Proof of Theorem 7.6

We are now in a position to complete the proof of Theorem 7.6. It is based on the following
lemma, which gives the auxiliary estimate for the pressure.

LEMMA 8.9. Under the assumptions Theorem 7.6 foranyt >0 1 <o < 3/2,
Iplie @ < clllelullze@) + VD + [Fl1(q,) + M. (8.23)

PROOF. Recall that for any ¥ € L%/©@~D(Q,) with th ¥ dx = 0 there exists a vector
field ¢ satisfying the conditions

Qdive =, 02;: ¢ =0
”V‘P”LO/(ofl)(Qt) = C(Qr)”w”LO/(ofl)(Qt), lpl < C”w”La/(JfI)(Q”

Multiplying both the sides of relation (8.1) by ¢ and integrating the result over 2; we
obtain the integral identity

—/ ((ou®u—79) : Vg + Fo) =/ pydx,
Q Q

which along with the obvious inequality

i (lou®u: Vo| +[S[IVe)) dx < (lelulllze @) + VDIVl oro-1a)

yields the estimate

/Q pyrdx < c(llelul*llzo @) + VD + Dell¥ll oo g,)-
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Thus we get

Ip — ( meas szf)*‘/ pdxllzo@) < (lelViPlLo) + VD + IFlL1q,)-

Q

It remains to note that for any § > 0,
/ pdx < $8lpllre,) + 6(8)/ odx < ¢8| pllre(,) +c(®M. O
Q Q

Let us turn to the proof of Theorem 7.6. Choose a number o satisfying the inequalities

l<o<6/(10-3y) for4/3 <y <2, l<o<3/2 for2<y, (8.24)

and set
40 -3 yo —20+1 3y =20 —yo o
= s =, T=—T—" = .
*T 3,2 3y —2 3y —2 -
(8.25)
It follows from (8.24) that
a+p+t=1, Qo—-2a)/B=6, afoc<]l1/2. (8.26)

From this and the Holder inequality we obtain

1/o
( f (d‘@|u|2>“dx)
Q
K a 2(1—a)/6
< (/ d—‘gdx> (/ dp|u|2dx> <f |u|6dx> , (8.27)
Q Q Q

where k = /0, a = a/o. It is easily seen that t = (5y —4)~! > s for ¢ = 1. Hence
we can choose o so close to 1 that ¢ < s. For such choice of o, inequality (8.27) yields the
estimate

a
ld'olul?| Lo @) < cM¥ (fgdp|u|2dx> pU-a), (8.28)

By virtue of weak energy estimate (7.24), we have IS|| 2@ = VD. From this, Corollary
8.8 and Lemma 8.9 we obtain

ldplul®ll 1) < c(ld'elul*lLo @) + IPllo@,) +vD + HD
< c(lld‘eluPllze @) + lelulllze @, + VD + 1+ [Fll1(q) +M)D
< c(ld‘olulllLe (@) + VD + 1+ [Fll i) + MD.

Substituting this inequality into (8.28) leads to the estimate

K < (K +D"2+ |[F||,1q + M+ 1D, (8.29)
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where K = ||d‘Q|u|2||La(Q). Since ¢ < s, we have

K < c|d*cluf’||o(@) < cK.
From this and the weak energy estimate (7.24) we conclude that

D < VK + cl|F| 11 0. (8.30)
Combining inequalities (8.29) and (8.30) we get

K < (K + IFll 1) + M+ D*E + IFll 11 g)-
Since, by virtue of (8.26), the exponent a is less than 1/2, we finally obtain estimate

ldolulo@ +D < K+D < C(Q,s, 7. M, [FllL1q)- (8.31)
To complete the proof of estimate (7.25) we note that the estimate for || p|| .o (q,) follows
from (8.31) and Lemma 8.9, and the estimate for || p||;1(£2) follows from (8.31), estimate
for || pllLo (), and inequality (8.9). O
9. Outflow—inflow problem
In this section we consider the questions on the local existence and uniqueness of the
outflow—inflow problem in a smooth domain. For simplicity we restrict our considerations
to the case of isothermal flow without mass and volume forces. The extension of the
results on the case of barotropic flows is obvious. Note also that in the local theory the
heat transfer does not create principal mathematical difficulties and the result also holds
true for the Navier—Stokes—Fourier equations. Under these assumptions the problem can

be formulated as follows. Let € R3 be a bounded domain with the boundary Q2 € C*,
and U : 3Q — R3 be a given smooth vector field satisfying the compatibility condition

/ U-nds =0. 9.1
Q2

The problem is to find the velocity field u and the density distribution o satisfying the
following equation and the boundary conditions:

Au+ AVdiva=kou-Vu+oVp inQ,
div(ou) =0 1in €,
u=U ondQ2, o=1 onZj.

Before formulation of the main results we write the governing equation in more transparent
form using the change of unknown functions proposed in [48]. To do so we introduce the
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effective viscous pressure ¢ = oo — Adivu, and rewrite equations (9.2) in the equivalent
form

Au— Vg =kouVu in Q, (9.2a)
1
diva = X(O’Q —¢g) inQ, (9.2b)
u=U onodQ, (9.2¢)
u-vo+Z2=2% g, (9.2d)
A A
o=1 onZj. (9.2¢)

We assume that A >> 1 and k£ < 1. In such a case, the approximate solutions to problem
(9.2) can be chosen in the form (1, ugp, go), where (ug, go) is a solution to the boundary
value problem for the Stokes equations,
Auy —Vgp =0, divay=0 1in£, (9.3)
u =U ondQ, Tlgp=qo.

In our notations IT is the projector,

1
/ udx.
meas Q2 Jq

Equations (9.3) can be obtained as the limit of equations (9.2) for the passage A — oo,
k — 0. It follows from the standard elliptic theory that for the boundary 92 € C*, we
have (ug, go) € C°(£2). We look for solutions to problem (9.2) in the form

Mu =u—

u=u+v, o=1l4¢, g=qo+o+m+Im, 9.4)

with the unknown functions ® = (v, 7, ¢) and the unknown constant m. Substituting (9.4)
into (9.2) we obtain the following boundary problem for the vector-function ®,
AV —Vr =kB(o,u,u) inQ,
divv =00 —¥Y(®) —m inQ,
u-Vo+op=¥(®)+om inC,
v=0 ondQ, ¢=0 onXy, Ir=m,

(9.5a)

where

B(Qs va):QVVW7 Q)»:Q/)\”
qgo+7

Wi [0] = o¥[ul — 039, W[O] = -

the vector field u and the function g are given by (9.4). Finally, we specify the constant m.
In our framework, in contrast to the case of homogeneous boundary problem, the solution
to such a problem is not trivial since this problem is connected with the difficult question of
mass control in outflow and/or inflow problems. Recall that the absence of mass control is
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the main obstacle for proving the global solvability of inhomogeneous boundary problems
for compressible Navier—Stokes equations, we refer to [34] for a discussion. In order
to cope with this difficulty we write the compatibility condition in a sophisticated form,
which allows us to control the total mass of the gas. To this end we introduce the auxiliary
function ¢ satisfying the equations

—divlug)+ox¢ =0, inQ, =0 on Xy, (9.5b)

and fix the constant m as follows

-1
m= J{/ (I [®]¢ —VY[®D)dx, x= (/ 1=¢—=¢e) dx) . (9.5¢)
Q Q

In this way the auxiliary function ¢ becomes an integral part of the solution to the problem.
Now, our aim is to prove the existence and uniqueness of solutions to problem (9.5).

9.1. Existence result

For an arbitrary bounded domain © C R? with a Lipschitz boundary, we introduce the
Banach spaces

XS,V — HS,V(Q) n HI’Z(Q), Ys,r — HS+1,V(Q) ﬂ H2,2(Q)’
Zs,r — HS—I,V(Q) m Lz(Q)

equipped with the norms
lallxer = el mer) + lull oy Nallysr = Nl o) + lull 22
lullzsr = Nullpgs—1r (@) + lullp2(q)-

It can be easily seen that the embeddings Y% — X" < Z%" are compact and for
sr > 3, each of the spaces X*" and Y*" is a commutative Banach algebra. Denote by E
the closed subspace of the Banach space Y*" (£2)3 x X*"(2)? in the following form

E={9=(v,m,¢):v=00n02, ¢ =0o0n X, [Ir = m}, (9.6)

and denote by B; C E the closed ball of radius t centered at 0. Next, note that for sr > 3,
elements of the ball B; satisfy the inequality

Ivllcr @) + ITllc@ + llellc@ < celr, s, IO E < cet, 9.7)
where the norm in E is defined by

1Ol g = IVllysr@) + I7llxsr @) + llellxsr)-

THEOREM 9.1. Assume that the surface 92 and given vector field U satisfy the emergent
field condition (H1)—(H3). Furthermore, let o*, R be constants given by Theorem 5.7,



378 P.I Plomikov, J. Sokolowski

and let positive numbers r, s, oy, ro meet all requirements of this theorem and satisfy the
inequalities

1/2 <s <1, sr>3,0,>0". (9.8)
Then there exists tg € (0, R], depending only on U, Q, r, s, 0;, such that for all
re 0wl A ke, 9.9)

problem (9.5), with ugy given by (9.3), has a solution ® € B;. Moreover, the auxiliary
function ¢ and the constants x, m admit the estimates

ISlxsr + 12| <c, |m|<ct <1, (9.10)

where the constant ¢ depends only on U, Q, r, s and ;.

The proof is based on the following lemma which is a straightforward consequence of
the classical results on solvability of first boundary value problem for the Stokes equations
(see [13]) and the interpolation theory.

LEMMA 9.2. Let Q@ C R3 be a bounded domain with Q2 € C? and (F, G) € H*~"(Q)
x H"(2) (0 <s < 1,1 < r < 00) Then the boundary value problem

Av—Va =F, divv=IIG inQ,

9.11)
u=00n0dR2, Ir=m,
has a unique solution (v, w) € H*tV(Q) x HS" () such that
IVl gs+ir ) + I lmsr @) < e, ry $)UIF lggs-1r () + 1G 15 () 9.12)

In particular, we have

IVllysr + llllxsr < (€2, r, $)([Fllzsr + G llxsr).

PROOF. Note that, by virtue of Theorem 6.1 in [13], for any F € H*~!"(Q) and
G € H*" () withs = 0, 1, problem (9.11) has a unique solution v, 7= satisfying inequality

VIl gs+1r @y + Il asr (@) < ¢, 1, ) (IFll3gs—1r () + Gl H57(2)-

Thus the relation (F, G) +— (v, ) determines the linear operator 7 : H~L(Q)
x H"(Q) +— HtL(Q) x H*"(Q). Therefore, Lemma 9.2 is a consequence of
Lemma 4.1. O]
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Let us turn to the proof of Theorem 9.1. We solve problem (9.5) by an application of the
Schauder fixed-point theorem in the following framework. Fix o), > o*. Next choose an
arbitrary element ® € B;. Since T < R, Theorem 5.7 implies that the problem

u- Vo +oupr =V¥i[O]+me inQ, ¢ =0 onZXZj (9.13)
has a unique solution satisfying the inequality
leillxsr < c(€2, U, o, r, s)([[V1[D ]l x5 + |m]). 9.14)

Next, define v| and 7t to be the solutions of the boundary problem for the Stokes equations

Avy — Vr; =kB(g,u,u) = F[®] inQ
divvy = II(opp; — V[O] —m) in L, 9.15)
vi=0 ono2, m;—Ilm =0,

where m is given by (9.5¢). By Lemma 9.2, this problem admits a unique solution such
that

IVillysr + lIwilixsr < c(IF[O]llzsr + [W[O]lxsr + ll@illxsr +Iml).  (9.16)

Equations (9.13), (9.15), (9.5¢), define the mapping & : ® — O = (vi, 7, ¢1). We
claim that for a suitable choice of the constant 7, E is a weakly continuous automorphism
of the ball B;. We begin with the estimates for nonlinear operators present in (9.13). Fix
an arbitrary ® € B;. We have

C
IWO1llxsr < +(lgollcr) + I llxsr) < e/h < ct?. (9.17)

Since, under assumptions of Theorem 9.1, X*®"(€2) is a Banach algebra and | o xsr
< c+ ||l¢llxsr < const., we conclude from this and (9.14) that

lorllxsr < /A +ct® +clm| < ct® + clm|. 9.18)

Recall that the operator B constitutes a cubic polynomial of u, Vu and o, which along with
the inequalities k < 72 < 1 yields

I1B (e, w wllxsr < ck(1+[lollxer + lullysr)* < ct® inBe. 9.19)
Inequalities (9.9) and (9.19) imply

I|F[9]1llzsr < ct>(1+7) inB;. (9.20)
Combining inequalities (9.17) and (9.18) we get the estimate

lowgr + WO xsr < ct? + clml.
From this, (9.20), (9.16) and Lemma 9.2 we finally obtain

Ivillysr + i lxsr < et? + clml. 9.21)

It remains to estimate m. Recall that the vector field u and parameter o; meet all
requirements of Theorem 5.7. Therefore, problem (9.5b) has the unique solution { €
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H?*7"(€2). In particular, inequalities (5.21) yield the estimate || || xs < ¢. Since sr > 3, by
virtue of the embedding theory the embedding H*" (Q2) — C B(Q) is bounded for some
B € (0, 1). Hence estimates (5.17) and (5.22) for rs > 3 yield

”C“Cﬁ(sz) + ”g”Hlv’()(Q) < C(U, Q,01). 9.22)

Recalling that divu = div v, we obtain | divu| < ct. From this and the maximum principle
(5.22) we conclude that

Icle@ <=0 'en)™ < (1 —cn)™, (9.23)
which leads to the following estimate
11—t <ect(l—ct)™h

Now we can estimate the right-hand side of (9.5¢c). Rewrite the first integral in the form

/(1—;—;wdx=f<1—o*dx—/«l—;rw)dx.
Q Q Q
We have

(1 =)™ 4+ ¢ < cet 4+ ct(l —er)™l

On the other hand, we have ||(1 — ¢)T|lcsq) < ¢(U,Q,0) and (1 — )" = 1 on Zeu..
Hence

f(l —O)Tdx > kU, Q,0) > 0.
Q

Thus, we get

x>kl —ect(1 =),

In particular, there is a positive 7y depending only on U, €2 and o;, such that
|xi1| <c¢ forallt < 19.

Repeating these arguments and using inequality (9.17), and relation (9.5¢), we arrive at
Im| < ct?. Combining this estimate with (9.18) and (9.21), we finally obtain [|®1 || s <
ct2. Choose sufficiently small 7o = 79(U, 2, 03), so that croz < 19. Thus, forall T < 19, &
maps the ball ; into itself. Let us show that E is weakly continuous. Choose an arbitrary
sequence O, € B; such that ®, = (v,, 7,, ¢,) converges weakly in E to some ®. Since
the ball 5; is closed and convex, ® belongs to 3;. Let us consider the corresponding
sequences of the elements ® , = E(®,) € B; and functions ,. There are subsequences
{©1,j} C {©1,,} and {¢;} C {4} such that ©1 ; converges weakly in E to some element
©1 € B; and ¢; converges weakly in X*" to some function { € X*". Since the embedding
E < C(Q)° is compact, we have ©, — ©, ©1; — 01 in C()°, and

A

V¢ — V¢ weaklyin L"(Q), ¢ — ¢ inC(Q).

Substituting ® ; and ©1_; into equations (9.13), (9.15), (9.5¢) and letting j — o0 we obtain
that the limits ® and © also satisfy (9.13), (9.15), (9.5¢). Thus, we get ®; = E(¢). Since
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for given ®, a solution to equations (9.13), (9.15) is unique, we conclude from this that all
weakly convergent subsequences of ®1 , have the unique limit ®;. Therefore, the whole
sequence ©®1 , = E(0,) converges weakly to E (). Hence the mapping E : By — Br is
weakly continuous and, by virtue of the Schauder fixed-point theorem, there is ® € B(7)
such that ® = ().

It remains to prove that ® is given by a solution to problem (9.5a). For ®; = ©, the
only difference between problems (9.5a) and (9.15), (9.5¢) is the presence of the projector
IT on the right-hand side of (9.15). Hence, it suffices to show that

[M(oyp — V[O] —m) = opp — V[O] —m. (9.24)
To this end we note that ¢ is a strong continuous solution to the transport equation
u- Vo + o9 =V [O] + mo.

Multiplying both the sides by ¢ and integrating by parts we obtain

fofpdx=/§(‘1’1[@]+m9)dx-
Q Q

On the other hand, equality (9.5¢) reads

/ (WOl +m(l +¢))dx = / (V[O]+m)dx.
Q Q

Combining these equalities and noting that 1 + ¢ = o we obtain
/ (o9 — ¥ [O] —m)dx =0
Q

which yields (9.24) and the proof of Theorem 9.1 is completed. U

9.2. Uniqueness

In this paragraph we prove that under the assumptions of Theorem 9.1 a solution to problem
(9.5) is unique, in the ball 5;. Assume, contrary to our claim that there exist two different
solutions (®;, ¢;,m;) € E x X% x R, i = 1,2, with ®; € B; to problem (9.5) with
®; € B;. Recall that they, together with the constants x;, satisfy the inequalities

lmil +1©illg <ct,  |xl+Ellxsr <c, 9.25)

where the constant ¢ depends only on U, 2, 7, s, and 0;. We denote w; = up+v;,i = 1,2,
the corresponding solutions to (9.2) i = 1, 2. Now set

W=V —V), wo=m—m2, ¥Y=¢—¢, §&={—270,
n=mp—mj.
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It follows from (9.5) that these quantities satisfy the linear equations

Vi +o =—w-Voo +b11¥ +bipw+ bizn in Q,
AW — Vo =kCi(y,w) inQ,
divw = Do + boow + bozn  in 2,
—div(u &) + 0§ =div(eow) +  in Q, (9.26)
w=0 ond2, Y =0 onZ, E=0 on Xy,

wo—Tw=0 n= xf (b31Y + byrw + b3s€) dx.
Q
Here the coefficients are given by the formulae

b1y = V[O1] +my — ox(p1 + ¢2),

bo=2"'02, biz=o01, by=o0x, byn=-1/k, by=-1,

b31 = (1V[O1] — 02.81(p1 + 92) + mai, (9.27)
bz = §1b12 — by, b3g = W1[O2] + ma(1 + @),

and the operator C is defined by the equalities
C,w) =B, up, up) + Bloz, w, up) + B(oz, uz, W).

We consider relations (9.26) as the system of equations and boundary conditions for
unknowns w, ¥, &, and n. The next step is crucial for further analysis. We replace
equations (9.26) by an integral identity, which leads to the notion of a very weak solution
of problem (9.26). To this end choose an arbitrary function (H, G, F, M) € C* (2)° such
that G — I1G = 0, and consider the auxiliary boundary value problems

L'¢=F, Lv=M inQ, ¢=0 onXy, v=0 onXj. (9.28)
Ah—-—Vg=H, divh=IIG inQ2, h=0 ondR2, Ig=yg, (9.29)

where L =: uV + o;. Since under the assumptions of Theorem 9.1, u and o; meet all
requirements of Theorem 5.7, each of problems (9.28) has a unique solution, such that

lsllasr @ < clFllasr ), lvllasr @) < cllM|l gsr (), (9.30)

where ¢ depends only on U, €, r, s, and 0. On the other hand, by virtue of Lemma 9.2,
problem (9.29) has the unique solution satisfying the inequality

Ihll givsr @) + gl asr @) < clHll gissr ) + cllGllasr (@) 9.31)
Recall thatw € H>"0(2)3NC ()3 vanishes on 32, and (w, ¥, &) € H"0(Q)3NC(Q)3,

where 1 < rg < oo is the exponent in the definition of X*". Multiplying both sides of
the first equation in system (9.26) by ¢, both sides of the fourth equation in (9.26) by v,
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integrating the results over 2 and using the Green formula for the Stokes equations we
obtain the system of integral equalities

/I/dex=/(—W'sz-i—bmﬂ+b12w+blsn)§dx,

Q Q

[dex+/ wG dx =f(b21w+b22w+b23n)gdx (9.32)
Q Q Q

+/k€(w, Y)hdx, /Sde:/ div(sow)v dx.
Q Q Q

Next, since div(gouz) = 0, we have

/Q(ﬁ(ez,w, uy) + B(oz, uz, w)) - hdx

= / 02w - (Vurth — (Vh)*uy) dx.
Q
On the other hand, integration by parts gives

/div(gzw)v dx = —/ HwVudx.
Q Q

Using these identities and recalling the duality pairing we can collect relations (9.32),
together with the expression for 7, in one integral identity

/ w(H — ko2 Vuy - h+ kor(Vh)*up) dx
Q
- %(W7 (% g) - %(Wv v, ;2) + ((,l), G - blZg - bzzg - J{b32>
+{¢, F —b116 — br1g — xb3; — kuy - Vuy - h)
+ (€, M — xb3s) +n —n(l, bizs + brzg) = 0. (9.33)

Here, the trilinear form *B is defined by the equality
B(W, ¢2,6) =— / SW- Vi dx.
Q

Note, that relations (9.33) are well defined for all w € H(lf”/(ﬂ) and ¥, & € H_”/(Q).
It is obviously true for all terms, possibly except of B. Well-posedness of the form B
follows the next lemma, the proof is at the end of this section. The lemma is given in R,
for our application d = 3.

LEMMA 9.3. Let Q@ C RY be a bounded domain with the Lipschitz boundary, let exponents
s and r satisfy the inequalities sy > d, 1/2 < s < 1l and ¢,¢c € H*"(Q2) N Hler(Q),



384 P.I Plomikov, J. Sokolowski

w e ’H(l)—s,r’(gz) N Hé,ro (2), 1 < rg < oco. Then there is a constant ¢ depending only on
s, r and 2, such that the trilinear form

B(W,0,6) = —/ cw-Vodx
Q

satisfies the inequality
IB(W, ¢, 5)| = C”W”H(l)—s,r’(m||(P||H“(SZ) IS a7 (), 9.34)

1—s,r’

and can be continuously extended to 5 : H,, (Q)4 x H*" ()% — R. In particular, we
have cVg € H*17(Q) and [Vl gi-sr gy < cl@lasr@llsllmsr @)-

Thus, relations (9.33) are well defined for all (w, ¥, w, &) € 7—((1)7“/(9)3 x H= (Q)3.
Equalities (9.33) along with equations (9.28), (9.29) are called the very weak formulation
of problem (9.26). Note that the notion of very weak solutions to incompressible Stokes
equations was introduced in [13], see also [12] for generalizations. The natural question
is the uniqueness of solutions to such weak formulation. The following theorem, which is
the second main result of this section, guarantees the uniqueness of very weak solutions
for sufficiently small 7.

THEOREM 9.4. Let s,r, and parameters X\, k, o), and positive number T meet all
requirements of Theorem 9.1 and the solutions (®;, ¢, m;), i = 1,2, to problem (9.5)
belong to By x X*" x R. Furthermore, assume that for any (H, G, F, M) € CC’O(Q)6

and for (¢, v, h, g) satisfying (9.28), (9.29), the elements (w, w, ¥, &) € 7'((])ﬂ"r/(S2)3 X
H~5""(Q)? and the constant n satisfy identity (9.33). Thenw =0,y =& =n =0.

PROOF. The proof is based upon two auxiliary lemmas, the first lemma establishes the
bounds for coefficients of problem (9.26). ]

LEMMA 9.5. Under the assumptions of Theorem 9.4, all the coefficients of identity (9.33)
satisfy the inequalities ||b;; || x> < c, furthermore

D121l x5 + lb2all xs.r + D11l xsr < cT,

(9.35)
16311l x5 + D32l x5 < cT.
PROOF. Since X*" is a Banach algebra, estates (9.35) follows from formulae (9.27). [

In order to formulate the second auxiliary result we introduce the following denotations.

1=V, b11g) + (w,b12g), To=(¥,brg)+ (w, bxng),
3 =x((¥, b31) + (@, b32) + (&, b34)), T4 = (¥, u; - Vuy - h),

s = / 02w - (Vuy h — Vi*uy) dx,
Q

(SR EEE S

(=}

6= ”W”H(l)—s,r’(g) + ”w”H—s,r’(Q) + ”C‘)HH—M’(Q) + ||$||H—x,r’(g)a
Q = [Hllys-1r @) + 1Gger@) + 1 Fllasr @ + 1M sr)-
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LEMMA 9.6. Under the assumptions of Theorem 9.4, there is a constant ¢, depending only
on'U, Q, s, r, and o, such that

J <etQ G (9.36)
J2 =< CQ(T@ + ||W||H7:,r'(9)) (9.37)
J3<ct®B, Ts+T5<cQ6&. (9.38)

PROOF. We have
(¥, b116) + (@, b12g) + (0, b10s) = lIbrisllasr @1V s (g
+ b12gll s @ @l g-s.r (q)-

Recall that for rs > 3, H*"(2) is a Banach algebra. From this, estimate (9.30), and
inequalities (9.35) we obtain

”bllg || H5" () “I// ”H—S.V’(Q) + ||b12§ “HS*'(Q) ”w”H—s,r’(Q)
= clislasr @bl asr @ 1V lg-so () + 1012l Hsr @ llollg—r (g
= ct||Fllgsr @IV lg-sr @) + l@lg- @)

which gives (9.36). Repeating these arguments and using inequality (9.30) we obtain the
estimates for J, and J3. Next, we have

lay - Vuy -hlgsr@) < cllarllzsr @l gresr @ Il gi+sr @) < cllHll gresr @)

which gives the estimate for J4. Since the embeddings H* (Q) < C(Q), H'**"(Q) —
C1(Q) are bounded, we have

02|Vui|lh| + g2|wa||Vh| < clh|[ 1457 ()
which leads to the inequality
Js < clhllgrsr @ Wl L) < cUBllys-1r(q) + 1G 1 asr @) W15 (-

and the proof of Lemma 9.6 is completed. O

Let us return to the proof of Theorem 9.4. It follows from the duality principle that
the theorem is proved provided we show that, under the assumptions of Theorem 9.1, the
following inequality holds

sup  ((w,H) + (0, G) + (¥, F) + (§, M)) + |n|
QH,G.F,M)=1

<ct (BW,w, ¥, &)+ |n))+, (9.39)

where the constant ¢ depends only on 2, U and r, s, 0. Therefore, our task is to estimate
step by step all terms on the left-hand side of (9.39). We begin with an estimate for the
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term (Y, F). To thisend, take H=h =0, G = g = 0, M = v = 0, and rewrite identity
(9.33) in the form

(Y, F) =B(W, ¢2,6)+T1 + T3 +n(l,bi35) — n.
By virtue of Lemma 9.3 and estimate (9.31) we have
BW.¢2.6) = C‘C”w”H(l)fs.r’(Q)”S‘”HX”(Q) = ct|Wl s (@ 1 F | s (2)-
(9.40)

On the other hand, Lemma 9.5 and inequality (9.30) yield [(1, b13¢)| < c|| F| gs.r (). From
this and (9.36), (9.38) we finally obtain

(U, F) < In| +cl|Fllasr @) (t& + n]). (9.41)
Moreover, by virtue of the duality principle

”w”]}]lfs,r’(g) == sup |<w’ F>|1
I Fllgs.r =1

we have the following estimate for ¥
19 e (g < €T® +cll. (9.42)
Let us estimate w and w. Substituting F = ¢ = 0 and M = v = 0 into (9.33) we obtain
(w,H) + (0, G) = T2+ T3+ kTJs + kTIs +n(l, bazg) — n.
Next we have
In(l, b23g)| < c(IHll3s-10 (@) + G Hsr (@) Inl.
This inequality together with estimates (9.37)—(9.38) and inequality k < 72 imply

(w, H) + (0, G) < |n| +c1Q &+
CQ(”w”H—x,r/(Q) + |n|)

Combining this result with (9.42) we obtain
(w,H) + (0, G) < |n| +ctQ & + cQ|n|, (9.43)
where Q = Q(H, G, 0, 0). For G = 0 and by the duality principle

Wi sup  (H,w),

Hlfx,r’ (Q) ==
0 ”HHfol,r(Q)zl

we conclude from this that

[lw]| <cln| + ct®. (9.44)

H= (@)
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Next, substituting H =h =0, G = g = F = ¢ = 0 into identity (9.33), we arrive at
(6, M) =B(W, {,v) + T3 —n.
Lemma 9.3 and (9.30) give the estimate for the first term
[B(W, {2, v)| < CllwllHéﬂ,r/(Q)||v||H>'~r(sz) < CHW”H(I)—s,r/(Q)||M||H“(Q)~
From this and estimates (9.38), (9.30), we obtain

(&, M) <ctQB +cQ|w] (Q)+|n|.

H(l)fs,r’
Combining this result with inequality (9.44) we arrive at
(£, M) < cQ(& + |n|) +cln]. (9.45)

Finally, choosing all test functions in (9.33) equal to 0 we obtain n = J3 which together
with (9.38) yields

In| < ctQ&. (9.46)

From (9.41), (9.43), (9.45), combined with (9.46), it follows (9.39) and the proof of
Theorem 9.4 is completed. O

9.3. Proof of Lemma 9.3

Since 92 belongs to the class C!, functions ¢, ¢ have the extensions @, T € H*'(Q) N
H'2(), such that @, € are compactly supported in R? and

ol gsrray < cllellasr, NSl gsr@ay < clisllmsr (-

By virtue of Definition 4.2 and inequality (4.5), function w has the extension by 0 outside
2, denoted by W, such that

”W”H]—s,r’ (Rd) < C”W”H(l)—x,r/(g)-

Obviously we have

BW,p,¢) = —/ w-Vggdx.
Rd

The following multiplicative inequality is due to Mazja [38]. Forall s > 0, r > 1 and
rs <d,

||MU||HS,r(Rd) S C(r, S, d)(”v”H.v,.v/d(Rd) + ”U||L00(Rd))||u||H.v,r(Rd). (947)

By virtue of (9.47), we have

IS 1oty < I g1t oty (TSN pr1sari—s ety + 1o gaay)-
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On the other hand, since r~! — (s — (1 — s))/d < (1 —s)/d for sr > d, embedding
inequality (4.7) yields

ISl gy1-sari-o @y < ISl por@ay NSl o@ey < €IS gor may-
Thus we get

”WfllHlf.r,r/(Rd) < C“W”Hlfx,r’(Rd) “E” H‘V-"(Rd)'
It is well known that elements of the fractional Sobolev spaces can be represented via
Liouville potentials

Wo=(1-8)""Pw, G=(1-28)",

with
lwliy, @y < WSl gioor @ay:  1llL, ey < @l giosr gay-
Thus we get
Bw,p,6)=—[ 1—A)"192y.v1 - A)pdx
R‘i

- _/ w-V(l—A)V2pdx.
Rd

Since the Riesz operator (1 — A)~1/2V is bounded in L" (R?), we conclude from this and
the Holder inequality that

1BW, 0, O = cllwll,galolLrway < clWllgi-sr g lellzsr @S @)
and the lemma follows. O

10. Proof of Theorem 5.5

Our strategy is the following. First we show that in the vicinity of each point P € X;, UT
there exist normal coordinates (y1, y2, y3) such that uV, = e;V,. Hence problem of ex-
istence of solutions to the transport equation in the neighborhood of X, N I is reduced to
boundary problem for the model equation dy,¢ + 0@ = f in a parabolic domain. Next
we prove that the boundary value problem for the model equations has a unique solution
in fractional Sobolev space, which leads to the existence and uniqueness of solutions in
the neighborhood of the inlet set. Using the existence of local solution we reduce problem
(5.11) to the problem for modified equation, which does not require the boundary data. Ap-
plication of well-known results on solvability of elliptic—hyperbolic equations in the case
I' = ¢ finally gives the existence and uniqueness of solutions to problems (5.11) and (5.18).

LEMMA 10.1. Assume that the C*-manifold ¥ = 8B and the vector field U € C*(X)3
satisfy conditions (H1)~(H3). Let u € C'(R3)? be a compactly supported vector field
such that

u=U onX, u=0 onsS,

and denote M = ||u||c1(g3y. Then there is a > 0, depending only on M and T, with the
properties:
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(P1) For any point P € T there exists a mapping y — X(y) which takes diffeomorphically
the cube Q, = [—a, a]’ onto a neighborhood Op of P and satisfies the equations

3y, x(y) =ux(y)) in Q4 x(0,y2,0) €' NOp for|y| <a, (10.1)
and the inequalities
IXllci (g, + X leiop < Cus  IXO)I < Carlyl, (102)

where Cpr = 3(1 + M~ (M? + Cl% + 2)Y2 and Cr is the constant in condition (H2).
(P2) There is a C' function ®(y1, y2) defined in the square [—a, al?* such that ®(0, y;) =
0, and

x({y3 =2} =X NOp, x({y3 > ®}) =X N Op. (10.3)

Moreover @ is strictly decreasing in y; for y1 < 0, is strictly increasing in y; for y; > 0,
and satisfies the inequalities

C™y} < ®(y1, y2) < CTy3, (10.4)

where the constants C~ = |[U(P)|N~/12 and Ct = 12|U(P)|N T depend only on U and
%, where N* are defined in Condition (H2).
(P3) Introduce the sets

=2 ={02. ) Il £a,0 < y3 < ®(—a, y2)},
2o =102, y3) 1 Iyl <a,0 < y3 < ®(a, y2)}.

For every (y2, y3) € EI)I; (resp. (y2, y3) € Egut), the equation y3 = ®(y1, y2) has a unique
negative (resp. positive) solution y| = a~ (y2, y3), (resp. y1 = a™(y2, y3)) such that

|0y,a™ (v2. y3)| < C/ /3.
ja* (y2, y3) = a* (3, ¥l < Clly2 = yal + lys = ¥3D'72. (10.5)
(P4) Denote by G, C Q, the domain
Ga={y € Qa: Py, y2) <y3 < P(—a, )}, (10.6)
and by Bp(p) the ball |x — P| < p. Then we have the inclusions
Bp(pe) Cx(Ga) C Op C Bp(Re), (10.7)
where the constants p. = azC;,llC*, R. =aCy.

The next lemma constitutes the existence of the normal coordinates in the vicinity of
points of the inlet ;.

LEMMA 10.2. Let vector fields u and U meet all requirements of Lemma 10.1 and
U, = —UP)-n > N > 0. Then there is b > 0, depending only on N, ¥ and
M = |lullciq), with the following properties. There exists a mapping y — X(y),
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which takes diffeomorphically the cube Q, = [—b, b)? onto a neighborhood Op of P
and satisfies the equations

dy;x(y) = ux(y)) in Qp, x(y1,¥2,0) € ZNOp for|y:| <a, (10.8)
and the inequalities

IXllcicgy + X Hleiop < Cun X < Culyl, (10.9)
where Cyy y = 3(1 + N=Y(M? + 2)'/2. The inclusions

Bp(pi) N2 Cx(Qp N{ys > 0}) C Bp(Ri) N, (10.10)
hold true for p; = CA_,[%Nb and R; = Cp ND.

Model equation. Assume that the function & : [—a,a]* — R and the constant
a > 0 meet all requirements of Lemma 10.1. Recall that for each y satisfying the
conditions ®(y1, y2) < y3 < ®(—a, y2) (resp. @(y1, y2) < y3 < @(a, y2)), equation

y3 = ®(y1, y2) has the solutions y; = a~ (y2, y3) (tesp. y1 = a™(y3, y3)). The functions
a™ vanish for y3 = 0 and satisfy the inequalities

—a<a (y2,y3) <0<a’(y,y3) <a,
lat (22, y3) — a® (32, y3)| < elza — yal, (10.11)
la*® (y2, 23) — a®(y2, y3)| < cl/z3 — /3,

where ¢ depends only on ¥, and U. We assume that the functions a® are extended on the
rectangle [—a, a] x [0, a] by the equalities ai(yz, y3) = Za for y3 > @D (La, y). Itis
clear that the extended functions satisfy (10.11) and

0% :={y3 > @1,y =1{y:a (v, y3) <y <at (2, )

Let us consider the boundary value problem

I 9() +o0(y) = f(y) in Q2

_ (10.12)
p(y) =0 fory =a (y2,y3).

LEMMA 10.3. For any f € L"(Qq), 1 < r < oo, problem (10.12) has a unique
generalized solution such that

-1
el s ooy =0 IfllLrn, 1=r =00 (10.13)

Moreover, if o > 1, exponents r, s, o satisfy the inequalities (5.16) and f belongs to the
space H”(QZ)) N L°°(Qf), then a solution to problem (10.12) admits the estimate

101 o gy < €@ 5. )@ I f e gty + 07 T ll s go))- (10.14)
Let us consider the following boundary value problem

Ay (M) +0o0(y) = f() inQF =[~a,al* x[0,al,
¢(y) =0 fory3=0. (10.15)
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LEMMA 10.4. Let o > 1, and exponents r, s, o satisfy (5.16). Then problem (10.15) has
a unique solution satisfying the inequality

Il gsr oty < €rs, @)@ fll gy + 0 N fll e ory)-  (10.16)

PROOF. The proof of Lemma 10.3 can be used also in this case. O

Local existence results. It follows from the conditions of Theorem 5.5 that the vector field u
and the manifold ¥ satisfy all assumptions of Lemma 10.1. Therefore, there exist positive
numbers a, p. and R, depending only on ¥ and [[u|[¢1q), such that for all P € T, the
canonical diffeomorphism x : Q, +— Op is well defined and meet all requirements of
Lemma 10.1. Fix an arbitrary point P € I" and consider the boundary value problem

u-Vo+op=f inOp, ¢=0 onZXjNOp. (10.17)

LEMMA 10.5. Suppose that the exponents s, r, &, satisfy condition (5.16) and ||ul|c1(q) <

M. Then for any f € CY(Q) and o > 1, problem (10.17) has a unique solution satisfying
the inequalities

1915, Bpoe) < @ T Flleaprey + 0 lsrBpR)s 1€1CBro0)
<o M fllewn ko, (10.18)

where the constant ¢ depends only on X, M, s, r, o, and p, is determined by Lemma 10.1.

PROOF. We transform equation (10.18) using the normal coordinates (y;, y2, y3) given by
Lemma 10.1. Set g(y) = ¢(x(y)) and f(y) = f(x(y)). Next note that equation (10.1)
implies the identity uV,y@ = 9y, @(y). Therefore the function ¢(y) satisfies the following
equation and boundary conditions

@+op=f inQ,N{y3>®}, =0 fory;=d(y,y), y1 <O.
(10.19)

It follows from Lemma 10.3 that for all o > 1, problem (10.19) has a unique solution
@ € H*"(G,) satisfying the inequality

1©15.r,Ga < (@ N Fllccon + 0 1 ls.r00)s

i B (10.20)
1BlcG.) <o N fllcow

where the domain G, is defined by (10.6). It remains to note that, by estimate (10.2),
the mappings x*! are uniformly Lipschitz, which along with inclusions (10.7) implies the
estimates

[@ls.r.Bp(pe) < Cl@ls.r.Gu [ fls,r,00 = €l fls.r.Bp(Re)-

Combining these results with (10.20) we finally obtain (10.18) and the lemma follows. [
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In order to formulate the similar result for interior points of inlet we introduce the set

= {x € Bin: dist (x, 1) = pc/3), (10.21)

in
where the constant p. is given by Lemma 10.1. It is clear that

inf, U(P) -n(P)> N >0,

n

where the constant N depends only on M, U, and X. It follows from Lemma 10.2 that
there are positive numbers b, p;, and R; such that for each P € Ei’n, the canonical
diffeomorphism x : Q;, — Op is well defined and satisfies the hypotheses of Lemma 10.2.
The following lemma gives the local existence and uniqueness of solutions to the boundary
value problem

u-Vo+op=f inOp, ¢ =0 onXjNOp. (10.22)

LEMMA 10.6. Suppose that the exponents s, r, a satisfy condition (5.16). Then for any
feCYQ),o > 1land P € %!, problem (10.17) has a unique solution satisfying the
inequalities

—1 -1
[@ls.r.Bpo) < clo +a||f||C(Bp(Ri)) +0 | fls,rBp(R)), (10.23)

—1
lellcBppy) <o I fllcpkr))-
where ¢ depends on ¥, M, U and exponents s, r, a.

PROOF. Using the normal coordinates given by Lemma 10.2 we rewrite equation (10.22)
in the form.

d,9+op=f inQy, =0 fory;=0.

Applying Lemma 10.3 and arguing as in the proof of Lemma 10.5 we obtain (10.23). [

Existence of solutions near inlet. The next step is based on the well-known geometric
lemma (see Ch. 3 in [27]).

LEMMA 10.7. Suppose that a given set A C R? is covered by balls such that each point
X € A is the center of a certain ball B, (r(x)) of radius r(x). If supr(x) < oo, then from
the system of the balls {B(r(x))} it is possible to select a countable system By, (r(xi))
covering the entire set A and having multiplicity not greater than a certain number n(d)
depending only on the dimension d.

The following lemma gives the dependence of the multiplicity of radii of the covering
balls.

LEMMA 10.8. Assume that a collection of balls By, (r) C R3 of constant radius r has
the multiplicity n,. Then the multiplicity of the collections of the balls By, (R), r < R, is
bounded by the constant 271(R/r)n,.
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PROOF. Let ng be a multiplicity of the system {B,,(R)}. This means that at least
ng balls, say By (R), ..., BX”R (R), have the common point P. In particular, we have
B,;(r) C Bp(3R) for all i < ng. Introduce the counting function ¢(x) for the collection
of balls By, (r), defined by

t(x) = card{i : x € By;(r),1 <i <n,}.
Note that ((x) < n,. We have

4 5 &
—ngRr’ = Z meas By, (r)
i=1

3
4 3
= t(x)dx < n, dx < —@R)’n,,
Ui Bxi (r) Ui Bxi (r) 3

and the lemma follows. 0

We are now in a position to prove the local existence and uniqueness of solution for the
first boundary value problem for the transport equation in the neighborhood of the inlet.
Let ©; be the t-neighborhood of the set Xy,

Q= {x € Q: dist (x, Zjp) < t}.

LEMMA 10.9. Lett = min{p./2, p;/2} and T = max{R., R;}, where the constants pq,
Ry, are defined by Lemmas 10.1 and 10.2. Then there exists a constant C depending only
on M, ¥ and o, such that for any f € C'(Q), the boundary value problem

u-Vo+op=f iny, ¢ =0 on X (10.24)

has a unique solution satisfying the inequalities

1ls.r0 < Co ™ fllcy +0 U flsnar),  lellc@) <o fllc@n-
(10.25)

PROOF. It follows from Lemma 10.7 that there is a covering of the characteristic manifold
I" by the finite collection of balls Bp,(p./4), 1 < i < m, P; € I, of the multiplicity n.
The cardinality m of this collection does not exceed 4n (,oc)_lL, where L is the length of
I'. Obviously, the balls Bp, (p.) cover the set

Vr={xeQ: dist (x,T") < p./2}.

By virtue of Lemma 10.5, in each of such balls the solution to problem (10.24) satisfies
inequalities (10.18), which leads to the estimate

r r
l(p|s,r,Vr = Z |(p|s,r,Bpi(p(.)
i

< co ™Y N ey, ko €0 D1 o ko (10.26)
i i



394 P.I Plomikov, J. Sokolowski

where ¢ depends only on M, ¥ and U. By Lemma 10.8, the multiplicity of the system
of balls Bp,(R.) is bounded from above by 123(R, /pe)3, which along with the inclusion
Ui Bp.(R.) C Qr yields

m
S Uy ke < 122 Re/ 0 T,y
i=1

Obviously we have

D e ko < M@y < 41 LI Iegy)-
i

Combining these results with (10.26) we obtain the estimates for solution to problem
(10.24) in the neighborhood of the characteristic manifold I,

@ls.rve < co” T flle@r) + o flsnar- (10.27)

Our next task is to obtain the similar estimate in the neighborhood of the compact
Ei’n C Xin. To this end, we introduce the set

Vin = {x € Q: dist (x, }) < pi/2},

1

where X7 is given by (10.21). By virtue of Lemma 10.7, there exists the finite collection
of balls Bp (p;/4), 1 < k < m, P € X, of the multiplicity n which covers X .

n’
Obviously m < 16n(pi)’2meas >in, and the balls Bp, (p;) cover the set Vi,. From this
and Lemma 10.6 we conclude that

r r
[LNED DT
k

—1+ —1
< o™y NF ey 0 YN by ki
k k

By virtue of Lemma 10.8, the multiplicity of the system of balls Bp, (R;) is not greater than
123(R; /pi)?, which yields

Dy k) < 12 Ri/ 0’| f 15 2y
i

Obviously we have

Y e,y < mIf Iy < 16n(o0)meas Zinll £l )-
k

Thus we get

19150 v < o N Fllc@r +co ™ flsrar- (10.28)

Since Vr and Vi, cover €2, this inequality along with inequalities (10.27) yields (10.25),
and the lemma follows. ]
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Fartition of unity. Let us turn to the analysis of the general problem
Lo:=u-Vop+op=f inQ, ¢ =0 onXj. (10.29)

Recall that by virtue of Theorem 5.3, for any f € C L), problem (10.29) has a
unique strong solution defined in neighborhood €2; of the inlet ¥j,. On the other hand,
Theorem 5.1 guarantees the existence and uniqueness of the bounded weak solution to
problem (10.29). The following lemma shows that both the solutions coincide in €2;.

LEMMA 10.10. Under the assumptions of Theorem 5.5 each bounded generalized solution
to problem (10.29) coincides in Q; with the local solution ¢;.

PROOF. Let ¢ € L°°(R2) be a weak solution to problem (10.29). Recall that each point
P € T has a canonical neighborhood Op := x(Q,), where canonical diffeomorphism
X : Q4 +— Op is defined by Lemma 10.1. Choose an arbitrary function { € C ()
vanishing on X, and outside of Op and set

20 = ex(y), fO)=Ff&(), () =¢&x(Y), yeQiN{y:> P}

By definition of the weak solution to the transport equation we have
/ (op¢ —@div(tu) — f¢)dx =0.
OpNQ

Direct calculations lead to the identity div,(¢u) = det §~!div,(¢det §F '), in which
the notation § stands for the Jacobi matrix § = Dyx(y). On the other hand, equation (10.1)
implies the equality §~ ' = e;. From this we conclude that

_ _ a _
/ ((det 5007~ ) 75 e so) dy = 0.
QuN{yz >} Y1

Recall that, by Lemma 10.1, 9y, is continuous and det §§ is strictly positive in the cube
Q.. Setting £ = det §¢ we conclude that the integral identity

— a
/ (E(Ua—f)—ﬁa—g>dy=0
QaN{y3>P} V1

holds true for all functions § € Cy(Q,) having continuous derivative d,,¢ € C(Q,) and
vanishing for y3 = ®(y1, y2), y1 < 0. Since f is continuously differentiable, @ belongs to
the class Clloc(Qa) N {y3 > &}, and satisfies equations (10.19). On the other hand, @; also
satisfies (10.19). Obviously, all solutions to problem (10.19) coincides in the domain G,
and hence @, = @ in this domain. Recalling that Bp(p.) C x(G,) we obtain that ¢, = ¢
in the ball Bp(p.). The same arguments show that for any P € Zi/n, the function ¢; is
equal to ¢ in the ball Bp(p;). It remains to note that the balls Bp(p.) and Bp(p;) cover
Q; and the lemma follows. O
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Now we split the weak solution ¢ € L°°(€2) to problem (10.29) into two parts, namely
the local solution ¢; and the remainder vanishing near the inlet. To this end fix a function
A € C*®(R) such that

0<A <3, Aw =0 foru<1 and Aw)=1 foru>3/2, (10.30)

and introduce the one-parametric family of smooth functions

X (x) = 13/ ® <M> A <M) dy (1031)
3 Jrs t t

where © € C*®(R?) is a standard mollifying kernel supported in the unit ball. It follows
that
x:(x) =0 fordist (x, Zin) <1/2, x;(x)=1 fordist(x, Xj,) > 2¢
10 x:(x)| < (D)t~ foralll >0,

where @ (/) is a constant. Now fix a number ¢ = (X, M) satisfying all assumptions of
Lemma 10.9 and set

() = (1 = xe/2(x))gr (x) + ¢ (x). (10.33)
By virtue of (10.32) and Lemma 10.10, the function ¢ € L°(2) vanishes in £2;/4 and
satisfies in a weak sense the equations

uVo+od=xipf+euVyp=F ing, ¢ =0 on Zj,.

Next introduce new vector field i(x) = x;/g(x)u(x). It easy to see that x;/s = 1 on the
support of ¢ and hence the function ¢ is also a weak solution to the modified transport
equation

" (10.32)

Lp:=uVp+op=F inQ. (10.34)

The advantage of such an approach is that the topology of integral lines of the modified
vector field u drastically differs from the topology of integral lines of u. The corresponding
inlet, outgoing set, and characteristic set have the other structure and f]in = {. In particular,
equation (10.34) does not require boundary conditions. Finally note that the C'-norm of
the modified vector fields has the majorant

Il gy < M1+ 16w (1)), (10.35)

where @ (1) is a constant from (10.32). The following lemma constitutes the existence and
uniqueness of solutions to the modified equation.

LEMMA 10.11. Suppose that
o >0* (M, )+ 1, o*=4M(1 + 16 ()t~ +1,

and 0 < s < 1, r > 1. Then for any F € H*"(2) N L®°(R), equation (10.34) has a
unique weak solution ¢ € H*" (2) N L°°(2) such that

Ipll sy < co M F ey, lNpllre@ <o IFlLow@), (10.37)

where ¢ depends only on r.
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PROOF. Without any loss of generality we can assume that F € C!(2). By virtue of
(10.35) and (10.36), the vector field u and o meet all requirements of Lemma 5.3. Hence
equation (10.34) has a unique solution ¢ € H"“ (). Fori = 1,2,3 and t > 0, define
the finite difference operator

1
Sicp = ;(¢(x + 7ei) — d(x)).
It is easy to see that
UV +08i:¢p =68i: F —8;i;uVp(x +te;) inQN(Q—1e;). (10.38)

Next introduce the function n € C*°(R) such that n’ > 0,n(u) =0foru < landn(u) =1
for u > 1, and set n;, (x) = n(dist (x, )/ h). Since X, = @, the inequality

lim sup/ gu-Vn,(x)dx <0 (10.39)
h—0 Q

holds true for all nonnegative functions g € L°(£2). Choosing & > t, multiplying both the
sides of equation (10.38) by n, 18izp|" ~28iz¢ and integrating the result over QN (2 — te;)
we obtain

L. re
Lo meor (o= ava) ax- | 511" @V dx
QN(Q2-rte;) r QN(Q-rte;)
= / (8ix F — 820V (x + 7€))n|8irp|” >8irp dx.
QN(R2—7e;)
Letting t — 0 and then 7 — 0 and using inequality (10.39) we obtain
1
/ [0y, p|" <o — —diVﬁ) dx < / (0, F — 8xl.ﬁV¢)|8xi¢|’*28x,¢dx. (10.40)
Q r Q

Next note that
D 0, 0Ve|0, ¢ 05 < 31y Y 1001
i i

On the other hand, since 1/r + 3 < 4, inequalities (10.35) and (10.36) imply

1
—(=-+3) | >0 —0">1.
o (r + > lallcig =0 —0" >

From this we conclude that

(o—o*)Z/ |axl¢|’dxsZ/ |0, $1" " |0, F| dx
—JQ —JQ
/r

(r=1)/r 1
< (Z/Q |axi¢|r/(r71) d_x) (Z\/S; |3x,-F|r dx) B
L ]

which leads to the estimate

IV@liLr@ < c(r)o IVFlLr@ foro > o*(M,r). (10.41)
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Next multiplying both the sides of (10.34) by |¢|"~2n;, and integrating the result over
we get the identity

f(a—r_ldivﬁ)nh|¢|’dx—/ lp|"aVn, dx=/ Faplgl" ¢ dx.
Q Q £

The passage i — 0 gives the inequality
/(o —r~ldivia)|p|" dx < / |Fll¢| " dx.
Q Q

Recalling that o — 7~ divii > o — o* we finally obtain
Ipllr@) < (o F|Lr - (10.42)

Inequalities (10.41) and (10.42) imply estimate (10.37) for s = 0, 1. Hence foro > o *, the
linear operator L7V F ¢ is continuous in the Banach spaces H 0.r () and HY7 ()
and its norm does not exceed ¢(r)o~!. Recall that H*" () is the interpolation space
[L"(2), H”(Q)]“. From this and Lemma 4.1 we conclude that inequality (10.37) is
fulfilled for all s € [0, 1], which completes the proof. O

PROOF OF THEOREM 5.5. Fix o > o*, where the constant o™ depends only on X, U and
lullci(q) and it is defined by (10.36). Without any loss of generality we can assume that

f € CY(Q). The existence and uniqueness of a weak bounded solution for o > o*, follows
from Lemma 5.1. Therefore, it suffices to prove estimate (5.17) for |||l gsr(q). Since
H*"(2) N L*°(R) is the Banach algebra, representation (10.33) together with inequality
(10.32) implies

lllasr@ < e+t D@l @) + lolliLs@)) +clldllasr@.  (10.43)
On the other hand, Lemma 10.11 along with (10.34) yields

Igllrer @y < coIF e < co ™ xeafllmer@ + o lguVilur .
The first terms on the right-hand side is bounded,

2 flmsr@y < e+~ fllier -

In order to estimate the second term we note that, by virtue of (10.32), ||“VXI/2||C1(Q) <
eM (1 +t72) which gives

loaVx; 2l gsr @) < cM(1 + )@l s @) + ledlliLe@,))-
Substituting the obtained estimates into (10.43) we arrive at the inequality
l@llmeri@) < M + DA+ (A 40 Dllgrllmer@ + o)
+o I fllar@n + o flle@),
which along with (10.25) leads to the estimate
lllasr@ < c@™ N fllasr@ + o~ T fllze@). (10.44)

which holds true for all 0 > o™* + 1. It remains to note that ¢ and o* depend only on %,
U, [[u]lc @y 18, o and do not depend on o, and the theorem follows.
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A. Appendix. Proof of Lemmas 10.1 and 10.2

Proof of Lemma 10.1. 'We start with the proof of (P1). Choose the Cartesian coordinate
system (xp, x2, x3) associated with the point P and satisfying Condition (H1). Let us
consider the Cauchy problem.

dyx=uXx(y)) inQq, X|y=0=x0(y2) + y3e3. (A1)

Here the function xg is given by condition (H2). Without loss of generality we can assume
that 0 < a < k < 1. It follows from (H1) that for any such a, problem (A.1) has a unique
solution of class C! (Q4). Next note that, by virtue of condition (H1), for y; = 0, we have

Ix(»| = (Cr + Dyl lu(x(y)) —u(0)| = M(Cr + Dly|. (A.2)

Denote by §(y) = Dyx(y). The calculations show that

Ui T,()’Z) 0
Jo=30|  =|lw 1 0
n= u3 9y, F(Y(y2), y2) 1

and
U Y00
FOoO =10 1
0 0 1

which along with (A.2) implies
IFO* ) < Cu/3, 1T0(») — FO) < ca. (A.3)

Differentiation of (A.1) with respect to y leads to the ordinary differential equation for §

0y, 8§ = Dyu(x)g, 3 = Fo.

y1=0 N
Noting that 9y, [|§ — Soll < |19y, Tl we obtain
Ay, 15 — Soll = MUIS — Soll + IISolD,

and hence ||§ — Soll < c¢(M)||Folla. Combining this result with (A.3) we finally arrive at

IS = SO = ca. (A.4)

From this and the implicit function theorem we conclude that there is a positive constant
a, depending only on M and X, such that the mapping x = x(y) takes diffeomorphically
the cube O, onto some neighborhood of the point P, and satisfy inequalities (10.2).
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Let us turn to the proof of (P2). We begin with the observation that the manifold
X(Z N Op) is defined by the equation

Qo(y) :=x3(y) = F(x1(y), x2(y)) =0, y € Qa.

Let us show that @ is strictly monotone in y3 and has the opposite signs on the faces
y3 = *a. To this end note that the formula for §(0) along with (A.4) implies the estimates

[0y;x3(y) — 1] 4+ 18y, x1 (V)| + [9y;x2()| < ca  in Qg .
Thus we get
1 —ca < 8y, @p(y) = 0y, x3(y) — Oy, F(x1, x2) 0y xi (y) < 1+ ca. (A.5)

On the other hand, by (A.4), we have the inequality |x3(y)| < ca|y|, which along with
(10.2) yields the estimate

|Po()| < [x3(] + [F(x ()] < calyl + KCuly* < ca® fory; =0. (A.6)

Combining (A.5) and (A.6), we conclude that there exists a positive a depending only on
M and %, such that the inequalities

1/2 < 9y, @o(y) < 2, +®o(y1, y2. £a) > 0, (A7)

hold true for all y € Q,. Therefore, the equation ®¢(y) = 0 has a unique solution
y3 = ®(y1, y2) in the cube O, this solution vanishes for y; = y3 = 0. By the implicit
function theorem, the function ® belongs to the class C 1 ([—a, a]z).

It remains to prove that ® admits the both-side estimates (10.3). Note that inequality (10.2)
implies the estimate [u(x(y)) — Ue| < M|x(y)| < MCpa. Therefore, we can choose
a = a(M, X) sufficiently small, such that

2U/3 <uy <4U/3, Crluz| < U/3.
Recall that x1(y) — Y (x2(y)) vanishes at the plane y; = 0 and

Ay, [x1(y) = Y2 = u1(y) — Y (x2(y)ua(y).
Since |Y’/| < Cr, we obtain from this that

i11U/3 < |x1(y) = Y(2(»)| < InI5U/3 fory € Qq. (A.8)
Equations (10.1) implies the identity

dy, Po(y) = VFo(x(y)) - u(x(y)) = VFo(x(y)) - Ulx(y)) for ®o(y) = 0.
Combining this result with (5.14) and (A.8), we finally obtain the inequality,

IVINTU/3 < [3y, @o(n)| < ININTU/S, (A.9)

which along with estimate (A.7) and the identity dy, ® = —0y, $((dy, ®g)~! yields (10.4).
Since the term x1(y) — Y (x2(y)) is positive for positive y;, the function & is increasing in
y1 for y; > 0 and is decreasing for y; < 0, which implies the existence of the functions
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a*. Next, the identities dy,a* = —d,, ®o/dy, Po, i = 2,3, and estimate (A.9) yield the
inequality
oy a™ Wl < eyl ™.

On the other hand, for y; = a®(y2, y3), we have y3 = |®(y1, y2)| > cyf and hence
il < ey
obvious.

In order to prove inclusions (10.7) note that ®(—a, y») > a*C~ and hence By(r) N {y3 >
o} Cc G, C Q,forr = a*C~. But estimate (10.2) implies that Bp(p.) C x(Bo(r)) for

pe =1C ;41, which yields the first inclusion in (10.7). It remains to note that the second is
a consequence of (10.2) and the lemma follows.

, which implies the first estimates in (10.5). The second estimate is

Proof of Lemma 10.2. The proof simulates the proof of the Lemma 10.1. Choose the local
Cartesian coordinates (x1, x2, x3) centered at P such that in new coordinates n = e3. By
the smoothness of X, there is a neighborhood O = [—k, k1> x[—t, t] such that the manifold
¥ N O is defined by the equation

x3 = F(x1,x2), F(0,0)=0, [VF(xi,x2)| = K(xi|+ [x2]).
The constants &, r and K depend only on . Let us consider the initial value problem
Oy, x =u(x(y)) in Qq, Xly;=0 = (¥1, y2, F(y1, y2)). (A.10)

Without loss of generality we can assume that 0 < b < k < 1. It follows from (H1) that
for any such b, problem (A.10) has a unique solution of class C 1(Qp). Next, note that for
y3 = 0 we have

[x(M| = (K + Dlyl, lux(y)) —u0)] = M(K + D]yl (A.11)
Denote by §(y) = Dyx(y). The calculations show that

10u 10w (P)
3= 00 us 00 U,

which along with (A.11) implies
IFOE ) < Cun/3, 150 —FO)|| < cb. (A.12)

Next, differentiation of (A.10) with respect to y leads to the equation

3y11'§ = Dyll(X)S, S = So.
y»3=0
Arguing as in the proof of Lemma 10.1 we obtain ||§ — Foll < c(M)||Tollb. Combining
this result with (A.12) we finally arrive at ||§(y) — §(0)|| < c¢b. From this and the
implicit function theorem we conclude that there is positive b, depending only on M
and X, such that the mapping x = x(y) takes diffeomorphically the cube Q; onto some
neighborhood of the point P, and satisfies inequalities (10.9). Inclusions (10.10) easily
follows from (10.9).
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B. Appendix. Proof of Lemma 10.3

Existence and uniqueness of solution to problem (10.12) is obvious. Multiplying both
the sides of equation (10.12) by |¢|" !¢ and integrating the result over QZ we obtain the
inequality

1-1/r 1/r
o/¢ ol dy = f¢ ol "1 f1dy < </¢ |¢|’dy) </¢ IfI’dy> ,
Qa Q{l Qa Qa

which yields (10.13) for r < oo. Letting r — oo we get (10.13) for r = oo.

Let us turn to the proof of inequality (10.14) and begin with the case s = 1. For every
y € R3, we denote by ¥ = (y2, y3). It is easy to see that the function dy,¢ has the
representation dy,¢ = ¢’ + ¢”, where

¢'() = =" Mo a (V) fla™ (). V),
and ¢” is a solution to boundary value problem
oy ¢ +o¢" =0y f inQf,  ¢"(N=0 fory=a"(y2y3).

It follows from (10.13) that ||<p”||L,(Q2) <ol f ”H'v’(Qf)' On the other hand, inequalities

0a= (V) <cy; 2, at() —am(¥) < en’,

yield the estimate

() 7
¢/ G  dyr < c)a Il o5 (1 = 7O
a=(Y) L>®(Qq)

—148,,(B—1)/2
< e o TR
which holds true for all 8 € [0, 1]. We conclude from this that

161 g9y < € BT PV fll o goy forr =2 < <1.

Combining this result with the estimate of ¢ and setting « = 1 + (8 — 1)/r we finally
obtain

1833011 oty < €)@ N g oty + 07 NS Nl oo g0))-

The same estimates hold true for dy,¢ and dy, ¢, which yields (10.14) in the case s = 1.
The proof of inequality (10.14) for 0 < s < 1 is more complicated. By virtue of (10.13),
it suffices to estimate the semi-norm |<p|s o For an arbitrary y, z € R3, setY = (y2, y3),
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Z = (22, z3). Since expression (4.4) for the semi-norm |<p|s r.0? is invariant with respect
to the permutation (Y, Z) — (Z, Y), we have

Wlge =D 1= [ @ ele =y dxdy, @D
ELE) a Da

where D, = {(y,z2) € (Q;D)2 ra=(Z) <a(Y)}. Itis easy to see that

9@ — () =9(z1,Z) — oy, Z) + /:(::) 701 f(xy, Z) dxy
+ /ylm I (f(xy, Z) — fx1, Y))dx) = 1) + I + . (B.2)
W
Hence our task is to estimate the quantities
Ji = /D "Nz — y| 37" dydz, k=1,2,3. (B.3)

The evaluation falls naturally into three steps and is based on the following proposition

PROPOSITION B.1. Ifr,s > Qandi # j # k, i # k, then
[l ddy; < ol - w7
[—a,a]
/ 2= Y17 dy < e(r$)(1zj — yil* 4 o — DT
[~a,a]

PROOF. The left-hand side of the first equality is equal to

(—2—rs)/2
|Zk_yk|_1_”/ (l—l— lzi — yil* + Iz —yj|2> dy;dy;
[—a.a]?

lzk — yil? lzk — yil?

< ez =™ [ A P o by B R iy,

which yields the first estimate. Repeating these arguments gives the second, and the
proposition follows. O

THE FIRST STEP. We begin with the observation that, by virtue of the extension principle,
the right-hand side f has an extension over R3, which vanishes outside the cube 03, and
satisfies the inequalities

1 ooy < e I flmsrcons Il < 1f iy (B4
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Nextrecall thata™ (Z) < y1,z1 < aforall (y, z) € D,. From this and Proposition B.1 we
obtain

/ LT 1z =y~ dydz

Dy

a a
< / {/ / lp(z1, Z) — (1, DI
[—a,a]? a=(Z)Ja=(Z)

< { / 2 — y|_3_”dy2dy3dzz} dyldm} iz
[—a,a]?

5/ {/ lo(z1, Z) — o1, )" y1 — 217177 dyldm}dZ.
[—a,a]? [a=(Z),a]?

Since the right-hand side of this inequality is invariant with respect to the permutation
(y1,21) = (21, y1), we have
Ji =, S)/ {/ loz1, Z) — 9O, D)1 —lel”dyldm}dZ,
[—a.al*> LID(Z)
(B.5)

where D(Z) = {(y1,21) : a (Z) < z1 < y1 < a}. Now our task is to estimate the integral
over D(Z). Note that for all (y1, z1) € D(Z), we have the identity

21
001, 2) — 921, 2) = /(Z) (4 +6.2)— £, 2))di

a (Z)
" / U f(t 4+ &, Z)dt = I + 112, (B.6)
a=(2)-&

where & = y; — z1.
Since f is extended over R3, we have the estimate

f Il Iyt — 2077 dyidzy
D(Z)

a 2a 7] r
< f f '5““”’ / T (f(1+E,Z) — [, 2)dt| dzidé
a=(Z)JO a=(2)

a 2a
=/ / |M(z1,&, Z)|" dz1dé.
a=(z)Jo

It is easy to see that the function M on the right-hand side satisfies the equation and
boundary condition

0M+oM =K forz;e(a (Z2),a), M=0 forz;=a (Z2),

where K (z1,&,Z) = § 5~V (f(z1 + &, Z) — f(z1, Z)). Multiplying both the sides of
this equation by |M|" —2M and integrating the result over the interval (a~(Z), a) we arrive
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at the inequality

a a
a/ MY dz sf MK dzy
a=(2Z) a—(Z)

a 1-1/r / ra 1/r
= (/ IerdZ1) (/ IKlrdm) ,
a=(Z) a=(2)

a

which gives

a
/ \M(z1, €, 2)|" dz) 50—’5‘1‘”/
a

|f(z1+6.2) — fz1. D) dzy.
~(2) a=(2)

Recalling that f is extended over R and vanishes outside the cube Q3, we obtain the
following estimate for the quantity /;; on the right-hand side of (B.6),

/ / | yr — 2117 " dyidz1dZ (B.7)
—a,al? JD(Z)

a 2a
= Gir/ ]2/ 2 Jo ETVT f(z1 + €, 2) — f(z1, 2)"dzidEdZ
—a,a a—

<o’ /R4 1f 1. 2) = fz1. D) Iy — 2l T dyidzidZ
—r r

S co ”f”Lr(RZ;Hr,S(]R))
—r r

E co ||f||Hr,x(R3)'

In order to estimate /1, note that for any 8 € [0, 1],

2 T DT — )

IA

Il fllLoeo(0s)e

< B fllLe(gao” e D TER,

A

Hence for all 8 € (s, 1] we have

/ / Ll Iyt — 1) dyidz1dZ
[—a,al? /D(Z)

a 2a
< ca“g‘”’llfll’LOC(Qm/ f / e? @ D=1+ (B=9) 4747, dk
[—a,al? Ja=(2) JO

<c(rs. o TV F 1w 0, (B.8)

Substituting inequalities (B.7), (B.8) in (B.5), setting « = B — r~!, and recalling
inequalities (B.4) we conclude that the estimate

N < ers,aa )@ N f oy + 0 f oc0,) (B.9)

holds true foreach @ € (s — r~1 1—=r~1. Since ¢ > 1, this estimate is obviously fulfilled
forall o > s.
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THE SECOND STEP. Our next task is to estimate J,. Recall that, by virtue of (10.11) and
Lemma 10.1, for all (y, z) € Dy,

a(Z)y<a (Y)<yi<a, a(Z)sz<a, cz}<z=<a. (B.10)
In particular, for any « € [0, 1], we have

|L] < | fllzoeo(gno (1 — e @ Bma )y

< 1 fliLono T la™(Z) —a~ (¥)I*.
Since,

la™(Z) —a™ (Y)| < clza — y2| + clV/z3 — /3l

we conclude from this that
I = / L")z = 31777 <o £l o, (a1 + J22).  where (B.11)
Dq
Joy = / 122 — y2|%" |z — y| 7" dydz,
Dq
Ja = / IWVz3 — /33l |z = y| 77" dydz.
Dq
On the other hand, Proposition B.1 yields the estimate
/ 2=y dyidysdzs < c(r, s)lza — ya T,
[—a,a]*
which leads to the inequality

Jo1 < c(r, s)/ 120 — yo| @) < ¢(r,5,a) foralla € (s, 1]. (B.12)

Next note that

a a a
Jn < / dzy {/ dzs {/ IVz3 — /31"
a cz% 0

{ f[ ; ly — 2|37 d)’Id)’de2} dy3} } : (B.13)
—a,a

It follows from Proposition B.1 that the interior integral has the estimate
a
/ IVz3 — /331" {/ ly =277 dyldyzdzz} dy;
0 [—a.,a]?
a
< / IWz3 + /331 |23 — y3 |71 dys
0

a/z3
@ / (1 VB |1 — 1| @r g < @2
0

fora/2 <s < a.
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Substituting this result in (B.13) we arrive at the inequality

a
J < c(r, s, ) f 211" @729 24z < ¢ fors € (a/2, @), a € (0, 1),
a
2s —a)r < 3.

Combining this result with (B.12) we finally obtain that for all exponents A, r, and s
satisfying the inequalities

l<r<oo, O<s<l1, o2<s<a<l, @Q2s—ay<3, (B.14)
the integral J> has the estimate
B < clrs e, )| fogg,0" ", (B.15)

The third step. We begin with the observation that the function I3(y1, Y, Z) defined by
relation (B.2) satisfies the equation and boundary condition

Oy, I3 +o0l3 =Kz fora (Y) <y <a, Ia (Y)Y, Z)=0,

where K3(y1, Y, Z) = f(y1, Z) — f(y1, Y). Multiplying both the sides of this equation by
|I3]" 215 and integrating the result over the interval (a~(Y), a) we arrive at the inequality

a a
o-/ 1 dy, 5/ 7K dyy
a=(Y) a—(Y)

a lfl/r a l/r
< (/ |13|’dy1) (/ |K3|’dy1> ,
a=(Y) a=(Y)
which leads to the estimate

a
[ nranso [ ir0n2) - fonnrdn.
a=(Y) [—a,a]
Since a= (Y) < y; for all (y, z) € D,, we conclude from this and the inequality
[ ey rdn ey -z
[—a,a]
that

I = / B0 1z — 7 dydz
D,

<co / AFO12) = fOn N IY — 21> dydYdz
[—a,al

S Ca_r”f”’ilr(_a’a;Hs,r([_a’a]Z)) S co-_r”f”}}-]-f»r(Qﬂ)' (B16)
Combining estimates (B.9), (B.15), and (B.16) we conclude that the estimate
oIl , oo < clar,s. D@ I flanron + 0 N fllecon),

holds true for all exponents r, s and « satisfying inequalities (B.14). It remains to note that
these inequalities can be written in the form max{2s — 3/r, s} < o < min{2s, 1}.
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CHAPTER 6

Positive Solutions for Lotka—Volterra Systems with

Cross-Diffusion
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Abstract

This article is concerned with reaction-diffusion systems with nonlinear diffusion
effects, which describe competition models and prey—predator models of Lotka-
Volterra type in population biology. The system consists of two nonlinear diffusion
equations where two unknown functions denote population densities of two interacting
species. The main purpose is to discuss the existence and nonexistence of positive
steady state solutions to such systems. Here a positive solution corresponds to a
coexistence state in population models. We will derive a priori estimates of positive
solutions by maximum principle for elliptic equations and employ the degree theory on
a positive cone to show the existence of a positive solution. The existence results can be
reconsidered from the view-point of bifurcation theory. We will give some information
on the direction of bifurcation of positive solutions and their stability properties in
terms of some biological coefficients. Moreover, we will also study the existence of
multiple positive solutions for a certain class of prey—predator systems with nonlinear
diffusion by making one of cross-diffusion coefficients sufficiently large.
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1. Introduction
1.1. Problems

In this article we study positive steady-state solutions for reaction diffusion systems
appearing in population biology. One of the typical reaction diffusion systems is as follows:

u; = Al(dy + ajju + appv)ul +u(ay — bju —cjv) in Q x (0, 00),
vy = Al(dy + aziu + axnv)v] + v(ar — bou — cov)  in Q x (0, 00),
Bu=Bv=0 on 92 x (0, 00),
u(-,0) =up >0, v(-,00=v9>0 in €,

(1.1)

where  is a bounded domain in RV (N = 1) with smooth boundary 0€2; Bu =
u (Dirichlet boundary condition) or Bu = du/dv with outward normal v on 92 (Neumann
boundary condition); «;; (i, j = 1, 2) are nonnegative constants; a;, b;, ¢;, d; (i = 1,2)
are also positive constants. The system (1.1) is known as the Lotka—Volterra competition
system with nonlinear diffusion effects. In (1.1), # and v, respectively, represent the
population densities of two species which are interacting and migrating in the same habitat
. Such a population model was first proposed by Shigesada ef al. [57] to investigate the
habitat segregation phenomena between two competing species.

According to Okubo and Levin [44], the formulation of diffusion is based on the as-
sumption that individual species move under the influence of the following fundamental
forces; (i) a dispersive force associated with the random movements of individuals; (ii)
an attractive force, which induces directed movement of individual species toward favor-
able environments; and (iii) population pressure due to interferences between individual
species. In (1.1), d; represents random dispersive force of movement of an individual and
a;j describes mutual interferences between individuals due to population pressure. Espe-
cially, o1 and «o; are usually referred to as cross-diffusion coefficients, while o1 and a7
are referred as self-diffusion coefficients. The interesting point in (1.1) is that the migration
of two competing species is affected by the population pressure in addition to the natural
random movement. Many numerical simulations exhibit that the nonlinear dispersive force
due to intra- and interspecific interactions brings about a spatial segregation which linear
diffusion alone cannot give in the competition system. For details about the background in
the field of mathematical biology, see the monograph of Okubo and Levin [44].

In case Bu = u for (1.1), the boundary condition means that the habitat €2 is surrounded
by a hostile environment. In case Bu = du/dv, the boundary condition du/dv = 0 is
usually called no-flux condition which implies that there exists no migration across the
boundary.

The present article is concerned with the steady-state problem of the form

Alpu, v)ul+uF(u,v) =0 in 2,
AlY (u, v)v] + vG(u,v) =0 in Q,
u=v=20 on 0%2,

u>0, v=>0 in 2,

(1.2)
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where ¢ (u, v), ¥ (u, v) are positive functions for u, v > 0 and F, G are given by
F(u,v) =a; —bju—civ and G(u,v) =ay — bu — cov.

In a competition model, it is standard to assume that a;, b;, ¢; (i = 1, 2) are all positive
constants. If we discuss a prey—predator model for prey u and predator v, we usually
assume ay, by, c1, ¢z > 0 and by < 0 (a» may be negative). We are mainly interested in
positive solutions of (1.2); any solution (u, v) of (1.2) is called a positive solution if u > 0
in Q and v > 0 in . For the linear diffusion case, i.e, ¢(u, v) = positive constant and
¥ (u, v) = positive constant, there are lots of results on the structure of positive solutions;
see, e.g., [4,10,11,14,16-18,30,31,38,45,52] for competition models and see, e.g., [3,12,
15,28,29,39,62] for prey—predator models. However, there are only a few works on the
structure of positive solutions of steady-state problems with nonlinear diffusion effects
(see [53,55] for competition models, [23,25,43] for prey—predator models and [46,54] for
both models).

The purpose of this article is to study the structure of the set of positive solutions of
(1.2). We will discuss the existence, uniqueness, multiplicity and stability of positive
solutions. Our existence results will be derived using the degree theory. These existence
results can be reconsidered from the viewpoint of bifurcation theory. In the course of
such studies, we can observe the close relationship between the direction of bifurcation
for a branch of positive solutions and their stability properties. It should be noted that
homogeneous Dirichlet boundary conditions in (1.2) can be replaced by homogeneous
Neumann boundary conditions. For such problems, the structure of nonconstant positive
solutions is discussed in [21,32,33,37,40,42] and [61]. See also the article of Ni [41] in
this series.

In Section 1 we study the following steady-state problem for a logistic equation with
linear diffusion

Aw+ w(a —w) =0 in Q,
w >0 in Q, (1.3)
w=20 on 9€2,

where a is a positive number. It is well known that (1.3) has a unique positive solution 6,
if and only if @ > Ay, where A is the least eigenvalue of —A with zero Dirichlet boundary
condition. We will prepare various properties of 6,, which will be helpful to study positive
solutions of reaction diffusion systems with nonlinear diffusion.

As preliminary results, we also collect some necessary results on the degree theory
for nonlinear operators on a positive cone established by Amann [1] and Dancer [9].
This theory has been used and developed to study the existence of positive solutions for
nonlinear elliptic problems with homogeneous Dirichlet boundary conditions.

We first study the following competition model with cross-diffusion terms:

u; = A[(1 4+ av)u]l +u(a —u — cv) in 2 x (0, 0c0),
pv; = Al(1 4+ Bu)v] + v(b —du —v) in 2 x (0, 00),
u=v=>0 on 982 x (0, 00),
u(-,0) =ug, v(-,0) =g in 2,

(1.4)
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where u, v denote the population densities of two competing species, ¢, § are nonnegative
constants, p, a, b, ¢, d are positive constants and uq, vg are nonnegative functions. The
steady-state problem for (1.4) corresponds to (1.2) with ¢(u,v) = 1 + av, ¥ (u,v) =
1+ Bu, F(u,v) =a —u —cvand G(u,v) = b — du — v. This problem possesses two
semi-trivial steady states

6,4,0) fora > x; and (0,0) forb > Aj.

The stability properties of these semi-trivial states are discussed in Section 1.3. It will be
shown in Proposition 1.5 that

db, — b
asymptotically stable if A (1 —i,BG ) > 0,
a

. do, — b
unstable if A4 <0,
1+ 86,

where Aj(g) denotes the least eigenvalue of —A + ¢(x) with homogeneous Dirichlet
boundary condition for ¢ € C(). The same stability result for (0, ) also holds true
with A1((d6, — b)/(1 + B6,)) replaced by 11 ((cOp — a)/(1 + abp)) in (1.5). Here it is
possible to show that, for any fixed (a, b) € (A1, 00) X (A1, 00), A1 ((d6, —D)/(1+B6,)) is
positive for sufficiently large 8. This fact together with (1.5) implies that (6,, 0) becomes
asymptotically stable owing to large cross-diffusion effect.

The prey—predator model which we want to discuss mainly in this article is given by the
following system

(02, 0) s (1.5)

u; = A[(1 +av)u]l +u(@ —u—cv) in 2 x (0, 00),
pvr = Al(1 + Bu)v] +v(b +du —v) in Q x (0, 00),
u=v=_0 on 02 x (0, 00),
u(-,0) =ug, v(-,0) =1y in 2,

(1.6)

where o, B are nonnegative constants, p, a, ¢, d are positive constants, b is a real constant
and ug, vo are nonnegative functions. Here u denotes the population density of prey and v
denotes the population density of predator. In certain prey—predator relationships, it is often
observed that various kinds of prey species form a huge group to protect themselves from
the attacks of predators. So we assume in the second equation of (1.6) for predator species
that the population pressure due to the high density of prey species induces repulsive forces
for predators and, therefore, the cross-diffusion term of the form BA[uv] is added to the
second equation.

Similarly to the competition model, the steady-state problem for (1.6) possesses the
same semi-trivial steady states; (6,, 0) for a > Ay and (0, 8p) for b > Ay. Proposition 1.6
in Section 1.4 will assert that

—db, — b
asymptotically stable if A <ﬁ> > 0,
a

—do, — b
unstable if A <;> <0,
1+ B0,

while the stability property of (0, 6) is the same as in the competition model.

(02, 0) s (1.7)
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Section 2 is concerned with positive solutions of the following nonlinear elliptic problem

Al(l +av)ul+u(a—u—cv)y =0 inQ,
Al(1 4+ Bu)v]+v(b—du —v) =0 in L,
u=v=20 on %2,

u>0, v>0 in €2,

(SP-1)

which corresponds to the steady-state problem for (1.4). Our main task is to look for
positive solutions of (SP-1). The first step is to introduce a pair of new unknown functions

U=(0+av)u and V =1+ Bu)v, (1.8)

which induces a one-to-one correspondence between (u, v) withu > 0, v > 0 and (U, V)
with U > 0, V > 0. Then (SP-1) can be rewritten in the form of semi-linear elliptic system

a—u—-cv .
AU+U<—>=0 in 2,

1+ av
AV 4V b—du—v —0 inQ
(RSP-1) + YT + Bu = in €2,
U=V =0 on %2,
Uu=0, V=0 in ,

where u and v should be regarded as functions of U and V. We note that (SP-1) is
equivalent to (RSP-1). Some a priori estimates of positive solutions of (SP-1) and (RSP-1)
will be given in Section 2.1.

Let a and b be regarded as two parameters. In ab-plane, define two curves S; and S by

de, — b
Slz{(a,meRz;m (”—)=o, azm},
1+ A6,

cOp —a
S» = {(a,b) € R*; » =0, b>A}.
? {(a )€ l<1-|-069b) N 1}

(1.9)

It is possible to show that S; (resp. S») can be expressed as b = f(a) (resp. b = g(a)),
where both f and g are strictly monotone increasing functions of class C'. The stability
result (1.5) of (6,, 0) can be stated as follows; (6,, 0) is asymptotically stable if b < f(a)
for a > A1 and unstable if b > f(a) for a > Ay. Similarly, (0, 6) is asymptotically stable
if b > g(a) fora > Ay orb > A; for0 < a < A1 and unstable if b < g(a). See Figure 1.1.
As to the dependence of Sj-curve (resp. S>-curve) on 8 (resp. «), we can show that Si-
curve (resp. Sz-curve) approaches a line a = A (resp. b = A1) as B — 00 (@ — ©00).
These results will be shown in Section 1.3.

We define a coexistence region in ab-plane by {(a, b); (SP-1) (or equivalently (RSP-
1)) possesses a positive solution for (a, b)}. One can derive useful information on the
coexistence region for (RSP-1) by using the degree theory for a suitable nonlinear operator
associated with (RSP-1) in Section 2.2. The index formula in Section 1.2 enables us
to calculate the fixed point index for the trivial solution and two semi-trivial solutions.
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b A b A
g | S, : b=g(a)
. (0,6,) : stable
(6,,0) : unstable S, : b=f(a) b
(0,6,) : unstable
y» M
(6,,0) : stable
o A a ol A a
S, - curve S, - curve

Fig. 1.1. S1 and S, curves.

b= b A
b A Sz 1b=g(@) S, : b=f(a)
b'k

b*
b, S, : b=f(a) b* S, 1 b=g(a)
M A
of 4 a " ol X a "
Case : g(a)>f(a) Case : g(a)<f(a)

Fig. 1.2. Coexistence region for competition model.

Then we sum up the indices of these solutions and show the existence of positive solutions
of (RSP-1) by contradiction argument. It will be proved that (SP-1) possesses a positive
solution if (a, b) lies in a region surrounded by S; and S, curves (Theorem 2.1 and
Corollary 2.1). This fact implies that a coexistence region for (SP-1) contains a region
surrounded by S and S curves. See Figure 1.2. The same idea has been used by Ryu and
Ahn [54] and [55] to show the existence of positive solutions for (1.2) including (SP-1)
(and (SP-2)). See also the work of Ruan [53].

The existence result in Section 2.2 can be reconsidered from the viewpoint of bifurcation
theory. Let a > X be fixed and regard b as a bifurcation parameter. The local
bifurcation theory tells us that positive solutions of (RSP-1) bifurcate from (6,,0) at

b = by, := f(a). That is, a branch of positive solutions bifurcates from (6,, 0) when
b crosses S; curve. Similarly, we can also observe the bifurcation of positive solutions
from (0, 0p) at b = b* := g(a). See Figure 1.2 for geometrical meaning of the above

results. Furthermore, it will be proved by the global bifurcation theory that a branch of
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positive solutions bifurcating from (6,, 0) at (a, b.) € S can be connected to (0, Op*)
at (a,b*) € 8. These facts enable us to conclude by different method that (RSP-1)
has at least one positive solution when (a, b) lies in a region surrounded by S; and S>
curves (Theorem 2.2). Moreover, we will also give detailed analysis of the direction of
bifurcations and the stability of positive solutions in Section 2.3.

Finally we will give some comments about effects of cross-diffusion upon the structure
of positive solutions for (SP-1). In ab-plane, recall that Sj-curve approaches a = A; as
B — oo and that S>-curve approaches b = 1| as ¢ — o0o. Roughly speaking, this fact
implies that a coexistence region becomes larger according as « or B tends to co. For any
fixed (a, b) € (A1, 00) X (A1, 00), (SP-1) with linear diffusion (¢ = f = 0) may not admit
a positive solution. However, such (a, b) can be contained in a region surrounded by S
and S, curves provided that « or § is sufficiently large. Thus we can get the existence
of positive solutions of SP-1) for large @ and 8. In this sense, we may state that large
cross-diffusion coefficients bring about rich structure of positive solutions for (SP-1).

In Section 3 we treat the following steady-state problem for prey—predator model with
cross-diffusion effects

Al(l +av)u]l+u(a—u—cv) =0 1in L,
(SP-2) Al(l 4+ Bu)v] +v(b+du —v) =0 in <,

u=v=0 on 39,

u>0, v=0 in Q.

This is a nonlinear elliptic system corresponding to (1.6). The method of analysis of (SP-2)
is essentially the same as that of (SP-1). Using (U, V) defined by (1.8), we rewrite (SP-2)
in the equivalent form

a—u—-cv .
AU+U<—)=0 in €2,
1+ av
b+du—v .
U=V =0 on 0€2,
Uu=0, V=0 in ,

where u = u(U, V) and v = v(U, V) are understood to be functions of (U, V).
Define a curve S3 in ab-plane by

—d6, — b
S3={(a,b)€R2;)»1 (;>=O,az/\1},

A0 (1.10)

which can be expressed as b = f (a). Here f (a) is a smooth monotone decreasing (resp.
increasing) function with respect to a if A1 < d (resp. BA; > d). As to (1.7), it can
be seen that (9,, 0) is asymptotically stable if b < f (a) and unstable if b > f (a). See
Figure 1.3. The other semi-trivial solution (0, 8;,) is asymptotically stable if b > g(a) and
unstable if b < g(a), where g is the same function as the competition model. These facts
will be proved in Section 1.4.
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After getting some a priori estimates of (SP-2) and (RSP-2) in Section 3.1, we will
employ the degree theory for a suitable nonlinear operator on a positive cone. Then one
can show that (SP-2) possesses a positive solution if (a, b) lies in a region surrounded by
S and S3 curves (Theorem 3.1 and Corollary 3.1). Moreover, in the case of N = 1, it is
also possible to prove the uniqueness of positive solutions provided that & and 8 are small.
These results will be proved in Section 3.2.

In Section 3.3 we will discuss the nonexistence of positive solutions of (SP-2). In the
case of linear diffusion (¢« = B = 0 in (SP-2)), we know a necessary and sufficient
condition for the existence of positive solutions. Similarly, for sufficiently small o and
B, we will show that (SP-2) has a positive solution if and only if

M (M> <0 and (ceb _“> <0,
1+ B, 1+ ab)p
which is equivalent to the condition that (a, b) lies in a region surrounded by S, and S3.
See Figure 1.4. In this sense one can obtain the exact coexistence region provided that
cross-diffusion coefficients o and B are sufficiently small. This is the most different part
from the analysis of competition models.

It is difficult to derive the coexistence region for general o and . In order to get useful
information on the coexistence region, it is very important to know the direction of branch
of positive solutions bifurcating from semi-trivial solutions. The analysis along this line
will be carried out in Section 3.4 similarly as for competition model.

In Section 4 we will discuss a special case of prey—predator model and get better
understanding on the structure of positive solutions of (SP-2) such as the coexistence
region, the number of positive solutions and their stability properties. For this purpose,
our analysis is concentrated on the case where f is sufficiently large. For the sake of
simplicity, we set @ = 0 in (SP-2); then

Au+ula—u—cv)=0 in Q,
(SP-3) Al(1 4+ Bu)v]+v(b+du —v) =0 in 2,

u=v=20 OHBQ,

u>0, v=>0 in Q.

Our main interest in this section is to know whether (SP-3) has multiple positive
solutions or not and whether (SP-3) has a positive solution even if (a, b) lies outside a
region surrounded by $> and S3 curves. Regarding a > A as a bifurcation parameter we set

S = {(u, v, a); (u,v) is a positive solution of (SP-3) fora > 1}.

We will study the global structure of S when g is sufficiently large. Let b > A; and
d > BAy. Then we will show that, for some (B, b, ¢, d), S contains an unbounded S-
shaped curve (with respect to a) which bifurcates from (0, 6p, a). More precisely, it will
be shown that for any ¢ > 0, there exists a large number M and an open set

d 1
O ,b,d); B>M,0< — —XA,b—A < —
1C{(ﬁ ): B </6 1 1 M}
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b A b A
. (6,,0) : unstable N
(6,,0) : unstable a S, : b=f(a)
A4 A4
(6,,0) : stable

o 4 a o A a

(6,,0) : stable S; : b=f(a)

Case: pli<d Case: pli>d

Fig. 1.3. S3 curve.

b A

S, : b=g(a)
z
2
>
0 M a
S;: =f(a)

Fig. 1.4. Coexistence region for prey—predator model with small & and S.

such that, if (8, b, d) € Oy, then S contains an unbounded smooth curve expressed as
It = {(u(s), v(s), a(s)); s € (0, 00)},

where (u(s), v(s), a(s)) satisfies the following properties:
(1) (u(0), v(0)) = (0, Op) and a(0) = a* with (a*, b) € S»,
(i1) a(s) > a(0) for s € (0, o0) and lim;_, 5o a(s) = o0,
(ii1) a(s) takes a strict local maximum at s = s and a strict local minimum at s = s with
0<5s5<s,

(see Theorem 4.1 and Figure 1.5). The above result implies that the multiple existence of
positive solutions holds true for a(s) < a < a(s); especially (SP-3) admits at least three
positive solutions for (8, b, d) € O when a satisfies a(s) < a < a(s). Moreover, one can
see the nonexistence of positive solutions of (SP-3) fora < a*.
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For some (8, b, ¢, d) with Bb > A1 > d, we will also prove that S contains a bounded
S or D-shaped curve, which bifurcates from (0, 6y, a) at @ = a* (with (a*, b) € S) and
is connected to (6,, 0, a) at a = a, (with (ax, b) € S3). This curve has similar properties
as stated in the preceding case min{8b, d} > BX;. Especially, it will be shown that, in
addition to the multiple existence of positive solutions, (SP-3) has a positive solution even
if (a, b) lies outside the region surrounded by S and S3.

The analysis of bifurcating curves of positive solutions is carried out by using the
Lyapunov—Schmidt reduction procedure. If g is large and |d/B — A1| are small, then
this reduction leads us to a suitable limiting problem. We will use the perturbation
technique to derive precise information on positive solutions from the limiting problem.
The perturbation technique is also valid to study the stability of positive solutions. We will
derive stability properties of positive solutions from those for limiting problem.

Finally we should state some results on the global existence of solutions for reaction
diffusion systems with nonlinear diffusion. For example, it is a very important problem to
show the existence of global solutions to (1.1) for any initial functions (¢, vg) in suitable
function spaces without any size restrictions on (ug, vg). But this is a very delicate problem
and the existing results on the global solutions depend on the positivity of self-diffusion
coefficients and space dimension. For details, we refer the reader to [2,5,6,13,19,34-36,
48,51,58-60] and [63].

1.2. Preliminaries

1.2.1. Logistic equation with diffusion
For each g € C(), let A1(g) be the principal eigenvalue of

(1.11)

—Au+qgx)u = iu in L,
u=0 ondf.

As is well known, the principal eigenvalue is given by the following variational
characterization

rM(g) = inf {||Vu||2 +/ q(x)uzdx} , (1.12)
ueH},|lul=1 Q
where || - || denotes L2(2)-norm. It should be noted that the infimum in (1.12) is attained

by a unique positive function ¢ € H&(Q) satisfying ||| = 1.
We will collect some useful results on the principal eigenvalue.

PROPOSITION 1.1. (1) If ¢; (i = 1,2) satisfy q1 > q2 (q1 # q2), then A1(q1) > A1(q2).
(i) For g, (n = 1,2,3,..) and g € C(Q), let ¢, (n = 1,2,3,...) and ¢ € H}(RQ)
be the corresponding eigenfunctions of (1.11) satisfying |lgn|l =1 (n = 1,2,3,...) and
lell = 1. Iflim, o lIgn — qlloc = O, then

lim Ai(gn) = A1(q) and  lim @, = ¢ strongly in Hi ().
n—oo n—0o0

Here || - || denotes a supremum norm defined by ||qllco = Sup,cq lg(x)!.
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a(s)
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2 4

Fig. 1.5. Graph of a(s).

(iii) Let I be an open interval and assume that a mapping o — qq is continuously
differentiable from I to C(2) with respect to supremum norm. If ¢ € Hé (2) with
loall = 1 is a unique positive eigenfunction corresponding to A1(qq), then « —> A1(qq)
is of class CY(I') and

d 0
EAI(CM) = /;2 %tpi dx foralla € 1.

PROOF. It is easy to see the assertion (i) from the variational characterization (1.12). In
order to prove (ii), we use the following inequality

A1(p) =21 (@] < Ip —glloc forevery p, g € C(Q). (1.13)

To prove (1.13), let ¢,, ¢, € HO1 (€2) be the corresponding positive eigenfunctions to
A1 (p), A1(q), respectively, such that ||g, |l = [l |l = 1. It follows from (1.12) that

r(p) = Vepl? + f poy dx
Q

< ||wq||2+f poldx
Q (1.14)

= ||V¢q||2+/ qwﬁdx+/(p—q)<p§dx
Q Q
=A1(q)+f9(p — @3 dx <@ + 1P qllso-
Similarly, A1(g) < A1(p) + |p — ¢lloo. Hence one can get (1.13), which implies

[A1(gn) =21 (@] = lgn — qlloc > 0 asn — oo.

To verify the convergence of {¢, }, we observe that {¢,, } is bounded in HO1 (2). Therefore,
by Rellich’s theorem, there exists a subsequence {¢,'} of {¢,} such that lim,/_, o, ¢,y = @x
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strongly in LZ(Q) and lim,/— o Vo, = Ve, weakly in LZ(Q) for some ¢, € HO1 (2).
Since ¢, satisfies

r(@) = IVeu|* +f 4w oy dx,
Q

letting n” — oo in the above identity we see that

liminfAi(g,) > lim inf||V<pn/||2 + lim / qnmp,zl, dx

n’—o00 n’—o00 n'—o0 JQ

= 190 + [ agidx = k@)
Q
On the other hand, we have already shown lim,,—, o 21(g,) = A1(g); so that
: _ _ 2 2 5 2 2

lim Ai(gn) = A1(q) = IVl +/ g~ dx = ||V~ + / qe; dx.

n’—o00 Q Q
Hence the uniqueness of a normalized positive eigenfunction implies ¢ = ¢,.. Moreover,
one can see lim,_, o || Ve > = [[V||%. Since ¢,y — ¢ weakly in HO1 (Q)asn’ — oo, it
is standard to prove that ¢,; — ¢ strongly in HO1 (€2). Thus one can show that {¢,} itself
converges to ¢ in Hy () asn — oo.

(iii) By (1.13)
21(ga) — A1(gp)l < l9a — gplloc < Cla — B| fora, p el

with some C > 0. This fact implies that « —> A1(gy) is Lipschitz-continuous; so that
A1(qq) is differentiable for almost every « € 1. Let o € I be any differentiable point in /.
If |h| is sufficiently small, then

31 (Ga+h) < | Veal® + /Q GarhPq dx = 31 (qa) + fg (Goth = Ga) ¥y dx,
as in the proof of (1.14); so that

M) = 2100 = [ s~ a0)0 . (115)
Dividing (1.15) by & > 0 (resp. h < 0) and letting h — 0 we get

i) = / e g2 i <resp i) = / e g2 i ) -
Therefore,

—M(qa) / ﬂ(pi dx foralmostall o € I.

We note that the right-hand side of the above identity is continuous for all @ € I; so that
this identity is valid for all o« € 1. O
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In what follows, if ¢ = 0, we simply write A1 in place of A1(0). We denote by ¢, the
corresponding positive eigenfunction satisfying ||¢1 || = 1; ¢ satisfies

—A¢; = Mg inQ,
¢1 =0 on 0€2,
¢1 >0 in Q.

We denote by C(2) the space of all continuous functions u in  such that u vanishes on
3 and Cy(R) is equipped with supremum norm | - || so.

We now study steady-state problem (1.3) as an auxiliary problem to discuss positive
steady-state solutions for a certain class of reaction diffusion systems. Existence,
nonexistence and some other properties of positive solutions for (1.3) are given by the
following proposition.

PROPOSITION 1.2. (1) Ifa < Ay, then (1.3) has no nontrivial solutions.
(ii) If a > A1, then there exists a unique positive solution 6, of (1.3) such that 6,(x) is
strictly increasing with respect to a and 6,(x) < a for every x € Q.
(iii) limy—y, 64 = O uniformly in Q. More precisely,

a— M
04 = o1 +ola—Xr) asa— Ap, (1.16)

*
where m* = fQ é1(x)3dx.

(iv) For any compact subset K in Q and for any positive number M, there exists a
positive constant ag y such that 6,(x) > M forall x € K and a > ak py.

PROOF. All assertions come from [10, Lemma 1] or [18, Propositions 6.1-6.4]. O]
We now state some results on large-time behavior of the solution for

w; = Aw +w(a —w) in Q2 x (0, 00),
w=0 on 32 x (0, 00), (1.17)
w(-,0) = wo in €2,

where wy € Co(Q)(# 0) is any nonnegative function. It is well known that the solution
w(x, 1) of (1.17) satisfies

. 0 ifa<i,
Iim w(,t) = .
1—00 6, ifa> A,

uniformly in €2 (see, e.g., [56]). In this sense, 6, is a global attractor for (1.17) whenever it
exists. We can also give an important result on the linearized stability of 6,. The spectral
problem for the linearization for (1.3) at 6, is written as

—Aw+ 26, —a)w = w in L,
w=0 on 0%2.

Note that A1 (26, — a) is the principal eigenvalue for —A + (26, — a)I with zero Dirichlet
boundary condition, where / denotes the identity operator.
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LEMMA 1.1. (1) A (20, —a) > 0. )
(i) a — 0, is a C'-mapping from (71, 00) to Co() and %‘9; > 0in Q.

PROOF. (i) Since 6, is a positive solution of (1.3), the Krein—Rutman theorem (see [56])
implies that zero is the principal eigenvalue for the following eigenvalue problem

—Aw+ (l; —a)w =Aw 1in 2,
w=0 on 052.

Therefore, 11(6, — a) = 0; so that Proposition 1.1 yields 1{(26, — a) > 0.
(i) The continuity of a — 6, can be proved in the same way as the proof of [3,
Lemma 3.1]. In order to show the C 1—dependence, it is sufficient to observe
a0,
da
where (—A + (26, — a)I)~! denotes the inverse operator of —A + (26, — a)I with zero

Dirichlet boundary condition and is a strictly order-preserving mapping (see, e.g., [49]).
Therefore, 2 —a > 01in Q. O

= (=A+ (20, —a)])7'6,,

1.2.2. Degree theory
In this subsection we will summarize the index theory on a positive cone, which has been
developed by Amann [1] and Dancer [9,10] to study positive solutions for nonlinear elliptic
equations. See also [28-30,52].

Let E be a real Banach space and let W be a closed convex set in E. We use the notation
following the paper of Dancer [9]. Let y be any element in W and define Wy, by

Wy :={x € E;y+yx € W for some y > 0},

which is also a convex set.

If E := Co(R) x Co() and W = K x K with K := {u € Co(); u > 0 in 2}, then it
is easy to see that W is a closed convex cone; W is sometimes called a positive cone. For
y = (y1, y2) € W, note that Wy, = W for y = (0,0), Wy, = Co(Q) x K fory = (y1,0)
with y; > 0 and W, = K x Co(Q) for y = {0, y»} with y» > 0. Especially, if both y; and
Yo are positive, then W, = E. For the proof of these results, see Dancer [10, Lemma 3]).

Define

Sy =Wy N(=Wy) foryeW, (1.18)

which is a closed subspace of E. Assume that 7 : E — E is a compact linear operator
such that

T(Wy) C W,. (1.19)

Ifu € Sy, then Tu € W and —Tu € Wbecause of (1.18) and (1.19); so that Tu € S,.
This fact 1mphes that T induces a compact linear mapping T from E /Sy into 1tself
We denote by Wy an image of Wy under the quotient mapping £ — E/S,. Since
T(Wy) - Wy, it follows that T(W ) C W
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Let A: W — W be a compact and Fréchet differentiable mapping. Denote by A’(x)
the Fréchet derivative of A atx € W. Let y € W be any fixed point of A, i.e., Ay = y, and
assume that A’(x) is compact. By Lemma 1 in [9, §2], A’(y) maps W} into itself. Then
one can define the Leray—Schauder degree degyw (I — A, U, 0) for any open subset U in W
if A has no fixed points on dU. For each isolated fixed point y € W, indexy (A, y) means
degw (I — A, N(y),0), where N(y) is a suitable neighborhood of y in W. Moreover, it is
known that, if degw (I — A, U, 0) # 0, then A has at least one fixed point in U. For more
details, see also [1].

We now give an important index formula which is essentially due to Dancer [9]. See
[43, Proposition 2].

PROPOSITION 1.3. Let y € W be a fixed point of A. If (I — A'(y))x # 0 for every
x € Wy \ {0}, then

(i) indexy (A, y) = 0if r(A'(y)) > I,

(i) indexw (A, y) =1ifr(A'(y)) < 1,

where r(T') denotes the spectral radius of bounded linear operator T .

If we want to apply the degree theory to study the following semi-linear elliptic
problem

Au+uf(u) =0 in <,
u=20 on 9%2, (1.20)
u=>0 in 2,

it is standard to take E = Co(R), W = {u € Co(Q); u > 0in Q} and define A : E — E
by

Au= (—A+ pD~ (pu + uf ()

with a suitable positive constant p, where (—A + pI)~!g for g € C(Q) denotes a unique
solution of

—Au+pu=g inS,
u=20 on 92.

Note that u is a solution of (1.20) if and only if u is a fixed point of A in W.
For ¢ € C(£2), define a bounded linear operator T : E —> E by

Tu=(—A+pDH)~ ' (p—qgx)u forueckE

with a sufficiently large number p. The relationship between A1(g) and r(7") can be given
by the following proposition.

PROPOSITION 1.4. Let ¢ € C(RQ) and let p be a sufficiently large number such that
p > q(x) for every x € Q.

() A1(q) > Oifand only if r(—=A + pD)~"(p —q () < 1,

(i) A1(q) < Oifand only if r(=A+ pD)~H(p —q(x) > 1,
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(i) 21(q) = 0 if and only if r(=A + pD)~"(p — g(x))) = 1.

PROOF. For the proof, see Dancer [10, Proposition 1] (see also Li [28, Lemmas 2.1
and 2.3]). O

1.3. Semi-trivial steady states for competition system

In this subsection we study the steady-state problem corresponding to (1.4). By
Proposition 1.2, (SP-1) has, in addition to the trivial steady state (0, 0), two semi-trivial
steady states

(#4,0) ifa>xr; and (0,6p) ifb > Ay.

When (u, v) satisfies (SP-1), it is called a positive solution if # > 0 and v > 0 in 2. We
can also show that (SP-1) admits no positive solutions if a < Aj or b < Aj. Indeed, let
(u, v) be any positive solution of (SP-1) and set U = (1 + av)u. Since U satisfies

—AU =u(a—u —cv) in £,

taking L?(2)-inner product of this equation with U leads to
IVU|?> = / uU(a —u — cv)dx < a/ uUdx < a|U|>,
Q Q

where we have used u < U. Note |[VU||?> > A ||U||? forall U e Hé(Q). Hence, if (SP-1)
has a positive solution, then a must satisfy a > A1; this fact implies that (SP-1) admits no
positive solution for a < Aj.

Similarly, one can also prove that (SP-1) admits no positive solutions for b < ;.

We will discuss stability properties of trivial and semi-trivial steady states by studying
the spectrum of the linearized operator around each steady state for (1.4). See the work of
Potier-Ferry [47], where the linearization principle for quasi-linear evolution equations is
studied.

PROPOSITION 1.5. (i) Trivial steady state (0, 0) is asymptotically stable if a < A and
b < A1, while it is unstable ifa > Ay or b > A1.

(1) Semi-trivial steady state (6,,0) is asymptotically stable if A (de"_b) > 0, while it is

1+50,
unstable if A (de" _b) < 0.

1+50,

(iii) Semi-trivial steady state (0, 0p) is asymptotically stable if L (CQ”_“) > 0, while it is

1+
unstable if Xy ( ﬁ’a_ei) < 0.

PROOF. We will prove only (ii); the other cases can be studied in a similar manner. The
linearized parabolic system of (1.4) at (6,, 0) is given by

u; = Alu + ab,v] 4+ (a — 20,)u — cf,v  in 2 x (0, 00),

pvr = Al(1 + BOa)v] + (b — dba)v in Q2 x (0, 00),

u=v=20 on 92 x (0, 00).
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From the linearization principle, the stability of (6,, 0) is determined by studying the
following spectral problem

—Au — aA[6v] + 26, —a)u + cO,v = ou in 2,
—A[(1 4+ BO,)v] + (dB; — b)v = opv in , (1.21)
u=v=_0 on Q2.
Here it is convenient to introduce V = (1 4 B6,)v and rewrite (1.21) as
6 6
—Au—aA[ a V]+(29u—a)u+ Ty _—ou ingQ,
1+ B6, 1+ B6,
dé, — b
vy &2y _ 90 ng, (122
1+ BO, 1+ B0,
u=YV = on 0%2.
Let o be an eigenvalue of (1.21) (resp. (1.22)) and let (u,v) (resp. (u, V)) be

the corresponding eigenfunction. Assume V = 0; then o must be an eigenvalue of
— A+ (26, — a)I with zero Dirichlet boundary condition. Then Lemma 1.1 assures o > 0.

If V # 0, then o is an eigenvalue for the second equation of (1.22). The least eigenvalue
o* among such eigenvalues is given by the following variational characterization

do, — b
||VV||2~I—/ " y2ix
Q

o* = inf 1+ B (1.23)
VeH]),V#0 / p V2 dx
Q 1+ ,3901
Note P . p < pin Q because 0 < 6, < a by Proposition 1.2. Then it is
14 Ba 1+ 86,

possible to see

1 — _
>—X <—d€“ b) >0 ifx <—d0“ b) >0,
. P 1 + B6, 1 + B6,

o
1 db, — b db, — b
<—M< i ) ifM( 2 )<0
P 1+ B6, 1 + B6,
Combining the above results one can prove that, if A1((d6, — b)/(1 + B6,)) > 0, then
all eigenvalues of (1.21) are positive; so that (6,, 0) is asymptotically stable. On the other

hand, if 11 ((d6, —b)/(1+ B6,)) < 0, then (1.21) has a negative eigenvalue, which implies
the instability of (9,, 0). O

In order to understand the meaning of Proposition 1.5, we define two sets S and S» by
(1.9) in ab-plane. Set

d6, — b
S(a,b) = A, < )

T+, (1.24)

to study the structure of S;. By Proposition 1.2, 6, is continuous and strictly increasing

with respect to a and 7z — ﬁ;f; is also strictly increasing; so that S(a, b) is continuous in
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(a, b), strictly increasing with respect to a and strictly decreasing with respect to b. Let
Wqp € HO1 (£2) be a positive function satisfying

dby — b
w2, dx (1.25)
1+ 80, “

S(a, b) = |VwgplI* + /Q

and [Jwg p|I> = 1.

LEMMA 1.2. Define S by (1.24). Then it has the following properties.
(i) limg—;, S(a,b) = A1 —b.
(i) limgooo S(a, b) = Aj + %
PROOF. By Proposition 1.2, 6, is a continuous and strictly increasing function with respect
to a such that lim,_, ;, 6, = 0 uniformly in € and lim,_, o 0,(x) = oo for each x € Q.
We begin with the proof of (i). Since
db, — b
lim =
a—xr 1+ B6,

—-b uniformly in €2,

it follows from Proposition 1.1 that lir&l Si(a,b) = A (=b) =X — b.
a—A

In order to show (ii), we note that

‘ded_b §max{b,i} forx € Q
1+ B6, B
and that

do, — b . d

lim = — foreach x € Qi,
a—o0 1 + B0, B

where Q' denotes the interior of §2. Moreover,

db, — b db, — b
Al ( a > < |Vw|? +f = w?dx (1.26)
1+ B6, o 1+ B0,
for all w € Hol(Q) such that ||w| = 1. Here Lebesgue’s dominated convergence theorem
assures
db, —b d
lim f © _Zwdx = —/ w? dx (1.27)
a0 Jo 1+ Bb, B Ja

for any w € L2(S2). Therefore, it follows from (1.26) and (1.27) that

, b, — b , . [ db.—b , d
1 A <1 \% dx ' = |V el
P ‘(1+ﬂ9a>—ain30{” vl +/Ql+ﬁeaw = Ivelt+g

for every w € H(% (R2) satisfying ||w|| = 1. Taking the infimum for all w € H(} (£2) in the
above relations one can see

df, — b d
limsup Aj | — <A+ (1.28)
a—00 1+ B6, B
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Recalling (1.24) and (1.25) we see from (1.28) that, when b is fixed, {w, ;} is bounded
in HO1 (£2). Rellich’s theorem enables us to choose a sequence {wyg, 5} With a, — oo such
that

Wa, b — Woo in L2(R),
Wa,b — VWeo  weakly in HF(Q),

(note |[weoll =1 and || Vweo [|< liminfy,— o0 [Vwg, »1). Consider the following:

do b
a7 3 pdx — — /w dx
Ql+B6, B

do, 5
< "— d
A 1+ﬂ9an (wa b wOO) X +

df,, —b d
(a”———> wldx|.
Q 1+,39an B

(1.29)

The first term on the right-hand side of (1.29) is bounded from above by

d d
max {—,b}/ w2, — w2 |dx < max{—,b} | Wa,.» — Weo |
B Q " B

|| wan,h + wOO ”7

whose right-hand side converges to zero as n — oo. Owing to Lebesgue’s dominated
convergence theorem, the second term in (1.29) also converges to zero as n — oo. Thus
the right-hand side of (1.29) converges to zero as n — oo. Therefore,

. . dea _b b 2
1 fa (| ——— ) > liminf ||V 1 d
imin 1(1_'_'36“”) lIIlll’l Vwg, bII + lim / pdx

n— 00 ﬂgan

- 2 2 d
> [Vweoll” + E”woo” > A+ B (1.30)

Combining (1.28) and (1.30) we get
dé, —b d
lim A (a"—) =A+ -,

which implies lim,_, » S(a, b) = limg_00 21((d0, — b)/(1 + BO,)) = A1 +d/B. ]

By Lemma 1.2, S(A1,b) = A1 — b < Oforb > A and lirr;oS(a,b) =i +d/B > 0.
a—

Since S(a, b) is strictly increasing for a > Aj, there exists a unique ag satisfying
S(ag, b) = 0 for each b > A. Define a continuous function f*(b) by

ap = f*(b) foreachbh > A;. (1.31)
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Here we should observe by Propositions 1.1 and 1.2 that S(a, b) is of class C! for
(a,b) € (A1, 00) x (A1, 00),

aSs o [d6, —b
S.(a,b) := —(a,b):/ — 4 wgbdx
da Qda |1+ B, ’ (132)
Z/ d+ﬁb_%w2 dx >0 .
o (14 86,2 da
(use Lemma 1.1) and that
aS d [do,—b) »
Sp(a,b) .= —(a,b)= | — d
»(a, b) 3b(a ) ,/Qab{l—kﬁ@a}w“’b x
1
= —/Qmw;bdx <0. (1.33)

The implicit function theorem assures that f*(b) is a C!-function for b > A; such that
Sp(f*(D), b)
(f(b) = -2
Sa(f*(b), b)
which is positive by (1.32) and (1.33). Therefore, we are ready to prove the following
result.

(1.34)

LEMMA 1.3. Define Sy by (1.9). Then Sy is expressed as

Si={(a,b) € R b= f(@),a =), (1.35)
where f is a strictly increasing function of class C' for a > 11 with the following
properties:

@) f(A1) =4y and limg—, o0 f(a) = o0.
(i) f'(n) =d+ B

PROOF. From the preceding arguments, S; is a C! curve expressed as a = f*(b) with
b > X\, where f* is a strictly increasing function. Define f as the inverse of f*, i.e.,
f(a) = (f*)~'(a). We will prove that f possesses properties (i) and (ii).

Since S(A1,b) = X1 — b, it is easy to show f(r;) = A;. In order to show
lim, . f(a) = oo, we will prove lim,_, o, f*(b) = oo by contradiction. Assume
limp_, 00 f*(b) = ase < 00. Since f* is strictly increasing

0= S(f*(b). b) < Slase. b) = 1y (220 =0 (1.36)
= ,b) < S(ax, b) = — ). .
00 1 1+ﬁ9aoo
Note
do,. —b do, b
Vw]|? +/ e Zy?dx < ||[Vw|? +/ ey - —
Q 1+/39aoo Q 1+,39a0c 1+ Baco

for every w € HO1 (R2) satisfying ||w|| = 1. Hence taking the infimum for all w € H(} ()
in the above inequality we get

dy,, — b db,,, b
Ml—— ) <) — —> —00 asb — oo.
I+ ,39%0 I+ ﬁeaoo 1+ Bax

This is a contradiction to (1.36); thus we have shown (i).
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Recall S(a, f(a)) = 0; then the implicit function theorem implies

/ Sa (a3 f(a))
_ ‘ 1.37
F@ Sp(a, f(a)) (137

In order to prove (ii), we use Propositions 1.1 and 1.2 to derive
6, — 0 uniformly in €2,
Wq, f@) —> ¢1  strongly in HO1 (),

00, 1
[ H R
da m

asa — Ay, where m* = fQ ¢? dx. Therefore, in view of (1.32) and (1.33),

uniformly in €2,

Sata, f@) — [ d+’3“¢1 x=d+ph
Sp(a, f(a)) — / ¢rdx = —
as a — A. Hence assertion (ii) comes from (1.37). ]
Similarly we can also obtain the following result on S,.
LEMMA 1.4. Define S> by (1.9). Then S is expressed as
S»={(a,b) € R* b =g(a),a > A}, (1.38)

where g is a strictly increasing function of class C' for a > Ay with the following
properties:

@) g(A1) = Ay and limg. 0 g(a) =

(i) &) = s

By virtue of Lemmas 1.3 and 1.4, stability results for trivial and semi-trivial steady states
(Proposition 1.5) read as follows. See Figure 1.1.

THEOREM 1.1. (i) Trivial steady state (0, 0) is asymptotically stable if a < X, and
b < A1, while it is unstable ifa > A or b > Aj.
(ii) Semi-trivial steady state (0,,0) is asymptotically stable if b < f(a) for a > A,
while (04, 0) is unstable if b > f(a) fora > Ay.
(iii) Semi-trivial steady state (0, 6p) is asymptotically stable if b > g(a) for a > A
orb > Xy for 0 < a < Ap, while (0, 6p) is unstable if b < g(a) for (a,b) €
[A1,00) X [A1, 00).

PROOF. It is easy to show (i). Define S(a, b) by (1.24). It follows from the definition of
f. S(a, f(a)) = 0. Since S(a, b) is strictly decreasing with respect to b, it is easy to see
S(a,b) > 0ifb < f(a) and S(a,b) < 0if b > f(a) fora > Ay. Thus we can derive the
assertion of (ii) from Proposition 1.5.

The assertion (iii) can be proved in the same way. O
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b4 S,:b=g@ P4 S, : b=f(a)
E+
-
S, : b=f(a) S, 1 b=g(a)
M M
ol & a ol a
Case : (C+adq)(a+BAq)<1 Case : (C+adq)(a+pA4)>1

Fig. 1.6. Stability of semi-trivial steady states.

REMARK 1.1. Making use of Theorem 1.1 together with Lemmas 1.3 and 1.4 we
can depict each stability region of trivial or semi-trivial steady-state in ab-plane. See
Figure 1.6. Especially, if (¢ + aA1)(d + B11) > 1, then there exists a region of (a, b)
where two semi-trivial steady-states are asymptotically stable.

1.4. Semi-trivial steady states for prey—predator system

In this subsection we study the steady-state problem (SP-2) corresponding to (1.6). By
Proposition 1.2, (SP-2) has, in addition to the trivial steady state (0, 0), two semi-trivial
steady states

04,00 ifa> i and (0,6p) ifb > Ay.

As in Section 1.3 it is possible to show that (SP-2) admits no positive solution if a < Aj.
The stability properties of the above trivial and semi-trivial steady states can be given by
the following proposition.

PROPOSITION 1.6. (i) Trivial steady state (0, 0) is asymptotically stable if a < A1 and
b < A1, while it is unstable ifa > Ay or b > Aj.

(i1) Semi-trivial steady state (6,, 0) is asymptotically stable if L1 (Tffé;b) > 0, while

it is unstable if Ay (‘ffgg—ab) < 0.

(iii) Semi-trivial steady state (0, 0p) is asymptotically stable if A ( 69”_a) > 0, while it

1+ab)p
is unstable if Ay (f?:;;;) < 0.

PROOF. It is sufficient to repeat the proof of Proposition 1.5 with d replaced by —d. [
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Additionally to $> defined in (1.9), we define S3 by (1.10). Set
~ —db, — b
S(a, b) = A (#> (1.39)
1+ 86,

to study the structure of S3. Asin (1.25), itis possible to choose a suitable positive function
Wq b € HO1 (£2) satistying

§(a, b) = ||ng,1,||2 —/ w, pdx (1.40)
Q
and [|wqp ] = 1. -
By Propositions 1.1 and 1.2, S(a, b) is continuous with respect to (a, b). Moreover, one
can show the following result.

LEMMA 1.5. Define S by (1.39). Then it has the following properties.
1) g’(a, b) is strictly increasing (resp. strictly decreasing) with respect to a if b > d
(resp. b < d) and Sa,by=xr —b ifbp =d.
(ii) §(a, b) is strictly decreasing with respect to b.
(iii) limg_, 'g(a, b) = Ay — b.

(iv) limg_soo S(a, b) = A| — %

PROOF. We first note that z — _ﬁf—;’ is strictly increasing (resp. strictly decreasing) if
bB > d (resp. bB < d). Since the proofs of (i), (ii) and (iii) are almost the same as that for
S(a, b) in Lemma 1.2, we omit them.

In order to show (iv), we use

do, +b d
a + Smax{b,—} forx € Q
1+ B0, B
and that
db, +b B d

lim ——— = —  foreachx € Q'.
amoo 1+ B, P

Then the proof of (iv) can be accomplished along the same idea as Lemma 1.2 with obvious
modification. O

Making use of Lemma 1.5 we will show that S3 can be expressed by a monotone
function. See Figure 1.3.

LEMMA 1.6. Define S3 by (1.10). Then S3 can be expressed as
S5 = {(a.b): b= f(a) fora = 1),

where f(-) is a C' function with respect to a € [L1, 00) with the following properties:
(1) f is strictly monotone decreasing if A1 < d, while f is strictly monotone
increasing if BA1 > d.
(i) f(h1) =41, limgoo (@) = —00 if BA1 < d and limy_. o0 f(a) = 00 if BA1 > d.
(i) f/0u) = Br —d.
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PROOF. We begin with the proof in case f1; < d. By virtue of Lemma 1.5, g()\.] ,bo) =
A —bo < 0if by > Ay (resp. S(A1, bo) > 0if by < A1) and limy— oo S(a, by) = A —% <
0. Since E(a, bo) 1~s a monotone function with respect to ¢ by Lemma 1.5, one can see that,
if by > Xy, then S(a, by) < 0 for all @ € (A1, 00). On the othergand, if bp < A1, then
the intermediate theorem gives a unique ag € (A1, 0o0) such that S(ag, bp) = 0. We set
ag = f«(bo) for by < A1. _

It follows from Propositions 1.1 and 1.2 that S(a, b) is of class C U for (a,b) €
(A1, 00) x (—00, 00) and that

~

- ERY 0 [db, b
S.(a,b) := 8—(a,b)z—/ —{ ot }wi,bdx
a @ da |1+ B0,

f b—d o6, (1.41)
o (14 86,2 da  ©
(use (1.40)). Moreover,

~ 39S d [dO+b) ,

Sp(a, b) = —(a,b) = — d

bla.b)i= 5, @) /Qab{1+ﬁ9} Wab 4%

1
- _/Q 1+’30aw2’bdx <0. (1.42)

By the implicit function theorem f, (b) is a C'-function forb < a;.
We now define f by f(a) (fe)™ L@a) < Ay. Since S(a f(a)) = 0, one can see from
the implicit function theorem that
Fla) = —sala J@) (1.43)
Sp(a, f(a))
which is negative by (1.41) and (1.42). Thus we have shown that f satisfies (i) in case
Br < d. -

We will prove (ii) in case BA; < d. Since S(A1,b) = X1 — b, it is easy to
see lim, .y, f(a) = Xy. In order to show lim,_ o f(a) = —o00, we will show
limp_ oo fx(b) = oo by contradiction. Assume limp_, _o f4x(b) = ase < 00. Since
fe(b) < axo for b < Aq,

() A; f b 5 > a N .
NOte

do, b do,
Vw]|? —/ aoc——l_wzdx > |Vw|? —/ —— A w?dx —b
o 1+ Bbu, o 1+ Bbay

for every w € HO1 (R2) satisfying ||w|| = 1. Hence taking the infimum for all w € Hé ()
in the above inequality we get

—db,_ —b —d6,
i (”—“) > (—”“)—b—)OO as b — —oo.
1 + Bba,, 1+ Bba,,

This is a contradiction to (1.44); the proof of (ii) is complete.
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In case BA; > d, §(a, b) is strictly increasing with respect to a. Taking account of this
fact we can repeat the above argument to derive the assertions of (i) and (ii).
Finally, the proof of (iii) is the same as (ii) of Lemma 1.3. ]

In addition to Lemma 1.6, recall that Lemma 1.4 still holds true. Then making use
of Proposition 1.6 we can prove the following results on stability properties of trivial or
semi-trivial steady states in the same way as Theorem 1.1

THEOREM 1.2. (i) Trivial steady state (0, 0) is asymptotically stable if a < X, and
b < A1, while it is unstable if a > A or b > Aj.

(ii) Semi-trivial steady state (04, 0) is asymptotically stable if b < f(a) fora > i,
while (0,, 0) is unstable if b > f(a) fora > Ay.

(iii) Semi-trivial steady state (0, 0p) is asymptotically stable if b > g(a) for a > A
orb > Xy for 0 < a < Ap, while (0, 60p) is unstable if b < g(a) for (a,b) €
[A1, 00) X [A1, 00).

2. Positive steady states of competition model with cross-diffusion

In this section we will study the structure of a set of positive steady states for the
competition model with cross-diffusion:

Al(l +av)u]l+u(a—u—cv)=0 1inQ,
Al(1 4+ Bu)v]+v(b—du —v) =0 in L,
u=v=>0 on 0€2,

u=0, v=0 in €2,

(SP-1)

where «, B are nonnegative constants and a, b, ¢, d are positive constants.

2.1. A priori estimates

We are concerned with positive solutions to (SP-1). It is convenient to introduce two
unknown functions U and V by (1.8):

U=(0+av)u and V =1+ Bu)v,

which induces a one-to-one correspondence between (u, v) withu > 0, v > 0 and (U, V)
with U > 0, V > 0. One can describe their relations by

u=uU,V)= zi[{(l — BU +aV)> +4BU}* + BU —aV — 1],
lﬂ @2.1)
v=o(U, V)= {0 —aV + BU)? +4a V2 4+ aV — BU —1].
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Using (2.1) we can rewrite (SP-1) as follows:

a—u—-cv .
AU—i—U(—):O in €2,

1+ av
b—du—

(RSP-1) AVHV (2= 20 g,
1+ Bu

U=V =0 on 0€2,

U=0 V=0 in ,

where u = u(U, V) and v = v(U, V) are understood to be functions of (U, V') defined by
(2.1). By virtue of the one-to-one correspondence between (u, v) and (U, V), we get the
equivalence between quasi-linear system (SP-1) and semi-linear system (RSP-1). In what
follows, we mainly discuss (RSP-1) in place of (SP-1).

We will derive some a priori estimates of positive solutions of (SP-1) or (RSP-1) in case
a> A and b > Ay,

LEMMA 2.1. Let (U, V) be a positive solution of (RSP-1). Then

a ifaa <c,
0<ux) <=UX)<M@):=1 (c+aa)> .
T lfa()l > C,
b ifbp <d,
._ 2
0<v(x) =V(x) =Mxb) =1 Idi;ﬂ) iFbp > d.

forall x € Q.

PROOF. Assume ||U|lsoc = U(xg) > 0 for some xg € Q2. It follows from (RSP-1) that
0 < =AU (x0) = u(xo)(a — u(xp) — cv(xo));
so that a — u(xg) — cv(xg) > 0 because u(xg) > 0. Therefore,

u(xo) <a and v(xg) < a——u(xo).

These estimates yield

1
1Ulloo = (I + av(xo))u(xo) = —ulxo)(c + aa — au(xo)).

The right-hand side is regarded as a function of X := u(xg). Taking its maximum for
0 < X < a, we can obtain the desired estimate for ||U || so.
A bound for ||V ||« can be derived in the same way. O

LEMMA 2.2. Let (U, V) be a positive solution of (RSP-1). If ax < c, then

u<U<6, inQ. (2.2)
If b < d, then

vV <6, inQ. (2.3)
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PROOF. Let (U, V) be a positive solution of (RSP-1). Then Lemma 2.1 implies U < a if
ac < c. So

U
1+ av

AU+ U(a—-U) {4+ av)(a—U) — (a —u — cv)}

20 + a?v?
=ul(ae+c)v— ——U

14+ av

( 20 + a?v )
uvlaoe +~¢c— ———a
14+ av

uv
= 1+Ow(c—aa+cow) > 0.

This fact implies that U is a subsolution of (1.3). Since (1.3) has a unique positive solution

6.4, the standard comparison method yields 6, > U, which gives (2.2). A similar argument

is also valid to derive (2.3); so we omit the details. O]

v

2.2. Existence of positive steady state

In this subsection we will construct a positive steady-state for (SP-1) (or equivalently (RSP-
1)). Our strategy is to employ an approach by the degree theory which has been prepared
in Section 1.2.2. Elliptic problem (RSP-1) will be reduced to a fixed point problem for a
suitable nonlinear mapping A in a Banach space E = Co(RQ) x Co(RQ). We will use the
notion of fixed point index to show the existence of a nontrivial element in a positive cone
for E.

Choose a sufficiently large number p such that

—v > 0 and p + w

l+av — 14+ Bu —
forO0 < u < Mi(a)+1and 0 < v < Ma(b) + 1, where M (a), M>(b) are positive
constants in Lemma 2.1. Define a mapping A in £ = C(£2) x Co(£2) by

AU. VY = (—A + pD)-! +a—u—cv U +b—du—v v
= AP P e ’(p T pu
= ((=A+pD7 ' PU + F(u,v)), (A + pD~ ' (pV + Gu, v))),
(2.4)

a—u-—=«c¢
p+

where u, v are functions of U, V (see (2.1)) and
F(u,v) =u(a —u— cv), G(u,v) =vb —du —v).

Define W = K x K with K = {u € Co(Q); u > 0in Q}. Clearly, (U, V) is a solution of
(RSP-1) if and only if it is a fixed point of A in W. We set

D:={(U,V)eW; U(x) < M(a)+1and V(x) < Ma(b) + 1 for x € Q};

then we can see from Lemma 2.1 that all nonnegative solutions of (RSP-1) lie in the interior
of D (=int D) with respect to W. (Note that 6, < a < Mi(a) and 6, < b < M>(b)). By
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(2.4) and the maximum principle for elliptic equations, A maps D into W and, furthermore,
the strong maximum principle (see, e.g., [49]) implies that A maps D\{(0, 0)} into the
demi-interior of W (see [9,10]). Moreover, the regularity theory for elliptic equations tells
us that A is completely continuous in E. Therefore, one can define the degree, degw (I — A,
int D), for A with respect to W because A has no fixed point on the boundary of D with
respect to W by Lemma 2.1.

In order to study degw (I — A, int D) for A, we will calculate the index of each fixed
point of A in W. For this purpose, it is convenient to give an expression of the Fréchet
derivative of A at any fixed point (U, V) of A. From (2.4)

AU, V) <€) = (=A+pD)~! [pl + (g‘; g';) (Zg ?}5)} (l‘i) (2.5)

where F,,, F, denote the partial derivatives of F with respectto u, v and uy, uy also denote
the partial derivatives of u with respect to U, V. Differentiation of (1.8) gives

10y (l14+av ou uy uy
01) Bv 1+ Bu vy vy )

Since u, v are both nonnegative and above matrices are all invertible, we get

uy uy '\ _ 1 1+ Bu —au 2.6)
vy ) l4av+pBu\ —Bv I+av)’ :
Thus it follows from (2.5) and (2.6) that

a—2u—cv —cu 1+ Bu —au U
X( —dv b—du—2v>< —Bv 1+av>i|(f/)‘ (2.7)

LEMMA 2.3. degw(I — A,int D) = 1.

PROOF. For0 <t <1, we set

AU, V) = (—A—i—pl)_l <<p+ at—u_—cv) U, <p+ bt—d—u—v) V).
1+av 1+ Bu

As in the study of A, one can prove that A, is a completely continuous mapping in £ and
that A, maps D into W. Let (U, V') be a fixed point in W: it satisfies

f—ul — ot
AU’—i—U’(u):O in Q.

1+ av?
. . (bt —du' =" .
AVI+ V| —— ) =0 inQ,
1+ Bu?
U'=v=0 on 9%2,

Uur>0, Vi>0 in 2,
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where U! = (1 4+ av’)u’ and V! = (1 + Bu')v'. It follows from Lemma 2.1 that (U, V)
satisfies, foreach 0 <r < 1,

0<u' <U" < M(at) <Mi(@) and 0=<v' <V'<M(br) < Ma(b).
These estimates imply that any fixed point (U, V') € W of A, satisfies (U, V') € int
D with respect to W; so that A; has no fixed point on dD. Hence it follows from the
homotopy invariance that degw (I — A;, int D) is independent of ¢ € [0, 1] (see Amann [1,
Theorem 11.1]); so that

degy (I — A, int D) = degy, (I — Ay, int D) = degy, (I — Ag, int D). (2.8)

Here it should be noted that (0, 0) is a unique fixed point of Ag in D (see the first paragraph
in Section 1.3). So the excision property (see [1, Corollary 11.2]) gives

degy, (I — Ao, intD) = indexw (Ao, (0, 0))

and we will calculate indexw (Ao, (0, 0)) with use of Proposition 1.3.
Let A6(0, 0) be the Fréchet derivative of Ag, which is given by

AH0,00(U, V) = (=A+ p) L (pU, pV).

Observe that

14
ALt p

< 1.

r(Ap(0,0)) =

Then (ii) of Proposition 1.3 yields indexwy (Ao, (0,0)) = 1. Thus one can show
degw (I — A, intD) = 1, which together with (2.8), enables us to get the assertion. O]

We will study the index of trivial and semi-trivial steady states of (RSP-1) incasea > A4
and b > A;.

LEMMA 2.4. Leta > A and b > Aj.
(1) indexw (A, (0,0)) = 0.

indexw (A, (64, 0) =0 if A (1+ﬁ9a) <0,
(i) It holds that

indexw (A, (64, 0) =1 if i (611%35_05) > 0.

indexw (A, (0,65)) =0 if A (iﬁ-bojétj,) <0,
(iii) It holds that

indexw (A, (0,0p)) =1 if A (ﬁbojei) > 0.

PrROOF. We will apply Proposition 1.3 to calculate each fixed point index.
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(i) We begin with the study of indexw (A, (0, 0)). By (2.7),
A0,00U, V)= (=A+pD ' (p+a)U. (p+b)V).

Clearly, W,0) = W and, therefore, S0y = {(0,0)}; so that A/’(_(\),/O) is identical with
A’(0, 0). Observe that

mymﬁ»zmu{“+p b+p}

MAp A+p

Fora > A and b > Aj, it is easy to see that A’(0,0)y # y on W\{(0,0)} and that
r(A’(0,0)) = r(A’)(0,0)) > 1. Hence Proposition 1.3 yields indexy (A, (0, 0)) = 0.
(i) From (2.7),

A'(0,,00(U, V)= (=A+ pD)~! ((p +a—20,)0
0,(20, —a)a —c¢) ] A b—do,\ ~
+{ 1+ po, }V’<p+1+ﬂea>v)'

Ti == (=A+pD)~ ' (p+a—20,),

b—de
T = (—A+ pl)~! <p+ “).
1 + B,

Define 77 and 75 by

Since W, .0y = Co (Q) x K, itis easy to see Se,,0) = Co (Q) x {0}; so that one can identify
A (g, 0) with Ty.

We will show by contradiction that I — A’(6,, 0) # 0 on Wy, o) \ {(0, 0)} if

b—do,

1+ BO,

Assume that there exists (£1, &) € Co(2) x K such that A’(6,, 0)(&1, &) = (&1, &) with
(&1,&) # (0,0). If & = 0, then T1&; = &, which implies

M(g®) #0 withg® =

—AE1+ (20, —a)é; =0 inQ, & =0 ondQ.

Therefore, since A1(26, — a) > 0 by Lemma 1.1, we see §&; = 0, which is a contradiction.
So & € K must satisfy & # 0 and 72& = &. Hence it follows from the Krein—Rutman
theorem that r(72) = 1, which, together with Proposition 1.4, implies 1 (¢*) = 0. This is
also a contradiction. Thus we have shown I — A’(6,,0) # 0 on W, o) \ {(0, 0)}.

We will apply Proposition 1.3 to calculate the index of (6,, 0). In case A1(¢*) < O,
Proposition 1.4 gives

r(Tp) > 1.

Since A@:O) is identical with 7>, we see r(A@,;,/O)) > 1. Then it follows from (i) of
Proposition 1.3 that indexw (A, (64, 0)) = 0.
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We next consider the case 11(¢™) > 0, which is equivalent to
r(Th) < 1

by Proposition 1.4. We will show r(A’(6,,0)) < 1. Let v be any eigenvalue of A’(6,, 0)
and let (£1, &) € E = Co(Q) x Co(Q) be the corresponding eigenfunction. If & # 0,
then 726, = v&. From r(7;) < 1 it follows that |[v| < 1. Whereas, if & = 0, then
T\&, = vé; from the definition of A’(6,,0). Recall r(T}) < 1 by Lemma 1.1 and
Proposition 1.4. Therefore, we see that any eigenvalue satisfies |[v| < 1. Thus we have
shown r(A’(¢,,0)) < 1. Hence it is sufficient to employ (ii) of Proposition 1.3 to get
indexw (A, (¢4, 0)) = 1.

The proof (iii) is the same as that of (ii); so we omit it. ]

REMARK 2.1. According to Proposition 1.5, Lemma 2.4 implies that indexw (A, (6,, 0)) =
1 (resp. indexw (A, (64, 0)) = 0) if (6,4, 0) is asymptotically stable (resp. unstable). The
analogous result is valid for (0, ).

We are now ready to derive an existence result of positive steady states for (SP-1) or
(RSP-1).

THEOREM 2.1 (Existence of positive steady-state). Assume a > i and b > Li. Then
(SP-1) (or equivalently, (RSP-1)) admits a positive steady state if one of the following
conditions holds true:

. do, — b cOp —a
@) A <0 and M <0,
1+ 86, 1+ aby

. db, —b cOp —a
(i) Al >0 and M >0
1+ B, 1+ abp
PROOF. We will prove this theorem with use of the degree theory.

We begin the proof when (i) is satisfied. Assume that (SP-1) (or (RSP-1)) has no positive
solution. It follows from the definition of degree that

degy (I — A, int D)
= indexw (A, (0, 0)) + indexw (A, (04, 0)) + indexw (A, (0, 65)) (2.9

(see, e.g., [1]). By Lemma 2.3
degy (I —A,int D) = 1. (2.10)

On the other hand, Lemma 2.4 implies that the right-hand side of (2.9) is equal to zero.
This is a contradiction to (2.10); so that (SP-1) must possess at least one positive solution.

When (ii) is satisfied, we also assume that there exists no positive solution of (SP-1) or
(RSP-1). Note that both (2.9) and (2.10) are valid. However, Lemma 2.4 together with
(2.9) implies degw (I — A, int D) = 2, which is a contradiction to (2.10). Thus we can
conclude that (SP-1) has at least one positive solution in case (ii) is satisfied. ]
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We recall the results in Section 1.3 and depict two curves S and S» defined by (1.9) in
the ab-plane. By Lemma 1.3, S| is expressed as b = f(a) fora > A and, by Lemma 1.4,
S, is expressed as b = g(a) for a > Aj. Define the following two sets;

2t ={(a,b) € [A1,00) X [A1,00); f(a) < b < g(a)}, @.11)
X7 ={(a,b) € [r1,00) X [A1,00); g(a) < b < f(a)}, '
(see Figure 1.6). By Theorem 1.1, % is a region where both (6,,0) and (0, 6)) are
unstable, while £~ is a region where both (,, 0) and (0, 6,) are asymptotically stable.
We note by Lemmas 1.3 and 1.4 that =% is nonempty if (¢ + ai)(d + BA1) < 1, and
that £~ is nonempty if (¢ + ar1)(d + A1) > 1. Lemmas 1.3 and 1.4 also give us useful
information about the dependence of ¥+ and £~ upon cross-diffusion coefficients: %+
shrinks to an empty set near (a, b) = (A1, A1) as « or B increases, while ¥~ expands near
(a,b) = (A1, A1) as & or B increases.

Generally, it is possible to show that Sj curve approaches a = A; as B — oo and that S,
curve approaches b = A1 as @ — oo. Thus ¥~ expands according as « — oo or f — 00.
It is also a very interesting problem to study limiting behaviors of positive solutions of
(SP-1) when « or B tends to co. We will discuss these topics elsewhere (see [26]).

The following corollary comes from Theorem 2.1.

COROLLARY 2.1. If (a,b) € £ U X7, then there exists at least one positive steady-state
solution of (SP-1) (or equivalently (RSP-1)).

REMARK 2.2. Theorem 2.1 and Corollary 2.1 imply that (SP-1) possesses a positive
solution when two semi-trivial states (6,,0) and (0, 6,) are unstable or asymptotically
stable at the same time.

2.3. Bifurcation theory for competition model

In the previous subsection, we have shown that (SP-1) has a positive solution when (a, b)
satisfies (a, b)) € T U ™. However, the degree theory gives no information on the
existence or nonexistence of positive solutions for (a, b) ¢ ¥ U X ™. Our main interest is
to know the structure of positive solutions. So we will reconsider (SP-1) or (RSP-1) from
the viewpoint of bifurcation theory and study positive steady states as bifurcating positive
solutions from semi-trivial states (6,, 0) or (0, 65).

Let a > Aj be fixed. We first study bifurcating positive solutions from (6,, 0) by
regarding b as a bifurcation parameter. Define b, by

by = f(a), (2.12)

where f is an increasing function defined in Lemma 1.3 (see Figure 1.2). From (1.9)

dy — by
a (e Zo. (2.13)
1+ B,
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Let W, be a unique positive solution of

db, — b

AV, + =W, =0 inQ,

v, =0 on 092, ’

v, >0 in €,
satisfying || W, || = 1. We also define @, as a solution of

(ac + ¢ — 2a6,)0, .
—AD, + (20, —a)d, = — 1 po, v, inQ, 2.15)
+=0 on 02,

where we have used the invertibility of —A + (26, — a)l with zero Dirichlet boundary
condition (see Lemma 1.1). Furthermore, for p > N, set

X = [wrr@ nwy @] x [wrr@ nwy @), 016

Y := LP(Q) x LP(Q). ‘

By Sobolev’s theorem, X is continuously embedded into Cé (Q) x Cé (). Then one can
show the following result by the local bifurcation theory.

PROPOSITION 2.1. Define b, by (2.12). Then positive solutions of (RSP-1) bifurcate
from a semi-trivial solution curve {(0,,0,b); b > A1} if and only if b = b,. More
precisely, there exists a positive number § such that all positive solutions of (RSP-1) near
(04,0, by) € X X R can be expressed as

U, V,b) =(U(e), V(e),b(e)) forO=e=<$
with

Ue) =0y + 6Py + U (g) = 0, + 6Dy + O(&2),

V(e) = eW, +eV(e) = e, + O(e?), (2.17)

b(g) = by + b’ (0)e + 0(£2),

where ®, and V. are defined by (2.15) and (2.14), respectively, and {(U(e), V(s), b(e))}
for 0<e=<38 is a family of smooth functions with respect to e satisfying
(U(0), V(0), b(0)) = (0,0, by) and [o, V (s)W, dx = 0.

PROOF. We will employ the local bifurcation theorem due to Crandall and Rabinowitz [7].
Set
Fu,v)=ula—u—cv), Gu,v)=vlb—du—"v),

where u and v should be regarded as functions of U and V (see (1.8) and (2.1)). By
Taylor’s expansions of F and G at (U*, V*), (RSP-1) can be written in the following form

AU FU*, V¥, v(U*, V*))
av ) T e, voy . vwr, vy

L FCE (o Y (U-UTY L o' (U —U*V—-VHY) _ (0
G: G )\ v vy J\v—v* p’(U—-U*Vv-v*) \0)

(2.18)
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where Fj := F,(u(U*, V*),v(U*, V*)), uj; := uy (U*, V*) and other notations are used
as partial derivatives. Here p'(U —U*, V — V*) (i = 1, 2) are smooth functions such that
p'(0,0) = péU’V)(O, 0) = 0. Recall by (2.6)

uy uy '\ _ 1 1+ Bu —au
vy ) l4av+pu\ —Bv I4+av)’
and note

F(04,0) = 0a(a —6a) = —=Ab,  G(04,0) =0.

Set (U*, V*) = (8,,0) and U := U — 6, in (2.18); then it can be reduced to the following
semi-linear elliptic system

AU N 1 a—20, —cb, 1+ 86, —ab,\ (U
AV 1+ B6, 0 b-—deb, 0 1 1%

| (2.19)
(" w,v;b)yy_ (0
p2U, Vb)) —\0)’
where ,oi (U, V:b) (i =1, 2) are smooth functions satisfying
1 Yy 2 AN
p(U’V)(O, 0;0) = 'O(U,V)(O’ 0;0) =0 foralla > A. (2.20)
Define a mapping F : X x R — Y by the left-hand side of (2.19):
FU,V,b)
— — —2a6,)6 —
AT + (a — 20,0 — 9T =200)0 17 v py
- 1+ B0a (221

a

AV +
1+ po,

V +p2(U, V; b)

Since (U, V) = (6,, 0) is a semi-trivial solution of (RSP-1), it turns out F(0, 0, ») = 0 for
b > Ap.

We will take the Fréchet derivative of F(U, V, b) at (U, V, b) = (0, 0, b). From (2.20)
and (2.21) it is given by

(aa + ¢ — 2a0,)0,

AD + (a — 20,)D —
@ 1+ 86
]:(U,v)((), 0,0) <\11> = b—db, Al
AV + )\
1+ 86,

(2.22)
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Here it should be noted by (2.12) that f(U,V)(O’ 0, b) is singular if and only if b = b,.
Moreover, one can see from (2.14) and (2.15) that

Kerf(ﬁ’v) (0’ 0’ b*) = span{(CD*, “II*)}

We will show that the codimension of Range .7-"@“/)(0, 0,by) is one. If (h, k) €
Range f(ﬁ’v)(o, 0, b,), there must exist (%, k) € X such that

(aa + ¢ — 2a0,)0, ~

Ah + (a —20,)h — k=h inQ,
; d@“) 1+ Boa,

Ak4+ =0 — f in Q,
1+ B6,

h=k=0 on 0€2.

It is well known that the second equation has a solution k if and only if fQ kW, dx = 0.
For such a solution &, the first equation has a unique solution / because of the invertibility
of —A + (26, — a)I. Thus we have proved codim Range f(ﬁ’v)(O, 0,b,) =1.

In order to use the local bifurcation theory by Crandall and Rabinowitz [7] at
(U, V,b) = (0,0, by), it remains to verify

)
Fvy 50, 0.b,) ( \y*> ¢ Range Fi7 1/,(0, 0, by). (2.23)

Since ,oéU’V)’b(O, 0, by) = 0 by (2.20), it follows from (2.21) that

© 0
Fir.vy.5(0.0,by) (\y*> = |
1 + Bo,

*

Using the argument in the preceding paragraph we can check the range condition (2.23)
lIlz
because |, g dx #0.

Recall U = U — 6,; we can immediately obtain the assertion of this proposition by the
local bifurcation theorem [7]. L]

REMARK 2.3.  Using Taylor’s expansions of « and v with respectto U = U — 6, and V
at (U, V) = (6,,0) we get

_ b, _
u=60,+U0—- ——V + U,Vv),
a 1+ o, n( )

v V+nU, V),

"1+ 60,
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where n; = O(ﬁ2 + V¥ and np = O(ﬁ2 + V?2). Hence Proposition 2.1 implies that
bifurcating positive solutions of (SP-1) for b = b(¢) = by + b'(0)e + 0(82) can be
expressed as

u(e) =6, +8<<I> —ﬂ\p > + 0(e?)
’ R D ’ (2.24)
v(e) = W, + 0(eh),

1+ g6,
where @, and W, are defined by (2.15) and (2.14).
In Proposition 2.1, it is very important to know the direction of bifurcation with respect
to parameter b or equivalently the sign of '(0). If »'(0) > 0 (resp. b'(0) < 0), then
the bifurcation of positive solutions of (SP-1) (or (RSP-1)) from (6,,0,b) at b = b,

is supercritical (resp. subcritical). As to the direction of bifurcation, we can obtain the
following result.

LEMMA 2.5. Let {(U(¢), V(¢), b(e))} be a family of positive solutions of (RSP-1) as in
Proposition 2.1. Then it holds that

2

/ vy
b'(0) dx
Q I+ ,89a

[ W, — (d+b oy o\
‘/Q(Hﬂeaﬂ{ L —(d+ *ﬂ)(Hﬁea - )} X

PROOF. We will use (2.17), (2.24) and substitute these expressions into

AV +v(b—du—v)=0 inS. (2.25)
By (2.17)
AV(e) = e(AV, + AV (s)) (2.26)
and by (2.24)
b(e) —du(e) — v(e)
= by —db, +b'(0)e + do‘g“_lw —dd, |+ 0D (2.27
= Dy a ( & & m * *) (8 . . )

Moreover, it follows from (2.6) that the second partial derivatives of v are given by

28%v(1 + Bu)

U Y av+ fu)
B+ Bu + av + 2aBuv)
(1 4+ av + Bu)
20fu(l 4+ av)
vyy = ;

T (A4 av+ Bu)?’
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so that
VU |(U V)=0,,00 =0, vyv |(U V)=(04,0) = —L,
e T (1t )
‘ 200,
v = =—.
VV (U, V)=(64,0) RENTBE
Taking Taylor’s expansion of v with respect to U = U — 6, and V we get
1 1 2060 2 _ —
- v —{ P _y2_ 2P 2UV}+773(U,V),
1+ B0, (14 Bba) (I + Bba)

where n3(U, V) = O(U° + V?). Therefore,

v(e) = m(\p* + V(E))

L P < *ba \p_cp)\y + 0 (2.28)
A+ 0> \1+80, ~ )" ' '

Substitution of (2.26), (2.27) and (2.28) into (2.25) leads to

0 bu—dba\ L v &b’ (0)
—< + ﬂ9>( « + (8))+1+,39a

{ﬁ(b* —db,) < aby, )
+ ¢ v, — o, |V,
(14 B0)? \ 1+ b,

1 dab, — 1
W, —dd, |V 0 (&%

_ (A by — db, b’ (0) v
_< +1+ﬂ9> Vier+ 1+ 86, ©

W,

£ ab, )
+W{ *+(d+b*'3)<1+ﬁ9 \P*—Q*)}\P*—i—O(g),

Taking L?(2)-inner product of the right-hand side of the above identity with W, one can
derive

\1,2
b/(O)f £ dx
Q 1+ ,Bea

—/‘y—’%{ (d+b,3)( *0a kI!—d))}d +0()
= Jo (U 6,)2 P\ Tvpe, =~ )T

which yields the assertion by letting ¢ — 0. 0

Let (U (¢), V (¢), b(€)) be bifurcating positive solutions of (RSP-1) and define u(¢), v(¢)
and b(e) by (2.1). Clearly, {(u(g), v(e), b(€))}o<e<s 1s a family of positive solutions of
(SP-1).

We will study stability properties of this family.
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LEMMA 2.6. Let {(u(e), v(e), b(€))}o<e<s be a family of positive solutions of (SP-1)
corresponding to {(U (¢), V (¢), b(€))} derived in Proposition 2.1. Then (u(e), v(¢)) for
sufficiently small ¢ > 0 is asymptotically stable if the bifurcation is supercritical (i.e.,
b'(0) > 0), while it is unstable if the bifurcation is subcritical (i.e., b’ (0) < 0).

PROOF. We observe that the eigenvalue problem for the linearization associated with
(u(e), v(e)) for b = b, (¢) is given by

A[(I +av(e))g +au(e)y] + (a — 2u(e) — cv(e))p
—cu(e)y = —og in €,

A1 + Bu(e)Y + Bv(e)p] + (bi(e) — du(e) — 2v ()Y (2.29)
—dv(e)p = —por in €2,

Q= w =0 on 0%2.

For ¢ = 0, (2.29) can be written as

Al + b, Y]+ (a —20,)9 — cOay = —o¢  in 2,

Al(1 + BO)Y] + (bs — dOa) ¥ = —po in €, (2.30)

Q= w =0 on 39,

which is identical with (1.22) by setting u = ¢ and V = (1 + 86,)y. From the arguments
in Section 1.3, it is possible to see that zero is a simple eigenvalue of (2.30) and that all

other eigenvalues are positive. If we set
d=¢p+ab,y and ¥ = (14 B0,)V,

then (2.30) is equivalent to

(ao + ¢ — 2a6,)0,
—AD+ (20, —a)® +
(204 — a) It Ao,
ab, .
=o|D— in €2,
J 14 86, (2.31)
0
A4 Za " Oy P9 inQ,
1+ 86, 1+ 86,
O =V = on 02.

An eigenfunction corresponding to zero eigenvalue of (2.31) can be given by (®,, W)
defined by (2.15) and (2.14). Set

-0 %o, Ve — (2.32)
P = Py 1+,39a* *_1—}—,39a %5 .
then it is easy to see that (¢x, ¥«) becomes an eigenfunction corresponding to zero
eigenvalue of (2.30).

We are ready to employ the idea and method developed in the work of Crandall and
Rabinowitz [8] in order to study the linearized eigenvalue problem (2.29). This problem
has a simple eigenvalue o (¢) satisfying o (0) = 0 and real parts of all other eigenvalues



450 Y. Yamada

are positive and bounded away from zero for sufficiently small ¢ > 0. Using the implicit
function theorem one can express an eigenfunction corresponding to o (¢) as

O =@s + @) = @ + O(e),

. (2.33)
Y =vs+¥(e) = v+ 0(e).
Recall
u(e) =04 + 6@y + 0(e?) and  v(e) = ey + O(c?) (2.34)
by (2.24) and (2.32). Substitution of (2.34) into the second equation of (2.29) gives
AL+ BO)Y ()] + (by — dO,)r () + 26BAlgs ]
(2.35)

+eb/ (O — 269(d@s + Yi) = —po’ (D&Y + O (7).

Note AV, + (b, — dO,)¥. = 0in Q. Taking L2-inner product of (2.34) with W, we can
deduce

zﬂ(A[(p*l//*], ‘-IJ*)LZ + b/(o)(w*’ \Ij*)LZ — Z(W*(d(ﬂ* + ), lIJ>;<)L2
= —po’(0)(Ys, Wi) 2,

where (-, -);2 denotes L?()-inner product. Note

db, — b,
(Algstrl, Vi) 2 = (s, AW ) 2 = <‘P*W*» m\l’*>L2

_<d9a—b* y \p)
= 1+ﬂ9a¢* %5 *Lz-

Moreover, Lemma 2.5 yields

BL(O) (Yre, W) 2 = /Q VAW, 1 (d + buf)ga)dx

(e )

1 + Bb, 12

After some arrangements we have

0" (0) (Yra, W) 12 = =B (0) (Yra, W) 12 + 207, W) 12

2 <d + beP ©s Vs, \Ij*>
1+ B0,

= D (0) (Y, W) 2.

L2

Hence the sign of ¢'/(0) is the same as that of 5/ (0); this fact enables us to prove the
assertion. O]
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We can also discuss the bifurcation from (0, 6, b) almost in the same way as in the
preceding arguments by regarding b as a bifurcation parameter. Define b* by

b* = g(a), (2.36)

where g is defined by (1.38) (see Figure 1.2). From (1.9)

cOpx —a
AM|———)=0. (2.37)
1 + abp=

Instead of (2.14) and (2.15), define ®* by a unique positive solution satisfying

cOpx —a

=0 on 992 (2.38)
o* >0 in ,
and || ®*|| = 1. We also define W™ as a solution of
(b*B +d — 2BOp)0p+ .
—AV* + (20px — b*)W* = — ®*  in Q,
(265 ) 1+ o0, ! (2.39)
U* =0 on 9Q2.

Note the invertibility of —A + (26« — b*)I with zero Dirichlet boundary condition (see
Lemma 1.1).

Define X and Y by (2.16). We will apply the local bifurcation theory of Crandall and
Rabinowitz [7] to get the following result.

PROPOSITION 2.2. Define b* by (2.36). Then positive solutions of (RSP-1) bifurcate
from a semi-trivial solution curve {(0,6p,b); b > A} if and only if b = b*. More
precisely, there exists a positive number § such that all positive solutions of (RSP-1) near
(0, Op=, by) € X X R can be expressed as

U,V,b)y=(U(e),V(e),ble)) forO<e<$§
with
U(e) = e®* + eU(g) = ed* + 0(?),
Vi(e) = Ope) + V" + eV(e) = Ops + eW* + 8[/(0)% + 0(?), (2.40)
b(e) = b* + b/ (0) + O(s), =
where ®*, W* are defined by (2.38), (2.39), respectively, and {(U(f), \7(§), b(e))} for

O<e<éisa famjly of smooth functions with respect to ¢ satisfying (U (0), V (0), b(0)) =
(0,0,b*) and [o, U(s)®* dx = 0.

PROOF. We will repeat the proof of Proposition 2.1 with slight modification and verify the
conditions of the local bifurcation theorem in [7].
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We will use (2.18) and take (0, f+). By setting V = V — 6, semi-linear elliptic system
(2.18) is written in the following form

AU n 1 a—cl, O 1 0 u
AV ) T T5ag, \ —ag, b—20, )\ —po, 1 +a6, )\ V

_ 2.41
L (PWT _ (0 24D
p*W,Vib)y) —\0)
where p! (U, V; b) (i =3, 4) are smooth functions satisfying
3 . _ 4 . —
'O(U,V)(O’ 0;0) = ’O(U,V)(O’ 0;0) =0 foralla > Aj.
Define a mapping G : X x R — Y by the left-hand side of (2.41):
G(U,V,b)
— O _
AU+ 2=y 4 3w, Vb
(bB +d —2B0p)0p ’ ‘

AV + (b —20,)V — U+ p*U,V,b)

1 + by

which satisfies G(0,0,b) = 0 for all b > x| because (U, V) = (0, 6p) is a semi-trivial
solution of (RSP-1). . o
The Fréchet derivative of G(U, V, b) at (U, V, b) = (0, 0, b) is given by

a— co
) Aq)—|—1+019
G(UV)(O,O,b)< >: b .(2.43)
, \J b d —2p6p)0
A\If+(b—29b)\ll—(ﬁ+ ,Bb)b(D

1+ abp

From the definition of b*, it is easy to see that Q(U’V) (0,0, b) is singular if and only if
b = b*. Moreover, recalling (2.38) and (2.39) one can find

Ker Gy 7,0, 0, b*) = span{(®*, W*)},

which means the dimension of ker Q(U’V) (0, 0, b*) is one.
The proof that the codimension of Range Q(U’V) (0,0, b*) is one is essentially the same

as that for Range F 7 (0, 0, b,.) in Proposition 2.1. If (2, k) € Range G (0,0, b*),
then

a — cOpx

Ah+———"h=h in €,
b b*B + d — 28050
Ak + (0% — 29k — LB TA =280, b,
1 + aOp+
h=k=0 on 9€2,

for some (&, k) € ){ . In view of A1 (cOp+ /(1 + abp+)) = 0, the first equation has a solution
h if and only if fQ h®*dx = 0. Since the second equation always has a solution k, we get
the assertion.
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Finally we have to verify

G 7)5(0.0. b )(q’ ) ¢ Range Gy, 77,(0. 0, b¥). (2.44)

From (2.43)

x [ PF
G(U,V),h(o’ 0,0%) <\Il*)

ctaa 90y CD*
a@ )2 ab

1+
) o <(b,3 + d ZﬂGh)9h>
b=b* 8b 1 + Olgb

Suppose that (2.44) is false. Then it follows from the arguments in the preceding paragraph

that
/ c+aa 96y
o (1 +abp)? 9b
However, (ii) of Lemma 1.1 implies that the above integral must be positive. Thus we
arrive at a contradiction.

Since we have verified all the conditions for the local bifurcation theorem, we can obtain
the conclusion. O

= 90,
<1—2—” D,

ab

b=b*

(@")%dx = 0.

b=b*

REMARK 2.4. By Taylor’s expansions of « and v with respect to U and V = V — 6, at
(U, V) = (0, 6p) we get

U+773(U,V),

T 14 aby

U+V UV
1+9 + V 4+ na( ),

where 73 = O(U? + 72) and n4 = O(U? + 72). Hence Proposition 2.2 implies that
bifurcating positive solutions of (SP-1) for b = b(¢) = b* + b'(0)e + O (&%) can be
expressed as

UE) = — 4 0 = — 4 0(sD)
1+ O{Qb(g) 1 + afp 7
BOb(e) 2
=0 vt — 2 P o0
V(&) = Ope) + ¢ ( [+ atpe) + O0(&7) (2.45)

BOp+
= Opx vt —— P &b’ (0
b+8< T+ by >+ ()ab

where @, and W, are defined by (2.38) and (2.39).

+ 0(e?),

b=b*

We will study the direction of the bifurcation in Proposition 2.2 by the idea used in the
proof of Proposition 2.1.
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LEMMA 2.7. Let {(U(¢), V(¢), b(¢))} be a family of positive solutions of (RSP-1) as in
Proposition 2.2. Then it holds that

(©)* 36

(%) . By .
_/Q—(Haeb*)z{cb (aa + ¢) <—1+a9bfb v >}dx.

PROOF. We will use (2.40), (2.45) and substitute these expressions into

(ace + ¢)b'(0)

AU 4+u(a—u—cv)y=0 inQ. (2.46)
By (2.40)

AU(e) = e(AD* + AU (¢)) (2.47)
and by (2.45)

Cﬂ@h* —1

_ —_ —a—cO
a—u(e)—cv(e) =a Cb(€)+8(l+a9b*

oF — c\p*) + 0%, (248)

We also note that, as a function of U and V, the second derivatives of u are given by
_ 20B6p
WVy=0.6 1+ abp)?

o

uyu — T 5
(U, V)=(0.65) (1 + ab))?

uyy

uyy =0.
U, V)=(0,6p)

The Taylor expansion of u with respect to U and V = V — 6, yields
1 0

= vl 2P o

1+ abp (14 abp)? (1 + abp)?

UV} +ma(U, V),

where m(U,V) =03 +V3). Hence

& ~
)= —(*+ Ue
u(e) 1+a9b(g)( (&)
acld* BOy+
O* — W* | 4+ 0(e?). 2.49
(1 + afp+)? (l—i-a@b* > + O ( )
It follows from (2.48) and (2.49) that
u(e)a —u(e) = cv(e)) = ¢ H—ezg@* +U(e)

e2d* BOp+
— -] —OF — Y o
+(1+059b*)2{ +(aa+c)<l+a9b* )}—l— (&)

a—c (act + c)D* 96,
—e— " (®*+ U — () —— 2~
1 abyr (@ UE) O e, 90 |,_,.
e2d* BOp+
— 0" — P — w* 0(3). (2.50
+(1+a9,,*)2{ +(““+C)<1+a9b* >}+ (€7). (2:50)
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Substitution of (2.47) and (2.50) into (2.46) gives

a—cOp=\ ~ , (ac + c)®* 36
At 7)) Oe) — b (0) T O
( + 1+a9b*) ©) = b O a7 b

n ed* BOp
(1 + aBpr)? 1 + o+

b=b*

{—cb*+(aa+c)< @*—w*>}+0(s3)=0,

2.51)

where (2.38) has been used. Taking L2(2)-inner product of (2.51) with ®* and letting
& — 0 one can derive the assertion. O

Let {(u(e),v(e), b(e))} be a family of positive solutions of (SP-1) associated with
{(U(e), V(e),b(e))} constructed in Proposition 2.2. The eigenvalue problem for the
linearization with respect to (u(g), v(e), b(e)) is also given by (2.29). For ¢ = 0 this
eigenvalue problem is written as

Al(1 + abp)p] + (a — cOpr)p = —0o@ in Q,
AlY + BOp @] 4+ (b* — 20p) Y — dOprp = —poy  in Q, (2.52)
(p = 1]” = 0 on 39.

As in the proof of Lemma 2.6, it is possible to show that zero is a simple eigenvalue of
(2.52) and that all other eigenvalues are positive. If we define

d=(+abp)p and W= + BOpo,

then (2.52) is rewritten as

cOpx —a o .
—AD + = in 2,

1 4+ oOp+ 1 + abp=

b* d — 2B6p+)0p=
LAY 28y — by ZPT B0 4,
1 + abpx (2.53)
O
= po \I/—'B—bCD in 2,
1 4+ aOp+

=¥ =0 on 082.

An eigenfunction corresponding to zero eigenvalue of (2.53) is given by (®*, W*) defined
by (2.38) and (2.39). If we set

and ¥ =" —

— (2.54)
1 + abp= 1 + abps

@

then we see that (¢*, ¥*) is an eigenfunction corresponding to zero eigenvalue of (2.53).
We will study the linearized eigenvalue problem (2.29) as in the proof of Lemma 2.6.

This problem has a simple eigenvalue o (¢) satisfying o (0) = 0 and real parts of all other

eigenvalues are positive and bounded away from zero for sufficiently small ¢ > 0. By the
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implicit function theorem we can prove that the eigenfunction corresponding to o (¢) is

expressed as
p=9¢"+9()=9¢"+ 0(),
V=Yt +Y(e) =y"+ 0(),

where ¢* and ¥* are defined by (2.54). Note that bifurcating solutions have the following
forms

(2.55)

+ 0(e?)
b=b*

96,
u(e) = eg* + 0(¢?) and U@)=9m+ww*+SH«D5£

(2.56)

(see (2.45) and (2.54)). Substituting (2.56) into the first equation of (2.29) we get after
some arrangements

« o 20,
AL + abp) @] + (a — cOp)P + 2ea Ale*y*] + eab’ (0)A |:8_bb gp*]
b=b*
* *\  k / aeb * / * 2
—2e(p™ + cy ™)™ — ech (O)% " =—0"(0)p" + O(e). (2.57)

b=b*
Observe that by (2.38)

(AL1 + abp)@l, D7) 2 + ((a — cOp) P, D)2
= ((1 4+ abp)g, AD*) 2 + ((a — cOp<)P, D)2
= (@, (cOpx —a)P™) ;2 + ((a — cOp*)P, D*) 2 = 0.
Taking L?(2)-inner product of (2.57) with ®* leads to
=o' (0)(¢*, )2 = 2a(Al@* Y], @) 12 = 2((¢" + Y™™, @) 2

20 20
+ab%0)(A[-—ﬁ ¢*},¢*> —cb%0)<—ﬁ- ¢f¢*> .
b=b* L2 3b b=b* L2
Here it should be noted that

ab
2a (Al Y], )2 — 2((¢" + c¥M)g™, @)

Oy — a
= 2a(p*y*, mqﬁ)y —2((¢* 4 cy¥)g*, @) 2

ao + ¢
=_2 * * *’q)*
((q’ T 1va0, " )“’ >Lz

96 36
(o[l e] )G
b |,y L ab

and that

W* , (-D*>
b=b* L2

=« (% 9", O —a <I>*> —c(% <P*,Cb*)
b [pmpr L+ abp /o2 b | pp L
* 06,
= —(aa +¢) (@__b ,<I>*> )
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Hence we get

ao + ¢
/0 *,CD* :2 * *k *,CD*
o' (0)(g )2 ((<p +—1+a9b*w )(p )

L2
/ o 90, . (2.58)
+ (aa +c)b'(0) | —— — ) .
1 + C!eb* 8b b=b* 12
On the other hand, Lemma 2.7 yields
* 00
(aa + )b (0) <¢’——” , <I>*>
1+Ol9b* 8b b=b* 12
_ *\2 * _ QO*W* *
=—(e")", )2 —(ax+c)| ——., @ . (2.59)
1 + Olgb* L2
Finally it follows from (2.58) and (2.59) that
L
"(0)(¢*, O* = — o | —— = , .
o' (O)(p", @) 2 = —(aa + )b (0) (1 ot )Lz

Thus one can prove the following result.

LEMMA 2.8. Let {(u(e),v(e),b(e))} be a family of positive solutions of (SP-1)
corresponding to {(U (¢), V(¢), b(¢))} derived in Proposition 2.2. Then (u(e), v(¢e)) for
sufficiently small ¢ > 0 is asymptotically stable if the bifurcation is subcritical (i.e.,
b’ (0) < 0), while it is unstable if the bifurcation is supercritical (i.e., b'(0) > 0).

We will reconsider Theorem 2.1 and Corollary 2.1 from the viewpoint of global
bifurcation theory.

Let a > A be fixed and regard b as a bifurcation parameter. Proposition 2.1 implies
that positive solutions of (RSP-1) bifurcate from (6,, 0, b) at b = b, defined by (2.12)
and that all positive solutions (U, V, b) of (RSP-1) lie on a curve in X x R of the form
{(U(e), V(e),b(e))}o<e<s With b(0) = b, where U (e), V(¢) and b(e) are expressed by
(2.17). Set

ad
P = {w € Cé(ﬂ); w(x) > 0for x € Q and a—w(x) < Oforx e BQ}, (2.60)
v

where d/0v denotes the outward normal derivative on 9€2. It should be noted that
(U(e),V(e)) € P x P for sufficiently small ¢ > 0 because 6, and W, belong to P by
the strong maximum principle (see [49]).

We now apply the global bifurcation theory of Rabinowitz [50]. Then there exists a
connected set of nontrivial solutions of (RSP-1), denoted by C, such that C is unbounded in
X x R or C meets a nontrivial solution at some b = b. Let CT C P x P x R be a connected
subset of C — {(6,, 0, by)} such that C* contains {(U (¢), V (¢), b(¢))} for sufficiently small
& > 0. It can be also seen that C* satisfies one of the above alternatives.

We will show the following result.

THEOREM 2.2. For any fixed a > Ay, let CT be a connected set of positive solutions of
(RSP-1) defined as above. Then the following properties hold true.
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(i) IfCT is bounded in P x P x R, then the following set
{beR; (U, V,b)eCTN(P x P xR))
contains open interval (min{b*, b.}, max{b*, by})).  Moreover, C* connects
(64, 0, by) with (0, Opx, b™).
(ii) IfC* is unbounded in P x P x R then open interval (by, 00) is contained in
{beR; (U V,b)eCtN(P x P x R)}.

Here b, and b* are constants defined by (2.12) and (2.36).

REMARK 2.5. This theorem implies that, if C*t is bounded in P x P x R, then this is a
branch of positive solutions of (RSP-1) connecting (6,, 0, b,) and (0, 6+, b*). However,
we do not have satisfactory information whether C* is bounded or unbounded in P x P x R.

PROOF OF THEOREM 2.2. Suppose CT N (3(P x P) x R) > (Uy, Vo, by) with
(Uo, Vo, bg) # (04,0, by). Then (Uy, Vo, bp) is a limit of a sequence {(U,, V,, b,)} C
CTN (P x P x R). Since (Uy, Vo) € (P x P), Uy (resp. Vp) has an interior zero in
or dUy/dv (resp. dVy/dv) has a zero on 92 if Uy € 9 P (resp. Vo € 9 P).

We begin with the case Vy € dP. Since (Uy, Vp) is bounded by Lemma 2.1, one can
prove that Vj satisfies

—AVO+MVO={M+ (bo—duo—Uo)}V()zo in ,
1+ Bug

Vo=0 on 02,

2.61)

for sufficiently large M > 0, where (uq, vp) is defined by
Up=(1+avguyg and Vo= (14 Buo)vo.

Recall that Vj has an interior zero in € or dV(/dv vanishes at a point on d€2. Hence
application of the strong maximum principle to (2.61) yields Vy = 0. This fact implies that
U satisfies

AUyp+ Up(a—Uyp) =0 inQ2 and Uyp=0 onadQ;

so that Uy = 0 or Uy = 0,.

If Up = 0, then positive solutions bifurcate from (0, 0,b) at b = bg. From the
linearization of (RSP-1) around (0, 0) we get (a, bg) = (A1, A1). This is impossible. If
Uy = 6,, then (9,, 0, by) is a bifurcation point of positive solutions of (RSP-1). Then it
follows from Proposition 2.1 that by must be equal to b,, which is a contradiction.

The above argument enables us to conclude Uy € dP. Since Uy satisfies a similar
problem to (2.61), the maximum principle implies Uy = 0. Therefore, Vj satisfies

AVo+ Vobo— Vo) =0 inQ and Vyp=0 onadQ;

so that Vo = 0 or Vp = 0y,. Since Vy = 0 is excluded in the same way as above, V) must
be identical with 6. In this case, (0, 05,, bo) is a bifurcation point of positive solutions of
(RSP-1). Hence Proposition 2.2 gives by = b*, where b* is defined by (2.36). Thus we see
that C N (P x P x R) is a branch of positive solutions of (RSP-1) connecting (6,, 0, by)
and (0, Op+, b*) when C* is bounded in P x P x R.
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We next consider the case Ct C P x P x R. In this case, CT never meets trivial solutions
of (RSP-1) and C* is unbounded in X x R. Since (U, V) is a positive solution, Lemma 2.1
gives

O0<u<U=<M((a and 0<v<V <M»b) inQQ.
We apply the regularity theory of elliptic equations to

—AU =u(a—u—cv) and — AV =v(b—du—v) inQ.
Then we see that any (U, V, b) € CT satisfies

IUllw2r < M{() and ||[Viy2, < Mjy(D).

These estimates together with the unboundedness of C + implies that {b > Aq; (U, V,b) €
C™} is unbounded. Thus we get the assertion (ii). O

3. Positive steady states of prey—predator model with cross-diffusion

In this section we will study the structure of positive steady states for the prey—predator
model with cross-diffusion:

Al +av)ul+u(a—u—cv) =0 in 2,
Al(1 + Bu)v]+vb+du —v) =0 in <,
u=v=>0 on 082,
u>0, v=>=0 in ,

(SP-2)

where «, B are nonnegative constants, a, ¢, d are positive constants and b is a real number.

3.1. A priori estimates
We use the following two unknown functions U, V as in Section 2:

U=(+av)u and V =1+ Bu)v,

which induces a one-to-one correspondence between (u#, v) withu > 0, v > 0 and (U, V)
with U > 0, V > 0 (see (2.1)). Then (SP-2) is written in the following equivalent system:

a—u—-cv .
AU+U<—>=O in ,

1+ av
b+du—

(RSP-2) Av+v(ZEMTYY _ na,
1+ Bu

U=V =0 on 02,

Uu=0, V=0 in 2,

where u = u(U, V) and v = v(U, V) are understood to be functions of (U, V') defined by
(2.1). In what follows, we sometimes discuss (RSP-2) in place of (SP-2).
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LEMMA 3.1. Let (U, V) be a positive solution of (RSP-2). Then

a ifaa <c,
0<u(x) <Ux) < M(a):= 3 (c+ax)?

) ifac > c,
ca

0=<vx) = V) =Ms(a,b):= 1+ BM(a)(b+dM(a))
forall x € Q.

PROOF. Estimate for U is the same as in Lemma 2.1. Assume ||V ||co = V(xg) > O for
some xqo € 2. It follows from (RSP-2) that

0 < —AV(x0) = v(x0)(b + du(xo) — v(x0));

so that b + du(xg) — v(xg) > 0 because v(xg) > 0. Therefore,
v(x0) = b+ du(xo);

so that we see

Vileo = (1 + Bu(xo))v(xo) < (1 + Bu(xo))(b + du(xo))
= (I +BMi(a))(b +dMi(a)). U

LEMMA 3.2. Let (U, V) be a positive solution of (RSP-2). If ax < c, then
u<U=<6, inQ. 3.1
If b < d, then

0, <V inQ. (3.2)

PROOF. The proof of (3.1) is the same as (2.2). To prove (3.2), we use the following
inequality for d > bf

AV + Vb —V)=uv{bB —d— 2B+ Bru)v} <0,
which implies that V' is a supersolution of (1.3) with a replaced by b. So (3.2) is shown by
the comparison method. O
3.2. Existence and uniqueness of positive steady state

In this subsection we will construct positive steady state for (SP-2) (or equivalently (RSP-
2)) by using the degree theory as in Section 2.2.



Positive solutions for Lotka—Volterra systems with cross-diffusion 461

Choose a sufficiently large p such that

+a—u—cv>0 d +b—|—du—v>
P rar = Pr g =

forO0 <u < Mi(a)+1and 0 < v < M3(a, b) + 1, where Mi(a), M3(a, b) are positive
constants in Lemma 3.1. Define a mapping B in E = C(2) x Co(2) by

o _ a—u—cv b+du—v
BWU,V)=(=A+pl) {<p+—l+av )U,(p+—l+ﬁu >V}

= (A4 pD)~ N (PU + Fu,v)), (A + pD)" (pV + G, v))),
3.3)

where u, v are functions of U, V (see (2.1)) and
F(u,v) =ula —u— cv), é(u,v)zv(b—i—du—v).

As in Section 2, define W = K x K with K = {u € Co(ﬁ); u > 0in Q}. Clearly, (U, V)
is a solution of (RSP-2) if and only if it is a fixed point of B in W. By setting

D:={U,V)eW; U<M(a)+1and V < M3(a,b) + 1in Q},

it can be seen from Lemma 3.1 that all nonnegative solutions of (RSP-2) lie in the interior
of D (= int D) with respect to W. Note that B has no fixed points on the boundary of D
with respect to W and that 6, < a < Mj(a) and 6, < b < M3(a, b). Moreover, one can
show that B is completely continuous and maps D\{(0, 0)} into the demi-interior of W.
Then it is possible to define degw (I — B, int D) for B with respect to W.

In order to study degw (I — B, int D), it is sufficient to calculate the index of each fixed
point of B in W. The Fréchet derivative of B at any fixed point (U, V) of B is given by

A

/ vy _ _1 1
B(U,V>(V)_( A+ pl) [p1+1+av+ﬂu
a—2u—cv —cu 1+ Bu —au U
x( dv b+du—2v>< —Bv 1+av)i|<‘7>- (3.4)

(see the derivation of (2.7)).
LEMMA 3.3. degw(/ — B,int D) = 1.

PROOF. The proof of this lemma is essentially the same as Lemma 2.3. So we omit the
proof. O

We can also derive the fixed point index of each trivial and semi-trivial steady state of
(RSP-2) in the same way as Lemma 2.4.

LEMMA 3.4. Leta > Aj.
(i) indexw (B, (0,0)) = 0.
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indexw (B, (04, 0)) =0 if 4 (igffée_b) <0,

indexw (B, (04,0)) =1 if ) ( 1140, ) > 0.

indexw (B, (0,65)) =0 if A (fi@i) <0,

indexw (B, (0,6p)) =1 if Ay (iﬁ—bot_é;) > 0.

(i1) It holds that

(ii1) For b > Ay, it holds that

The existence result of positive steady states for (SP-2) or (RSP-2) reads as follows.

THEOREM 3.1 (Existence of positive steady state). Assume a > Ay. Then (SP-2) (or
equivalently, (RSP-2)) admits a positive steady state if one of the following conditions
holds true:

: _dea_b C@b—a

@) Ml—— ) <0 and X\ <0,
1 + 86, 1 + ab)
—db, — b Op —

(i) (22220 and » ([E2—2) <0,
1+ g6, 1 + ab)p

where 0, = 0 for b < X1.

PROOF. The proof is accomplished in the same way as Theorem 2.1 with use of
Lemmas 3.3 and 3.4. O

In Section 1.4 we have defined two curves S> by (1.9) and S3 by (1.10) in ab-plane.
By Lemma 1.6, S3 is expressed as b = f(a) fora > Xy (see Figure 1.3). Moreover, by
Lemma 1.4, S5 is expressed as b = g(a) for a > A (see Figure 1.1). Define two sets >+
and ¥~ by

St = {(a.b) € [h1,00) x (=00, 00); f(a) < b < g(@)}, G35)
£~ = {(@,b) € [A1, 00) x (—00, 00); g(a) < b < f(a)). ‘
It follows from Theorem 1.2 that both (6,, 0) and (0, ;) are ugstable if (a, b) € fl*, while
both (6,, 0) and (0, 6,) are asymptotically stable if (a, b) € X~ . Therefore, Theorem 3.1
implies that (SP-2) (or (RSP-2)) possesses at least one positive steady state whenever (a, b)
lies in a region where (6,,, 0) and (0, 6) are asymptotically stable or unstable at the same
time.

We can al§0 see from Lemmas 1.3 and 1.4 that £ is nonempty if (c+ai1)(BA _dL<
1, and that £ is nonempty if (¢ + aA1)(BA1 —d) > 1. Moreover, it can be seen that >+
shrinks to an empty set near (a, b) = (A1, A1) as B becomes large, while ¥~ expands near
(a,b) = (A1, A1) as B becomes large.

Furthermore, the following corollary comes from Theorem 3.1.

COROLNLARY 3.1. (i) Let BA1 < d. If (a,b) € (A1, 00) X (—00, 00) satisfies (a, b) €
ST, then there exists at least one positive steady state of (SP-2) (or equivalently
(RSP-2)).
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(i) Let Bry > d. If (a, b) € (A1, 00) x [A1, 00) satisfies (a, b) € ST U S~ then there
exists at least one positive steady state of (SP-2) (or equivalently (RSP-2)).

Finally we will discuss the uniqueness of positive steady states for (SP-2) or (RSP-2).
For this purpose, the idea of Lépez-Gémez and Pardo[39] is very useful. They have shown
the nondegeneracy of a positive solution for prey—predator model with linear diffusion in
the special case when the spatial dimension is one. See also the work of Nakashima and
the author [41].

THEOREM 3.2. Let N = 1. If ¢ > aa,d > b and o — aaf — cf > 0, then a positive
steady state for (RSP-2) (or (SP-2)) is uniquely determined.

PROOF. Let @ = (0,1) and let (U,, Vi),i = 1,2, be two posmve steady states for
(RSP-2).  Set U = Uy — Up and Vv = Vi — Vo, Since U; = (1 4+ av;)u; and
Vi =1+ Bui)v; (l =1,2),

U [ 14+avy  au 7AW
v) =\ Bvy 1+8ui)\d)’

iy _ 1 1+ Buy —auy U (3.6)
V) 14avy+Buy \ =Bz 1+aw J\ V)" '

Since (U1, V1) and (U, V») are solutions for (RSP-2), we can get

so that

d_2 U " a—uy—uy — cvy —cuj i -0
dx2 \ vV dvy b — v — vy +dug )

By (3.6) the above system can be rewritten as

0"+ pU - 611V—0 3.7
—V" 4+ paV — U =0, '
where
1
=—————{—a4u+ur+cvy— + +u2)},
P 1+oev2+/3u1{ a+uy +uz+cvy —apuy + Bui(uy +uz)}
1
=— +A-b —du; —b ,
P2 l+avz+ﬂu1{ +v1 +v2 —duy — bavy + ava(vy + v2)}
uip
q1 = [ —— {(u1 +u2)a —ao —c},
V2
= + +d — bB}.
92 1+av2+,3u1{(vl v2)B B}
In view of (3.7) we define the following operators;
LU :=-U"+ pU
{sz =-—V"+ pV 3-8)
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with zero Dirichlet boundary conditions at x = 0, 1. Since U and V; are positive solutions
for (RSP-2), the Krein—Rutman theorem implies that the principal eigenvalues of both
operators

d? Uy +cvy —a d? v —du; —b
-—t— and - — 4+ ——+—
dx? 1+ av dx? 1+ Bu;

with zero Dirichlet boundary conditions are zero; that is,

2 uy +cvy —a Y v —du; —b —0
! 1+ av - 1+ Bu; -

After some calculations it is possible to show

Uy +cvy —a v —du; —b
pl>———— and pp> ———
1+ avy I+ Buy
where we have used @ — aoff — fc > 0 and d > bB, respectively. So it follows from
Proposition 1.1 that

A(p1) > Al (”ﬂ“ﬂ) -0 (3.9)
+ avy
and
A(p2) > Al (W) —0. (3.10)
14+ Bu;

Note that g1 < O and g2 > Oifaw < cand b <d (use u; < a fori =1, 2). Using L
and L, defined by (3.8), we rewrite (3.7) in the following form:

LiU=qV withq <0, (3.11)

L,V =q¢U withgs > 0. (3.12)

To complete the proof, we need the following lemma which is, in a sense, the generalization
of the maximum principle (see Protter and Weinberger [49]).

LEMMA 3.5 (cf. [39]). Let g € Cly, 8] and define L by
Lw=—-w"+qgxw, y<x<3$§

with zero Dirichlet boundary conditions at x = y, 8. Assume that the principal eigenvalue
of L is strictly positive. If w € C[y, 8] N C2(y, 8) satisfies Lw > 0 in (y,8), w(y) = 0
and w(§) > 0, thenw > 0in (y, §).

We will continue the proof of Theorem 3.2. By (3.9) the principal eigenvalue of L in
(0, 1) is positive. Then the variational characterization implies that the principal eigenvalue
of L; in any subinterval of (0, 1) is also positive. It follows from (3.10) that L, has the
same property as L. These results imply that Lemma 3.5 is applicable to the restrictions
of L and L, on any subinterval of (0, 1).
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In the rest of the proof we follow the argument used by Lopez-G6émez and Pardo [39].
Assume that U # 0. By the uniqueness of solutions for the Cauchy problem to second-
order differential equations, U has at most a finite number of zeros. If U > 0 in 0, 1),
application of Lemma 3.5 to (3.12) implies V >0in (0, 1). Applying Lemma 3.5 again to
(3.11), we see U <0in (0, 1). This is a contradiction. Hence, U and V must change their
signs in (0, 1).

Assume that U vanishes at x = X0, X1, X25 « ++ s Xp, Xp1 With xg = 0, xp41 = 1:

Ux)>0 x€(x,xj41), Jj=0,2j+1<n,

Ux) <0 x€(xj_1,%x25), Jj=>12j<n.

By hypothesis U(x) > 0 for x € (x0, x1) and U(xo) = U(xl) 0. We will show
V(xl) < 0 by contradiction. Suppose V(xl) > 0. Since V(xo) = 0, Lemma 3.5 with
L = L, assures V>0i in (x0, x1) from (3.12). Applying Lemma 3.5 again w1th L =1,
to (3.11) we are led to U <0in (xo, x1). Since this is a contradlctlon we see V(xl) < 0.
Again using the assumption that U(x) < 0 for x € (x1, x2) and U(xl) = U(xg) =0, we
can apply Lemma 3.5 to get V(x2) > 0. A recursive argument yields

V(ij) >0 and V(x2j+1) <0 fOfXZj,X2j+1 € {xl,)Q, A ,x,,,x,,+1}.

This contradicts the fact that V(xn_H) = 0. Thus U (and, therefore, ‘7) must be identically
zero. These results assure the uniqueness of positive solutions of (RSP-2). O

3.3. Nonexistence of positive steady state

We will study nonexistence of positive steady states for (SP-2) or (RSP-2) in order to derive
an optimal coexistence region in ab-plain. Generally this problem is difficult because
we cannot get suitable a priori estimates of U, V or u, v. Our nonexistence results are
restricted to the case when cross-diffusion coefficients are small in the following sense:

ae <c and DB <d. (3.13)
When (3.13) is satisfied, Lemma 3.2 gives

0,>U>u and V >6, inQ.
These a priori estimates lead us to the following result.

THEOREM 3.3. Let «a and B satisfy (3.13). Suppose that 1 + {a — f(c +ax)}6p > 0in Q.
If

i (=9 50 forp>a (3.14)
or , .
"\T+a6,) ~ =
or
—d6, — b
Ml———— ) =0 forb < Aq, (3.15)
1+ B0,

then (RSP-2) or equivalently (SP-2) does not admit a positive steady state.
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PROOF. Assume that (RSP-2) has a positive steady-state solution (U, V) and that (3.14)
is satisfied in case b > A1. Since 1 + {o& — B(c + aw)}6p > 0 in 2, we can show that

a— cb a—u-—-cv

> in Q
1+ abp 14+ av

(see also [43, Corollary 1]). Hence

a— cbp a—u—cv .
U>AU+—U=0 inQ.

AU
+1+a6b 1+ av

Therefore, for every p > 0

+ =Dy Cavpnu
> (— .
P T e, P
Let p be a sufficiently large number and denote by (—A + pl )~ ! the inverse operator
in Co(S2) of —A + pI with zero Dirichlet boundary condition. By the monotonicity of
(—A+ pl )~! and the strong maximum principle (see [49]) we have

a(l — c6Hp)

~A+ph7 ' ip+
( Pl {p 1+ b,

}U > U. (3.16)

Define

Tow = (—A + pDy~'  p+ L=
w = (— w.
. POV T 1wy

As is discussed by Li [28, Lemma 2.3], it follows from (3.16) that »(73) > 1. This fact,
together with Proposition 1.4, implies A (c6p —a/(1 +aBp)) < 0, which is a contradiction
to (3.14). Therefore, (RSP-2) has no positive solutions when (3.14) is satisfied.

Next we consider the case b < A;. Let (U, V) be a positive solution for (RSP-2). From
the second equation it follows that

b+du
1+ Bu

AV + V>0 inQ. (3.17)

Forbg <d, z+ (1 +dz)/(1 + Bz) is strictly increasing. Since u < 6,, (3.17) gives

b+db,

AV +
1+ B6,

V>0 inQ.

Therefore, making use of the same arguments as in the case b > A; we can conclude
_ b+ dé, D
rl=a+pn " {p+—21)>1
<( pD {p T+ 5o,

This fact, together with Proposition 1.4, yields A (—(b 4+ d6,)/(1 + B6,)) < 0. Therefore,
it is possible to prove that (3.15) is also a sufficient condition for the nonexistence. O
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3.4. Bifurcation theory for prey—predator model

We will reconsider (SP-2) or (RSP-2) from the viewpoint of bifurcation theory as in
Section 2.3. Let a be a bifurcation parameter and fix b in this subsection. We discuss
bifurcations of positive steady states from semi-trivial states (6,, 0) or (0, 65).

Assume that b satisfies b > A1 > d ord > BA1 > b. Define a, by

b= f(ay), (3.18)

where f is a function appearing in Lemma 1.6. Recall that f (a) is strictly increasing (resp.
decreasing) for a > Ay if A1 > d (resp. fr1 < d). From (1.10)

—db6,, — b
Al (“—) =0. (3.19)
1+ Bba,
Let W, be a unique positive solution of
de, b
—AY, — ﬁxp* =0 inQ,
Ax
W, =0 on 92, (3.20)
v, >0 in Q,
satisfying [|W,|| = 1. In view of Lemma 1.1, define ®, as a unique solution of

(ara + ¢ — 26, )6, .
—AD 20, — b, = — A Q
w7+ ( (o as) Py 1+ /3911* % 1N aa, (3.21)

o, =0 on 0%2.

Furthermore, for p > N, define X and Y by (2.16) as in Section 2.3.
The local bifurcation theorem for (RSP-2) from (6,, 0, a) reads as follows.

PROPOSITION 3.1. Let b > BA1 > d ord > BA1 > bB. Define a, by (3.18). Then
positive solutions of (RSP-2) bifurcate from a semi-trivial solution curve {(6,,0, a); a >
M} if and only if a = a.. More precisely, there exists a positive number § such that all
positive solutions of (RSP-2) near (0,4,, 0, ay) € X x R can be expressed as

U, V,b) =(U(e), V(e),ale)) forO0<e=<3$
with
a6,
| roeE),
a=ax (3.22)

U(e) = Ou(e) + £Ps + U (€) = Oy, + £®y + £a'(0)

V(e) = W, + 6V (e) = eV, + O(c?),
a(e) = ay + da'(0)e + 0(e?),

where @, WV, are defined by (3.21), (3.20) and {(0(82, ‘7(82, ae))} forO0<e<§isa
faml;ly of smooth functions with respect to ¢ satisfying (U (0), V(0), a(0)) = (0, 0, a,) and
Jo V()W dx = 0.

PROOF. The method of the proof is essentially the same as those of Propositions 2.1 and
2.2. So we omit it. 0
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REMARK 3.1. SetU = U — 6,,. Around (U, V) = (8,, 0), we see from Remark 2.3 that

af,

_ 1

V 4+ U,V) and v=

i+ g0, TV 1+ Bo,
where n; = O(U2 + V?2) and N = O(ﬁ2 + V?). Hence Proposition 3.1 implies that
bifurcating positive solutions of (SP-2) for a = a(¢) = a, + a’(0)e + O(£?) can be
expressed as

u=0,+U0— V +m(U, V),

b, )
= O, — — = 10)
u(e) a(e) +8< * 1+ Oa, *> + 0 (&%)
0 a6
=0, +e¢ (CD* — a—“w*) +ea’ (0)— + 0(&Y), (3.23)
1+ B, da |,_,
€ 2
=W, + 0().
v(e) T+ B, + O0(&7)

Similarly to Proposition 3.1, one can also study the bifurcation from (0, ). Define a*
by

b=g(a"), (3.24)
where g is a strictly increasing function defined by (1.38). From (1.9)
6 _ %
M Oh =0
1+ abp

Instead of (3.20) and (3.21), define ®* by a unique positive solution of

cOp —a* .
—AD* + 1—|——0(b =0 in Q,
aop
* =0 on 992, (3.25)
o* > 0 in ,
satisfying ||®*|| = 1 and define W* as a solution of
(b —d — 2B0p)0p .

—AW* 20 — b)V* = — P* Q,

+ (20 = 5) T+ oty " (3.26)
Ut =0 on 0L2.

PROPOSITION 3.2. For b > Xy, define a* by (3.24). Then positive solutions of (RSP-2)
bifurcate from a semi-trivial solution curve {(0,0p,a); a > A} if and only if a = a*.
More precisely, there exists a positive number § such that all positive solutions of (RSP-2)
near (0, 0p, a*) € X x R can be expressed as

(U,V,a) =(U(e), V(e),a(e)) forO<e=<é
with

U(e) = e®* + eU(e) = ed* + 0(&2),

V(e) =0 +eW* +eV(e) = O+ e¥* + 0(?), 3.27)

a(e) = a* +a'(0)e + 0(&2),

where ©*, W* are defined by (3.25), (3.26), respectively, and {(U(f), V(f), a(e))} for
0<e<dis afamAily of smooth functions with respect to ¢ satisfying (U (0), V(0), a(0)) =
(0,0,a*) and [ U(s)®*dx = 0.
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PROOF. The proof is almost the same as that of Proposition 3.1. So we omit it. O

We will investigate the direction of bifurcating solutions given in Proposition 3.1.

LEMMA 3.6. Let {(U(e), V(¢),a(e))} be a family of positive solutions of (RSP-2) as in
Proposition 3.1. Then it holds that

00,
d' (0)(bp — d) / —(1 PO Ba |,

= —‘-Iff b d —9 Y ) d
__/Q<1+ﬁea*>2{ ~®F - )< TR )} *

where @, and WV, are defined by (3.21) and (3.20).

PROOF. We will use (3.22), (3.23) and substitute these expressions into

AV +v(b+du—v) =0 in Q. (3.28)
By (3.22)
AV (e) = e(AW, + AV (¢)) (3.29)

and by (3.23)
b+du(e) —v(e)

1+ dab,
=b+dOye +e (dCD* _ Lt aab, %) + 0(&?). (3.30)

1+ Bba,

Repeating the arguments used in the derivation of (2.28) one can get
(6) = (W, + V()
v(E) = —— e
L+ BOaiey

N Be? ( by,
(14 B64,)> \ 1+ Bb,,

v, — q>*) U, + 0(d). (3.31)

Substitution of (3.29), (3.30) and (3.31) into (3.28) leads to

b+d9a(5)) A {ﬂ(b-i—d@a)( b, )
O=(A4+ —— ) (W, +V(e)) +¢ * Ly, — d, | W
< 1+ BOace) (Lt VIED 1+ B0, \1+p6,, = )"
1 1 +dab, )
— | d R\ Y (0]
+1+ﬂ9a*( ST ) *}+ e

*

b+d6, \ - Cd—bp 90,
—(a x 0% %
< +1+ﬁ0a*)v(8)+8a()(1+/39g*)2 9

5
(14 B6a,)?

a=ax

v, — cp*)} U, + 0(&?).

b,

1+ B6a,

+ {—\If*+(bﬂ—d)<
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Taking L?(£2)-inner product of the right-hand side of the above identity with W, we have

w2 90
—*2_“ dx
o (1+ 864, da |,_,

—/\D—’%{w —(bﬂ—d)(&\ll —d))}d + 0(s)
RN I+ p0s, ~ ) '

a'(0)(d — bp)

Hence the assertion comes from the above identity by letting ¢ — 0. O

REMARK 3.2. It follows from Lemma 3.6 that the direction of bifurcation becomes
opposite according as the sign of b8 — d changes.

We can also study stability of bifurcating positive solutions in Proposition 3.1.

LEMMA 3.7. Let {(u(e),v(e),a(e))} be a family of positive solutions of (SP-2)
corresponding to {(U (¢), V (¢), a(e))} in Proposition 3.1.
(1) If Br1 < d, then (u(e), v(e)) for sufficiently small ¢ > 0 is asymptotically stable if
the bifurcation is supercritical (i.e., a’(0) > 0), while it is unstable if the bifurcation
is subcritical (i.e., a’(0) < 0).
(1) If BA1 > d, then (u(e), v(¢e)) for sufficiently small ¢ > 0 is asymptotically stable if
the bifurcation is subcritical, while it is unstable if the bifurcation is supercritical.

PROOF. The eigenvalue problem for the linearization associated with (u(e), v(e)) for
a = a(e) is given by

A[(I +av(e))g +au(e)y] + (ale) — 2u(e) — cv(e))y

—cu(e)y = —og in Q,

AL+ Bu(eNy + Bu(e)o] + (b + du(e) — 2v(e) Y (3.32)
+dv(e)p = —poy in .

p=v=0 on 092.

If e = 01in (3.32), then
Alp + b, Y1+ (ax —204,)9 — Oy, = —0¢  in L,
AL+ BO Y]+ (b +dO, ) = —poir in Q, (3.33)
Q= ‘(// =0 on Q2.

Recall that zero is a simple eigenvalue of (3.33) and that all other eigenvalues are positive.
If we set

®=¢p+ab,,y and ¥ =(1+ B0, ),
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then (3.33) is equivalent to

(ac + ¢ —2a0,,)6,
—AD + (260, —a,)d =
+ (200, —a) @+ 1+ BO,,
(o= 55a) |
=o|®P—-—F"F"—-V in 2,
1 + B6a, (3.34)
do, b
—AY — x + = d \\/J in Q,
14 g6, 14 86,
O=v=0 on 0%2,

(see (2.31)). An eigenfunction corresponding to zero eigenvalue of (3.34) can be given by
(P, W) defined in (3.21) and (3.20). Setting

® ooy and Ly (3.35)

= - an =—VY,, .

Px * 1+ﬂ9a* * * 1+,36a* *

we see that (¢x, ¥,) becomes an eigenfunction corresponding to zero eigenvalue of (3.33).
Let o (¢) be an eigenvalue of (3.32) satisfying 0 (0) = 0. Using the implicit function

theorem as in the proof of Lemma 2.8 one can express an eigenfunction corresponding to

o (&) in the following form with use of (¢, ¥,) defined by (3.35):

! 0 =@+ (&) = @s + O(e), (3.36)

U =Y+ P (e) = Y + O(e).
Recall

I 904 2 2
u(e) =04, + s« + ca (O)% + 0(e”) and v(e) = ey + O(e7)
a=ax

(3.37)

by (3.23) and (3.35). Substituting (3.37) into the second equation of (3.32) and arranging
the resulting expressions we have

AL+ BOu )V ()] + (b + dBu )V (€) + 2B Alutfa] + 269 (dps — i)

+&Ba’(0)A [% Y = —po’ (0)eyy + O (%)

a=ax

a0,
w*} + eda’ (0)—
a=a, da
(3.38)

(ct. (2.57)).
Taking L2-inner product of (3.38) with W, one can derive

2B(Algsrs], ‘I’*)L2 + 2(Y (dps — Yre), ‘I’*)L2

, 36, {96,
da |,_,, L2 da

)
a=ay L2
= —pa’ (0) (Y, W) 2.

Then the rest of the proof is the same as Lemma 2.8. O
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As to the bifurcating solutions constructed in Proposition 3.2 we can obtain the following
results. Their proofs are almost the same as those of Lemmas 2.5 and 2.6.

LEMMA 3.8. (i) Let {(U(¢), V(¢e),a(e))} be a family of positive solutions of (RSP-2)
constructed in Proposition 3.2. Then it holds that

, (@*)2
a' (0) dx
o l+aby
*\2
= / —(¢ ) {CD* —(c+a*a) <—'89b o* — lIJ*) } dx.
o (I +abp) 1+ abp

(1) Let {(u(e), v(e), a(e))} be a family of positive solutions of (SP-2) corresponding to
{(Ue), V(e),a(e))}in (1). Then (u(e), v(e) for sufficiently small ¢ > 0 is asymptotically
stable if the bifurcation is supercritical, while it is unstable if the bifurcation is subcritical.

We will apply the global bifurcation theory to (RSP-2) as in Section 2.3. Define positive
cone P by (2.60). Let C; C X x R denote a connected subset of nontrivial solutions of
(RSP-2) such that C; 3 (6,,, 0, a.), where a, is a positive number defined by (3.18) and
satisfies (a4, b) € S3. We denote by Cl+ a maximal component of C; \ {(6,,, 0, a,)} such
that Cf‘ C P x P x R. By Proposition 3.1, (U(¢), V(¢),a(e)) € C1+ for sufficiently small
e > 0.

Similarly, we denote by C;r a maximal component of positive solutions of (RSP-2) which
contains bifurcating positive solutions from (0, 6, @) at a = a*. Here a™ is a positive
number defined by (3.24) and satisfies (a*, b) € S5.

We can show the following result by using the global bifurcation theory of Rabinowitz
[50] in the same way as Theorem 2.2.

THEOREM 3.4. For any fixed b, let Cfr and C; be a connected subset of positive solutions
of (RSP-2) defined as above.

() If Br1 < d, then

{aeR; (U, V,a)€Cl} = (ar,00) forb <,
{aeR; (U, V,a)€Cl}D(a* 00) forb> Ay,

where a, and a* are defined by (3.18) and (3.24), respectively.

(i) If BA1 > d, then for each i = 1,2, the set {a € R; (U,V,a) € C;} contains an
open interval (min{a,, a*}, max{ay, a*}) for b > ’|. Moreover, if either Cl+ or C;
is bounded, then C;L = C;‘ and Cf' connects (0q,, 0, a,) with (0, 65, a™).

PROOF. In the proof of the first assertion in (i), we have to use Theorem 3.3 and, especially,
(3.15). ]
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3.5. Other prey—predator models with cross-diffusion
We will study other prey—predator models with cross-diffusion effect, which is different

from the model discussed in the preceding subsections. In [20], Kadota and Kuto have
proposed the following reaction-diffusion system:

u; = A[(1 +av)u]l + u(a — u — cv) in 2 x (0, c0),
1 .
v,:A[(,u—i— 1+’8u)vi|+v(b+du—v) in 2 x (0, c0), (3.39)
u=v=_0 on 92 x (0, 00),
u(-,0) =ug, v(-,0) =1 in 2,

where a, ¢, d, p are positive constants, b is a real number and «, f are nonnegative
constants. In the second equation of (3.39), nonlinear diffusion A[(x + 1/(1 4+ Bu)v]
means that the dispersive force of the predator species is weakened in the high population-
density area of prey species. For this model, one can also consider the corresponding
stationary problem

Al +av)ul+u(a—u—cv) =0 in ,
1
(SP-4) A|:<u+1+ﬁu>v]+v(b+du—v)=0 in ,
u=v=>0 on 02.

It is easy to see that (SP-4) has two semi-trivial solutions; (6,,0) and (0, 6, ,) with
Op,n = (0 + DOp(u+1)- Our main interest is to look for positive solutions for (SP-4). For
this purpose, both the degree theory and the bifurcation theory developed in the preceding
subsections are valid to show the existence of positive solutions. The existence theorem
reads as follows (see [20, Theorem 2.1]).

THEOREM 3.5. Assume a > A1. Then (SP-4) has a positive solution if

b+do,)(1 [7) Op 1 —
A (—( +do) + B a)> <0 and M <—C b.n a) < 0,
1+ (1 + Ba) 1+ abp,u

where 0, = (0 + 1)0p/ur1) and Op ,, = 00f b < (u + DA1.

Let a and b be positive parameters and define two curves S4 and S5 by

(b +d6) (1 + )
1+ (1 + Boa)

0, . —
M) =0forb2(l/~+1))»1}.

S4={(a,b)eR2; M( >:Of0razkl},
(3.40)
S5 = {(a,b) € R?%; xl(

I+ abp .

Information on profiles of S4 and S5 can be given by the following result (see [20, Lemmas
2.2 and 2.3]).

LEMMA 3.9. Define S4 and Ss by (3.40).
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b A S; : a=a*(b)
3,
(u+1)A
0 Py a
S, : a=a«(b)

Fig. 3.1.

(1) The curve Sy is expressed as
Sa=1{(a,b) € R*; a =a.(b) forb < (u+ D},
where a(b) is a strictly decreasing function of class C' for b < (u+ 1)1 such that
ax((n + DAy = Ay and limp_, _ o ax(b) = o00.
(ii) The curve Ss is expressed as
S5 = {(a,b) € R*; a = a*(b) forb = (u+ i),
where a*(b) is a strictly increasing function of class C' for b > (u+ 1)1 such that
a*((u+ DAy) = Ay and limp_, oo a™(b) = o0.

By virtue of Lemma 3.9, one can draw two curves S4 and S5 in ab-plane as Figure 3.1.
Let £ be a domain surrounded by S4 and S5 curves:

Y ={(a,b) e R2; a > ax(b) forb < (u+ Ay anda > a*(b)
forb > (u+ 1A}

Then the following corollary easily follows from Theorem 3.5.
COROLLARY 3.2. If(a, b) € X, then (SP-4) possesses a positive solution.

In [32] and [33], Lou and Ni have studied the steady-state problem associated with (1.4)
under homogeneous Neumann boundary conditions and discussed the dependence of its
positive solutions upon cross-diffusion coefficients. In particular, letting one of the cross-
diffusion coefficients to co, they have established the limiting characterization of positive
solutions for competition systems with large cross-diffusion.

We can also study the dependence of positive solutions for (SP-4) upon nonlinear
diffusion coefficients & and . Now it should be noted that S4 and S5 depend on « and
B and, therefore, ¥ also depends on « and B. So it is a very interesting problem to study
the effects of @ and 8 on the structure of positive solutions of (SP-4). For details, see
Kadota-Kuto [20], Kuto [24] and Kuto-Yamada [25,26].
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4. Multiple existence of positive steady states for prey—predator models with
cross-diffusion

In this section we will study sufficient conditions under which (SP-2) admits multiple
positive steady states. In particular, we are interested in the case where cross-diffusion
coefficient g is sufficiently large. For the sake of simplicity, we set « = 0 in (SP-2);

Au+u@@a—u—cv) =0 in €2,
(SP-3) Al(1 4 Bu)v] +v(b+du —v) =0 in Q,

u=v=0 on 012,

u>0, v>0 in Q.

We will discuss the case when S is large, b (> X1) is close to A1 and |d/B — A1] is small.

4.1. Lyapunov—Schmidt reduction

If we use two unknown functions
U=u and V =+ Bu)v “.1)

as in the previous sections, we can rewrite (SP-3) in the following equivalent form

AU—i—U(a—U— cv ):o in Q.
1+ U

AV V (prav V Y_0 e

(RSP-3) +m< + W)‘ in @,

U=V =0 on 0€2.

Uu=>0 V=0 in Q.

It is now convenient to introduce the following change of variables in (RSP-3);
d 14
a=MA +eay;, b= +¢€b, E:M—i—sr, B ==,
€
U=e¢w, V=ez 4.2)

where ¢ is a small positive parameter and t is a constant which is allowed to be negative.
With use of (4.2), (RSP-3) is rewritten in the following form

Aw+k1w+8w(a1—w— < ):0 in 2,
1+yw
At rzt —2 (by+tyw——"")=0 i@
(PP) T e UM l+yw) '
w=z=0 on 9%2.

w>0, z>0 in Q.
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By virtue of (4.2), note that two semi-trivial solutions of (RSP-3)
(U,V)=1(64,0)(a>x;) and (U,V)=1(0,6p) (b > A1)

correspond to the following semi-trivial ones of (PP)

1 1
(w,z) = (59A1+ea1,0> and (w,z) = (O, g%ﬁhl),

respectively.

In what follows, we fix b; and regard a; as a bifurcation parameter. Moreover,
Proposition 3.1 implies that, if T # 0, then positive solutions of (PP) bifurcate from semi-
trivial solution curve {(8_19A1+£a1, 0, ap); a; > 0} if and only if

1
a) = aix(e) = g(a* — A1), 4.3)

where a, is a positive number satisfying (3.18) and (3.19). Similarly, recall a* is a
positive number defined by (3.24); so that it satisfies a® = A;(c6p). Then Proposition 3.2
assures that positive solutions of (PP) bifurcate from other semi-trivial solution curve
{(0, 8_19)”4_81,' ,at}; ap > 0) if and only if

1
ap = aj(e) = - A1(cOntepy) = A1) (4.4)

We will apply the Lyapunov—Schmidt reduction procedure to (PP) as in the work of Du
and Lou [15]. Let X and Y be Banach spaces defined by (2.16) with p > N. We study
(PP) along the idea developed in the work of Kuto and Yamada [25]. Define two mappings
H:X—YandB:X xR —Yby

H(w,z) = (Aw + AMw, Az + 112),

( ) cz
Bw,z,a))=(w(la —w— ,

Z Z
b — . 4.5
1+yw(1+1yw l—i-yw)) *-3)
Clearly, (PP) is equivalent to
H(w,z)+¢B(w,z,a1) =0. (4.6)

Let X (resp. Yi) denote the Lz-orthogonal complement of span {(®, 0), (0, ®)} in X
(resp. Y). Then any (w, z) € X can be expressed as

w=s¢) +w; withs = (w,¢1);2 and (wi,¢1)2 =0,
z=t$1+z1 witht =(z,¢1);2 and (z1,¢1);2 =0;

then u := (wy, z1) € X. Similarly, any element in Y can also be expressed as above. Let
P:X — Xj;and Q : Y — Y be the L?-orthogonal projections. Then any (w, z) € X
satisfies
(I —=P)w,z) = (s, )1 withs = (w, ¢1)2,1 = (2, d1) 12
P(w,z) =u= (w1,z1) with (wi,¢1)2 =0, (z1,¢1)2 =0.

Note that Q and I — Q have similar expressions for (w, z) € Y.

4.7)
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Since H (s¢1,t¢1) = 0and (I — Q)H(u) = 0 for u € X1, itis easy to see that (4.6) is
equivalent to

QHu)+¢QB((s,1)® +u,a;) =0 4.8)
and
I —-Q)B((s,t)® +u,a;) =0. 4.9)

If we denote the left-hand side of (4.8) by G (s, t, a1, &, u), itisa Cl-mapping from R*x X1
to Y;. Clearly,

G(s.1,a1,0,0) =0 forall (s,7,a;) € R>.
Furthermore, it is possible to show
Gu(s,t,a1,0,0) = QH forany (s, 1,a;) € R,

where G, denotes the Fréchet derivative of G with respect to u. Since QH is an
isomorphism from X; onto Y7, we can apply the implicit function theorem to (4.8). For
any (5,7, a;) € R3 there exist a positive constant £ = 2(5, 7, a;) and a neighborhood N
of (w, z,ay,€) = (8¢1,1$1,ar, 0) in X x R? such that all solutions of (4.8) in A/ can be
expressed as

{((s,0)p1 +u(s,t,a1,¢€),a1,€);|s —§| <&,

It — 7] <&, la; —ail <&, el <&},

where u(s, t,ay, ) : R* — X1 is a smooth function satisfying u(s, t, a;,0) = 0. Let
C be any fixed positive number. Making use of the compactness of {(s, t, ay); |s| <
C, |t| < C, |aj| < C}, one can find a positive &9 = 9(C) and a neighborhood Ny of
set {(s¢1, tp1,ar,0); |s| < C, |t] < C, |aj| < C} such that all solutions of (4.8) in N
are given by

{((s, )1 +u(s, t,a1,8),ar,¢);ls| < C+eo, |t] < C + e, |ai]
< C + e, le| < eo}, (4.10)

where u(s, t,ay, €) is an X-valued smooth function such that u(s, ¢, a;, 0) = 0. If we
put

eU(s,t,a1,€) =u(s,t,ai, ¢), 4.11)
then U (s, t, ay, €) is also a smooth function for |s| < C 4+ &g, |t| < C + €9, |a1] < C + &g

and |e| < gp.
The above considerations give the following lemma.

LEMMA 4.1. For any fixed positive C, assume |s| < C + &g, |t| < C + €9, la1| < C + &9
and |e| < eo. Let U(s,t,ay,e) be an X1-valued smooth function defined by (4.11).
Then (w, z,a1,¢) = ((s,t)p1 + eU(s, t,ay,¢),ay, ) becomes a solution of (4.6) (or
equivalently (PP)) in Ny if and only if

(I —-Q)B((s,t)p1 +eU(s,t,ay,¢e),a1) =0.
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Set
M ={(s,t,a1); |s| = C +e¢o, [t] = C + &, ai] = C + &0}
For each ¢ € [—e&y, &9], define a mapping F¢ : M — R? by
Fo(s,t,an¢r = (I — Q)B((s, )1 +eUl(s, 1, a1, ¢), ar)
and put
U(s,t,a1,e) = (W(s,t,ar,¢), Z(s,t,ai,€)).

Since I — Q also satisfies the same relation as (4.7) for I — P, we see

F(s,t,ay)

c(tg) + Z)
A(S¢l +8W) |:a] — (S¢1 +8W) - m] ¢1 dx

161 +eZ g +eZ
/g T4y (1 +eW) [bl GO EW) T +8W)]¢1 >
4.12)

Lemma 4.1 asserts that solving (4.6) in N is equivalent to solving Ker F¢. We will
concentrate ourselves on getting information on Ker F¢ in the subsequent sections.

4.2. Analysis of limiting problem

In this subsection we investigate the structure of Ker FO(s, 7, a1). It will help us to get
useful information on a set of positive solutions of (PP) when ¢ > 0 is very small. It
follows from (4.12) that

. / ol
slag —m*s —ct | ——— dx
Ql+vysh

al i |
by — (b —1)ys | ————dx — Trvso2?
t[l . T>yv/szl+ys¢1 * t/sz(l+w¢1)2 x}

4.13)

FO(s,1,a1) =

where m* = fQ ¢>fdx. Therefore, Ker F O(S, t,ay) is a union of the following four sets:

Lo ={(0,0,a1); a1 € R},

Ly = {(ai/m*,0,a1); a1 € R},
Ly ={(0,b1/m*, ar); a1 € R},
Ly ={(s,h(ys), k(s));s € R},
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& ¢i B
/’l(S) = |:b1 — (b1 — T)S 1 dx:| (/ —2d ) s
1+S¢>1 o (I+s5¢1) (4.14)

k(s) =m™*s + ch(ys)/

where

—daXx
1+VS¢1

By the identification (s, )¢ with (s, 1), it is possible to regard £1 N R_+3 and £, N R_Jr3
as the limiting sets of semi-trivial solution curves {(8’19M+m,,0, ay);a; > 0} and
{(0, 8’19,\1+sb1,a1); a; > 0} as ¢ — 0, respectively. Indeed, it follows from (iii) of
Proposition 1.2 that

8611451 8b1¢1
01 +ea, = +o(e) and 0),4ep, = +o0(e) ase — 0;

so that one can easily show the above results. By virtue of (4.14),
(0, 1(0), k(0)) = (0, by /m™, bic) € La. (4.15)

Moreover, since

3
M—bm/ d dx:b{/¢%0——s¢l)dx
o l+s¢ Q 1+ s¢y

¢2
=b{/ L dx, (4.16)
Q l+S¢1

it is easy to show that, if ¢ > 0, then
h(s) >0 foralls € [0, 00).

On the other hand, if t < 0, we can find a positive number sp such that

{Mn>o for s € [0, 50). @
h(s) <0 fors € (so, 00).
Hence

(s0/7. h(s0), k(s0/¥)) = (s0/7,0, 50ll913/v) € L1 (4.18)
if 7 < 0.

LEMMA 4.2. Ifk is defined by (4.14), then it possesses the following properties.
1) Ift =0, then k(s) > k(0) = bic forall s € (0, 00) and limg_, o0 k(s) =
(ii) There exist positive constants T = T(c,by) and y = y(c, by) with the following
properties:
(a) if (z,y) €10, 7] x [y, 00), then k(s) attains a strict local maximum ats =5
and a strict local minimum at s = s, where s and s are positive numbers

satisfying s < s and k(s) > k(s);
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(b) if (r,y) € [-7,0) x [y, 00), then k(s) achieves a strict local maximum in
(0, s0/y). Furthermore, there exists a continuous function y(t) in [—7,0)
with

7 <y(t) forallt € [—T,0) and 11%13)7(1) =00 (4.19)
T

such that, if y € [y, y(x)] for t € [—T,0), then k(s) attains a strict local
minimum in (0, so/y) and, moreover, if y € [y (1), 00) for t € [—T,0), then
maxse[o,s,/y] k() = k(5) for some § € (0, s0/y).

PROOF. In view of (4.14), if we define

h*(s: 1) _h(s)f

1+w1x
3 3 3 -1
= b] — (bl —_ ‘L’)S ¢1 dx ¢1 dX f ¢—2d 5
o l+sér o l+s o (1 +s59¢1)
(4.20)

then

k(s) = m*s + ch*(ys; 7). 4.21)
Note

3 3

lims/ P 4y = lim / U =

s—oo Jo 1+ s¢q s=o0 Jo @1+ 1/s
and

lim / /

§—00 ( 1+ S¢1 Q (1+ S¢l)2

li // 2¢)] 1
= m 2 = .
s—oo\ Jo 1+ s¢1 o (1+s1) i1l

Therefore,

. h*(s;7) T

lim = )

s>o0 llp1

which immediately yields

. k(s) Y2 4
Iim — =m
§=>00 § i1l

In particular, from the Schwarz inequality

LAY o
(Qrﬂwm><éa+mﬂ o= [ e

for any 7 € R. 4.22)




Positive solutions for Lotka—Volterra systems with cross-diffusion 481

so that

3 3 3 -1
w0y = by [1—s5 [ —21ax Py / _
o l+sp o l+sér o (1+s¢1)?

3 4 3 -1
> by d dx — s/ ¢—1dx / de
Ql+s¢; o (14 s5¢1)? o (14 5¢1)?

= by = h*(0;0) foralls e [0, 00). (4.23)

It follows from (4.20), (4.21) and (4.23) that, if T > 0, then
k(s) = m*s + ch*(ys,0) > bjc = k(0) foralls € (0, 00).

Thus (i) is proved. Furthermore, in view of (4.16), we see

2 3 2,3 -1
lim 7*(s; 0) = by lim / S dx/ &dx / ST 5dx
§—>00 §s—>00 Jo 1 + sd)l Q 1 +S¢] Q (l +S¢1)

= by = h*(0; 0). (4.24)
Hence it follows from (4.23) and (4.24) that 2*(s; 0) attains its global maximum at a point
in (0, c0).
Note
oh*
k() =m™ + cy—(ys, 7).
as
Hence
k'(s*) <0 for some s* € (0, 00) (4.25)

provided that y is sufficiently large. After some calculations one can show

*

h
0,0) = bi{lgills — o111}/ llgr 13 > O,

as
*
lim s—(s,0) =0,
§—00 K
where || - ||, denotes L”(€2)-norm. Therefore,
K@©)>m* and lim k'(s) = m*. (4.26)
S—> 00

By virtue of (4.25) and (4.26) there exist two positive numbers s; and 52 (51 < s2) such
that

k'(s1) =k'(s2) =0,k'(s) <0 fors € (s1,52)
and k'(s) >0 fors € (s1—35,51)U(s2,5 +9)
with some 6 > 0. Therefore, one can see that, if T = 0 and y is sufficiently large, then

k(s) forms a ‘~’-shaped curve in the sense of the assertion (a) of (ii). This property of k(s)
is invariant for small T > 0 and the proof of (a) is complete.



482 Y. Yamada

In case T < 0, we can show from (4.17) and (4.20) that

h*(s;t) >0 fors € [0, so),

h*(s; ) <0 fors € (sg, 00).
Hence, if |7| is sufficiently small, then A*(s; ) attains its global maximum at some
point in (0, sg) because of (4.23)). Thus by (4.21), we may assume that, if (z,y) €
[—7,0) x [y, 00), then k(s) possesses at least one strict local maximum in (0, so/y).
Observe that k depends continuously on (7, ). Hence there exists a continuous function
y(1) in [—7,0) with (4.19) such that, if y € [y, y(r)) for T € [—T,0), then k(s)
forms a ‘~’-shaped curve in (0, so/y) and, if y € [p(r),o0) for t € [—T,0), then
maxe(o,s/y1 k(8) = k() for some § € (0, so/y). Thus we accomplish the proof of (b) in
(ii). O]

4.3. Analysis of perturbed problem (PP)

We will study (PP) in case 7 > 0. The other case t < 0 can be discussed in the same
manner.
By Lemma 4.2, there exist sufficient large numbers A and C satisfying

Al = k(C) = max k(s). 4.27)
s€[0,C]

The purpose in this section is to show that, if ¢ > 0 is small enough, then all positive
solutions of (PP) for a; € [0, A;] form a one-dimensional submanifold near a curve

{(w, z,a1) = (sg1. h(ys)¢1, k(s)); 0 <5 < C}.

Our main result is stated as follows:

PROPOSITION 4.1. For t > 0, there exist a positive constant &y = €9(A1) and a family of
bounded smooth curves

[S(E,6) = (s(&,8), 18, 8), a1(€, 8) € R; (£, €) € [0, C(e)] x [0, 9]}

such that for each ¢ € (0, egl, all positive solutions of (PP) with a; € (0, A{] can be
parameterized as

e ={we e),z¢&,8),a1&,8) = ((s,)p1 +eU(s, 1, a1, €), ar);
(s, t,a1) = (s, ¢e),t,¢),a1(§,¢8)) for§ € (0, C(e)]}, (4.28)

and

S(&,0) = (&, h(y§), k(&)), 8(0,&) = (0,1(¢), aj ().

Here C(¢) is a smooth positive function in [0, gg] satisfying C(0) = C and a1(C(¢), €) =
Ay, t(g) =g fQ Op1+eby 1 dx, aT(s) is a positive number defined by (4.4) and U is an
X1-valued function defined by (4.11).

Moreover, I'® can be extended for all a; € [0, 00) as a curve of positive solutions (PP).



Positive solutions for Lotka—Volterra systems with cross-diffusion 483

We will prove Proposition 4.1 with use of a series of lemmas. As the first step, we will
study the structure of the set of nonnegative solutions of (4.6) (or equivalently (PP)) near
the intersection point of £> and £ ;

(s, t,ar1) = (0,by/m*, bic)
(see (4.15)).
LEMMA 4.3. Let F¢ be a mapping defined by (4.12). Then there exist a neighborhood U
of (0, by/m*, bic) and a positive constant &y such that for any € € [0, 8p],
Ker F Ny N R_+3
={(s(§.8),1(5.8),a1(§,¢)); § €[0,80)} U{(0,1(¢), ar) € Up} (4.29)

with some smooth functions s(&, ¢),t(&, €), a1 (&, &) with respect to (§,¢) € [0, d0] X R
satisfying

(5(5,0),(,0), a1(§,0)) = (&, h(y§), k()),
(s(0,8),1(0,8),a1(0, &) = (0, 1(¢), ajf (¢)).

PROOF. Proposition 3.1, together with (4.4), enables us to prove that, for any ¢ > 0,
there exist a positive number § = §(¢) and a neighborhood V; of the bifurcation point
(w, z,a1) = (0, E_IOMH;,I,aT(s)) such that all positive solutions of (PP) in )V, are
expressed as

(w, z,a1) = (W, €), 2(§, &), a1 (€, €))
= (ED* +EW(E, 8), 6 10, 4ep, +EV* +EZ(E, 8), a1(E, £))

for & € (0, 8] with use of ®* and W™ defined by (3.25) and (3.26), respectively. Here
W, e¢), Z(&,¢e),ai(&, e) are appropriate smooth functions satisfying a;(0, &) = aT(e)
and fQ W (&, e)®*dx = 0. Define an open set U, of R? by

U, = {(s,t,al);s :f wordx, t Z/ zp1dx, (w,z,a;1) € Vs}
Q Q
and put
S ©) :=f9w<s,s>¢1dx, (& ) :=/Qz<s,e)¢1dx.

Recalling the equivalence of (PP) and (4.6), we see that, if ¢ € [0, go], then

Ker FFNU, N Ry
={(s(§,¢),1(§,¢),a1(§,¢));§ € [0,81}U{(0,1(¢e), a1) € Ue}.
Since (0, ¢ (¢g), ai‘(s)) is a bifurcation point for any ¢ € [0, g¢], it is possible to show that

U, contains a neighborhood Uy of (0, by /m™*, bic) if ¢ > 0 is sufficiently small. Thus the
proof is complete. O
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LEMMA 4.4. Let Ay, C be positive numbers defined in (4.27). Then there exist a positive
number gy = €(A1) > 0 and a neighborhood U of {(s¢1, h(ys)p1,k(s));0 < s < C}
such that, for each ¢ € (0, &g), all positive solutions of (PP) inUU N (X x (0, A1]) can be
expressed as (4.28).

PROOF. We will employ the perturbation technique used by Du and Lou [15, Appendix].
Define £,([80/2,C]) = {(s, h(ys),k(s)); s € [80/2, C]} for a positive constant 5y in
Lemma 4.3. By (4.13) and (4.14), one can derive

3
det F{, (s, h(ys). k(s)) = sh(ys)k/(s)/ d dx, (4.30)
> Q (I+

yso1)?

where F 8 0 denotes a matrix of the first-order derivatives with respect to s and ¢;

oF° 9F0
as ot |-

Let (5, h(ys),k(5)) € L,([d0/2, C]) be any fixed point. Since h(ys) > 0 forr > 0, it
follows from (4.30) that, if k' (s) # 0, then F& t)(E, h(ys), k(s)) is invertible. In this case,
the implicit function theorem assures the existence of a positive number § = §(s) and a
neighborhood Wk of (s, h(ys)) such that for all ¢ € [0, §],

Ker FE NUs = {(s(a1, &), t(ar, ), a1); a1 € (k(5) — 8, k(s) +8)}, 4.31)

with Us = W x (k(5) — 8, k(s) + 8). Here {(s(a1, €), (a1, €)); ¢ € (0, gol} is a family
of smooth functions satisfying (s(k(s), 0), 1 (k(5), 0)) = (5, h(y¥)).
On the other hand, if ¥'(s) = 0, then (4.30) implies

dim Ker F(Ow)(E, h(ys), k(s)) = codim Range F8’t>(§, h(ys), k() =1. (4.32)

After some calculations, one can see

0 _
i(E,h(yE),k(E)) - <s> ¢ Range F° . (5, h(y5), k(3)). (4.33)
801 0 (s,1)

According to the spontaneous bifurcation theory due to Crandall and Rabinowitz [8,
Theorem 3.2 and Remark 3.3],we see from (4.32) and (4.33) that there exist a positive
number § = §(5) and a neighborhood U5 of (s, h(y5s), k(s)) such that for each ¢ € [0, 4],

Ker F* NUs = {(s(§, ), 1(§, ), a1(§, €)): § € (=6,9)}, (4.34)

where £ is a parameter, s(&, ¢), (€, ¢) and a;(§, ¢) are smooth functions for (¢,¢) €
[—38, 8] x [0, 8] such that

(5(0,0),(0,0),a1(0,0) = (s, h(ys), k(5)).
Note that

L, (180/2. C) € | Jiths: 5 € [80/2. C1},
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where each U5 is an open set satisfying (4.31) or (4.34). Since L,([80/2,C]) is
compact, one can find a finite number of points ({s.,-}’]‘.:1 such that s;, h(ys;), k(s;j)) €
L,([80/2,C]) for 1 < j <k and

k
Ly(80/2.C) c | Ju;.  withtd; = Uy,
j=1
Here we may assume that I{; N U4 are not empty for all 0 < j < k — 1, where U is an
open set in Lemma 4.3. Put §; = §(s;) for 1 < j < k. By virtue of (4.31) and (4.34), it
can be proved that, for any ¢ € [0, ;] (1 < j < k), each Ker F'* NU{; is expressed in the
following form

Ker F* NUj = {(s7 (€. ). 1) (£, e). a (£, €)1 & € (=6;.8))} = J¢
with some smooth functions s/ (&, ¢), t/ (&, ) and a{ (£, €) satisfying
(s7(0,0), 7 (0,0), al (0,0)) = (s}, h(ysj), k(s})).
Recall Lemma 4.3 and define
Jo = (s, e), 15, 8),a1(§,9); & € (0,801}
and U = Ul;=o U;. Then for any & € [0, minp< ;< §;1,

k
KengﬂUﬁRi:UJ;. (4.35)
Jj=0

This fact implies that Ker FE¢ N U N Ri forms a one-dimensional submanifold. Indeed,
using the procedure by Du and Lou [15, Proposition A3], we can construct a smooth curve
S, e) =(s(§,¢),t(,¢),ai(, ¢)) such that

k
U 78 = (5¢. o) € 0.C@N.
=0

(4.36)
(5(§,0),1(5,0),a1(,0) = (&, h(y§), k(§)),
(500, €),1(0, ), a1(0, 8)) = (0,1(¢), aj ()
for sufficiently small ¢ > 0 and & € [0, C(¢)] with some smooth function C (g).
Finally, the conclusion follows from Lemma 4.1 and (4.36). O

The following lemma allows us to conclude that, if a; € (0, A1] and ¢ > 0 is sufficiently
small, then (PP) has no positive solution outside /.

LEMMA 4.5. Let V be any neighborhood of {(s¢1, h(ys)p1,k(s)); 0 < s < C}. Then
there exists a positive constant & such that, for each ¢ € (0, &1], any solution (w, z) of
(PP) with ay € (0, A1] satisfies

(w,z,a1) = ((s,)¢1 + UCs, t,a1,€),a)) €V withsome (s, 1) € R,

where U (s, t, a1, €) is a function defined by (4.11).
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PROOF. We will prove this lemma by contradiction. Suppose that there exists a sequence
{(a}, en)} with the following properties: aj € (0, A1), lim,—pé&, = 0 and (PP) with
(a1, &) = (al, &,) admits a positive solution (wy, z,) such that (w,, z,, a}) ¢ Vforn € N.
To derive a contradiction, it is sufficient to find a subsequence {(wy (), Zn(j). a'f(] ), en(ji))}
and a sequence {(s;, ¢;)} such that

(Wn(j)> 2n(j) = (), 1)1 + en(hU sj, 17, a1 g0jy) forallk € N,

im (5. 17, ') = (5. h(ys).k(s)) for some s € [0, C]. (4.37)
—00

J
We begin with a priori bounds for {w,} and {z,}. It follows from (3.1) and (4.2) that
1 .
Wy = —911+e,,a;‘ < —Oh+e,4, N
&n &n

for all n € N. Making use of (1.16) we see

1 A
lim —63, 46,4, = —¢1 uniformly in €, (4.38)
m

n—00 g,
with m* = |, o P1 (x)3dx. Therefore, for sufficiently large n

n A1lo1lleo

w, <1 p_r

=M inQ, (4.39)

which implies that {w,,} is a bounded sequence in C(Q).
We next use the second equation of (PP) to get

gnZn Zn
—Az, = A — b -
Zn 1Zn + 1+an ( 1+ Tywy 1+]/wn>
Zn
<A + ¢ hh+t1— —m—
= AlZn nznl: 1 (1+J/wn)2i|
<M +ent +1)— —22 | ing
S R (1+yM)?

for sufficiently large n. The above result assures that &,z,/(1 + y M)? is a subsolution of
a logistic equation (1.3) with a replaced by A; + €, (b1 + 7). The comparison principle
yields &,z, /(1 + y M)? < 05.1+e, (b1 +1) 10 £2; so that

)2 0).1+8,,(b1+r)

i <(l4+yM in Q.

n

Hence it follows from (4.38) that

1+yM)2*b; +t
anl+( 4 )(ml* M1 lloo

n <, (4.40)

for sufficiently large n. Thus we see from (4.39) and (4.40) that both {w,} and {z,} are
uniformly bounded in C(£2).
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Set w, = wy/||lwnllo and Z, = zu/llznlleo- Since (wy, z,) satisfies (PP), (w,, z,)
satisfies

— — — CZn .
—Aw, = A I3 " - in ,

_ _ Enln Zn . “4.41)
—AZ, = A — b - Q,

Zn 1Zn + 1+ yw, ( 1+ Tywy 1+ yw, mn
w, =2, =0 on 0L2.

Observe that both {a’f —wy, —czp/(1 + ywy)} and {b1 + tyw, — z,/(1 + yw,)} are
bounded in C(€2) because of the boundedness of {(w,, z,, ai‘)}. Applying the standard
regularity theory for elliptic differential equations to (4.41) we can show that both {w,}
and {z,,} are uniformly bounded in C?(). So it is possible to choose a subsequence

_ k
{(Wnk)s Zn(k)s a?( ))} such that

lim (@), Zneys @} ©) = @.Z.a®) inC'(@) x C'(@) x R
k— 00

with some (w, z, a{®). For the sake of simplicity, this subsequence is still denoted by
{(Wn, zn, a})}. Since lim,,_, o &, = 0, letting n — oo in (4.41) leads us to get

—Aw =M Mw, —AZ=A1Z in £, w=z=0 ondf.
In view of [[W]lec = [|IZllc = 1, we have W = Z = ¢1/¢1]loc- So the boundedness of
{(Wn, z,)} in C%(Q2)? yields
lim (wy, 2,) = (s¢1.1¢1) in C'(Q) x C'(Q) (4.42)
n—oo

for some s > 0 and ¢ > 0. Recall the arguments in Section 4.1; by virtue of (4.10) and
(4.42), (wy, z,) must be expressed as

(Wn, 2n) = (Sny t)P1 + €, U (s, 1, a?, &n)
for sufficiently large n, where (s,, #,) satisfies lim,_, oo (s, 1) = (s, 1).

To prove t = h(ys), we multiply by ¢; the second equation of (4.41) and integrate the
resulting identity; then

/ﬂ(bl—i-tywn—z—")dxzo.
ol+yw, I+ ywy

Letting n — o0 in the above equality we see from (4.42)

N o3
o l+yse o (I+ysor)

which, together with (4.14), implies t = h(ys).
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Finally we will prove a{® = k(s). Multiply the first equation of (4.41) by ¢; and
integrate the resulting expression; then

_ CZn
Wnoy | af —w ——)dx:O.
/sz " (1 T+ yw,

Letting n — oo in the above equality, we have

a1°°—s||¢1||§—cr/ _#
Ql+ysd

which immediately leads to a{® = k(s) by (4.14)). Thus we obtain (4.37) and we complete
the proof. O]

We are ready to give a proof of Proposition 4.1.

PROOF OF PROPOSITION 4.1. It is easy to show (4.28) by using Lemmas 4.4 and 4.5.
To accomplish the proof, it remains to show that a curve I'® of positive solutions can
be extended from [0, A] to the whole interval [0, co) with respect to a;. Let ¢ be a
maximal extension of I"¢ in the direction a; > A as a solution curve of (PP). According
to the global bifurcation theorem of Rabinowitz [50], one of the following two properties
(i) and (ii) must hold true;

(i) ¢ is unbounded in X x R,

(i) "¢ meets the trivial solution set (0, 0, ay) or a semi-trivial solution curve at a point

except for (0, 8_19)”_,_5}’1 ,ay).

We introduce a positive cone
. ow 0z
P={(w,z2);w>0,z>0inQand — <0, — <0ondR;.
av av

Suppose that (0, Z, a;) € ¢ satisfies (0, 2) € P atdy € (Aj, 00). Then (¥, ?) satisfies
w=>0,z>0in Q2 and

w(xp)Z(xp) =0 at some xg € (4.43)
or

ow 0z

L) =0 atsome x; € 9. (4.44)

av av

By applying the strong maximum principle [49] to (PP), it can be seen from (4.43) and
(4.44) that w or Z must be identically zero.

We now recall Proposition 3.2, which asserts that positive solutions of (PP) bifurcate
from the semi-trivial solution curve {(0, 8’]6’M+gb1 ,ar); ap > 0} if and only if a| = af.
For © > 0, Proposition 3.1 implies that no positive solution bifurcates from other semi-
trivial solution curve {(8_19A1+5a1, 0,a1); ai > 0}. Moreover, it is easily verified
that the trivial solution is nondegenerate. Therefore, we can deduce that (w, z,a;) =
(0, 5‘19;L1+gb1 . ay), which contradicts a; > Ay > aj.



Positive solutions for Lotka—Volterra systems with cross-diffusion 489

These considerations imply that re \ {(0, 8_1911%,,1 , a’f)} is contained in P and,
therefore, (ii) is excluded. Thus (i) must hold true. Lemma 3.1, together with (4.2) implies
the boundedness of w and z

1
w(x) < E(M +eay),

1
z(x) < g{l + B +eapn i + by + B(A1 +eT) (M +eay))

for all x € Q. Hence I'® can be extended over [0, co) with respect to a; as a curve of
positive solutions of (PP). Thus we complete the proof. O

Proposition 4.1, together with Lemma 4.2, implies that I"® forms an unbounded S-
shaped curve with respect to a; provided that 0 < ¢t < 7,y > p,00) and ¢ > 0 is
sufficiently small. Therefore, we have the following result.

PROPOSITION 4.2. Suppose that (t, y) € [0, T] x [y, 00) and € > 0 is sufficiently small.
Then the set of positive solutions of (PP) contains an unbounded S-shaped curve I'® which
bifurcates from the semi-trivial solution curve {(0, 8719)”4-8191 ,ay);a; > O0}ata; = af(s).
Furthermore, there exist two positive numbers ay(g) > a, () (> a]"(a)) with the following
properties:
@) ifa; € (O, aT(s)], then (PP) has no positive solution;

(i) ifar € (aj(e),a;(e)) U (ai(e), 00), then (PP) has at least one positive solution;

(iii) if a1 = a,(e) or a; = ay(¢), then (PP) has at least two positive solutions;

(iv) ifar € (a;(e),ai(e)), then (PP) has at least three positive solutions.

PROOF. Let S(&,8) = (s(&,¢),t(&,¢),a1(E,¢)) be a smooth curve obtained in
Proposition 4.1. We recall that S(¢,0) = (&, h(y&), k(&)) and

lim(#(§. £), a1(§. £)) = (h(y§), k(§)) in c'(10, ¢ x (o, CD,

where C is a positive constant defined in (4.27). After some calculations,

K@) =m* {1+ cyt +cyb ||¢1||i —1
11

>m*(1+cyt) > 0.

Hence we see from Lemma 4.2 that, if (7, y) € [0, T] x [y, 00) and ¢ > 0 is sufficiently
small, then k¢ (§) 1= a(§,¢) (0 < & < C(e)) satisfies k;(0) > 0, kg (&) > ks (0) = aj(e)
for all & € (0, C(¢)] and k. achieves its local maximum and local minimum at & (¢) and
£(¢), respectively. Here £(¢) and £(g) satisfy limy_,0£(e) = 5 and lim,_0&(s) = s,
where 5 and s are critical points of k appearing in Lemma 4.2. B

Define a(¢) := ke (§(¢)), a,(¢) := ke (§(¢)) and

Ke(ar) :={§ € (0,00); ke(§) = ar}.

Obviously, if ¢ > 0 is small enough, then K.(a;) has no element for a; € (0, ai‘ @)1,
at least one element for a; € (aj(e),a;(e)) U (ai(e), A1]; at least two elements for
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ay = a;(e) or aj(e); at least three elements for a; € (a,;(¢),ai(e)). From (4.28), it
should be noted that the number of elements of K, (a;) is equal to the number of positive
solutions of (PP) provided that ¢ € (0, g9] and a; € (0, A;]. Moreover, the extension of
I'¢ implies that (PP) has at least one positive solution for a; € [A}, 00). Thus we get the
assertion. L]

4.4. Multiple existence for (SP-3)

We discuss the multiple existence of positive solutions for (SP-3) by making use of
Proposition 4.2. Regard a as a parameter and set

S = {(u, v,a); (u,v)is a positive solution of (SP-3) and a > A;}.
Our multiple existence result is stated as follows:

THEOREM 4.1. Assume min{Bb, d} > Bri. For any ¢ > 0, there exist a large number M
and an open set

O1=01(c) C{(B,b,d); B=M,0<d/p—2i,b—21 <M}
such that, if (B, b, d) € Oy, then S contains an unbounded smooth curve
Iy = {(u(s), v(s), a(s)) € C'(Q) x C'(Q) x (A1, 00); s € (0, 00)},

which possesses the following properties:
(1) (u(0),v(0)) = (0,0p),a(0) = a* > Ay,d’(0) > 0, where a* is defined by (3.24)
and satisfies (a*, b) € S.
(i) a(s) > a(0) forall s € (0, 00) and limg_, 5 a(s) = oco.
(iii) a(s) attains a strict local maximum at s = s and a strict local minimum at s = s
with) <5 < s.

REMARK 4.1. Leta := a(s) and a := a(s). Theorem 4.1 implies that (SP-3) has at least
one positive solution if ¢ € (a*, a) U (a, 00); at least two positive solutions if a = a or
a = a and at least three positive solutions if a € (a, a). See Figure 1.5.

PROOF OF THEOREM 4.2. By (4.2) it should be noted that the bifurcation point of
I'¢ in Proposition 4.1, (w, z,a;) = (0,8_19A1+sb1,aik(8)), is mapped to (U, V,a) =
(0, 6p, A1(cHp)) on the semi-trivial solution curve {(0, 65, @); a > 0} of (RSP-3). Define

OV :={(B,b,d) = (y/e, M1 + b1, (A +eT)y/e); (t, ) € [0, F] x [}, 00)}.

It follows from Proposition 4.2 that, if (8, b, d) € O? and ¢ > 0 is sufficiently small, then
the set of positive solutions for (RSP-3) contains an unbounded S-shaped curve I"* which
bifurcates from the semi-trivial solution curve {(0, 6, a); a > 0} at a = A{(cHp). More
precisely, if we define

a=A+eai(e) and a =i +ea;(e),

then (RSP-3) has no positive solution for a € (0, A1(c6p)]; at least one positive solution
for a € (A1(cOp),a) U (a, 00); at least two positive solutions for a = a or a; at least
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three positive solutions for a € (a, a). In view of the one-to-one correspondence between
(u,v) > 0 and (U, V) > 0 through (4.1), define It = {(u, v,a); (U, V,a) € I'*} for
(B,b,d) € 0?. Clearly, I7 is contained in the set of positive solutions for (SP-3) and
possesses at least two turning points with respect to a. Thus the proof is complete. O

REMARK 4.2. The above multiple existence for (SP-3) can be generalized to those for
(SP-2) if « is sufficiently small, « > 0. For details see [25].

In case 7 < O for (PP), we can obtain the following result which corresponds to
Proposition 4.1 in case T > 0.

PROPOSITION 4.3. Let 1 < 0. Then there exists a positive constant &y = &9(A1) such that
Jfor each € € (0, go], all positive solutions of (PP) with a; € (0, A1] are given by

I =((s,)® +elU(s,t,a1,8),a1); (s, t,a1) € {SE,€);0 <& < C(e)}},
where S(&, ¢) € R3 is a suitable smooth curve for (&, ¢) € [0, C(e)] x [0, o] satisfying

S(€,0) = (&, h(y), k()), 5(0,¢) = (0, 1(¢), aj (¢)),
and  S(C(¢), &) = (s(¢), 0, aix(e)),

where ay4(¢) and aj (¢) are defined by (4.3) and (4.4), respectively. Moreover,

t(e) :=¢"" fg Ory ey @, s(e) =& /Q O3y +ear,e)P

and C(¢) is a certain smooth function in [0, go] satisfying C(0) = so/y.

Proposition 4.3 gives an important information on the solution curve connecting S, and
S3 discussed in Section 3. Making use of Lemma 4.2 one can prove the following result
corresponding to Proposition 4.2 for t > 0.

PROPOSITION 4.4. Assume that (t,y) € [—7,0) x [y, 00) and that ¢ > 0 is sufficiently
small. Then the set of positive solutions of (PP) contains a bounded smooth curve

rf ={weE, e,z ), ai, )& € (0,Ce)},

which possesses the following properties:
(i) (w(0,¢),2(0,),a1(0,€) = (0, £ "6, yep,. a} (), a} (0, &) > 0.
(i) (w(C(e),e),2(C(e), &), a1(C(e), &) = (™ '0h, 1eap,(e): 0, a14(£)).

(i) ai (&, ¢) attains a strict local maximum in (0, C(¢)). In particular, if (t,y) €
[—7T,0) x[y, (1)), then ai (&, &) attains a strict local minimum in (0, C(¢g)).

For b > BA1 > d, Proposition 4.4 gives an interesting information on the branch of
positive solutions for (SP-3); this branch bifurcates from the semi-trivial solution curve
{(0, 6p, a; a > 11} and connects the other semi-trivial solution curve {0,,0,a > i}.
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THEOREM 4.2. Let S> and S3 be two curves defined by (1.9) and (1.10), respectively, and
assume Bb > BA1 > d. For any ¢ > 0, there exist a large number M and an open set

Or = 02(c) C{(B.b,d); B = M,0 <21 —d/B,b—11 < M)
such that, if (a, B, b, d) € Oy, then S contains a bounded smooth curve
D> = {(u(s), v(s), a(s) € C'(Q) x C'(Q) x (1,00);'s € (0, O)},
which possesses the following properties:
(1) (u(0),v(0)) = (0,0p),a(0) = a* > r1,d’(0) > 0, where a* is defined by (3.24)
and satisfies (a*, b) € S.
(i) (C),v(C)) = (Bucc),0),a(C) = ax > Ay, where ay is defined by (3.18) and
satisfies (ax, b) € S3.
(iii) I3 has at least one turning point with respect to a. Furthermore, there exists an

open set Oy C Oy such that, if (B,b,d) € O, then Iy has at least two turning
points with respect to a.

4.5. Stability analysis of multiple solutions of (SP-3)
In this subsection we will study the stability of multiple positive solutions of (SP-3), which

are obtained in the previous subsection. We follow the method used by Kuto [23]. The
nonstationary problem associated with (SP-3) is

U = Au+u(a —u — cv) in 2 x (0, 00),

pv; = A[(1 4+ Bu)v] + v(b +du —v) in 2 x (0, 00), (4.45)
u=v=>0 on 92 x (0, 00),

u(-,0) =ug, v, 0) =g in €,

where p is a positive constant and u(, vo are nonnegative functions. In the same way as
Section 4.4, we introduce a pair of functions (w, z) by

u=cw and (14 Bu)v =¢z (4.46)
and ay, by, 7, y by (4.2). Then (4.45) is rewritten as

wy = Aw + Mw + eB(w, z, ay) in Q x (0, 00),
Y iwy 2t
T,
|: (I+yw)? 14+yw 4.47)
=Az+ AMz+eBy(w,2) in 2 x (0,00), ’
w=z=0 on 92 x (0, 00),
w(, 0) =up/e, z(-,0) = (1 + Bug)vo/e in L,
where
cz
Bl(w,z,al)=w<a1—w—1 )

Tryw (4.48)

z
By(w, z) = TFyw <b1+ryw— Ttyw)

(see (4.5)). Recall that (PP) is the stationary problem corresponding to (4.47).
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By Propositions 4.1 and 4.3, all positive solutions of (PP) with a € (0, Ay) are
parameterized as

It ={w. e,z ), a1, ) § € (0, C(e))}

for sufficiently small € > 0. Let X and Y be Banach spaces defined by (2.16) with p > N.
For each (w(§, ¢), z(§, €), a1 (&, €)) € I'?, define a linear operator L(&, ¢) from X to Y by

L, &) (f/‘j) = —H (f;) — eBu oy (W(E, £), 2§, ), a1 (€, £)) (f;) ,

where H and B are mappings defined by (4.5) and By, ;) denotes the Fréchet derivative
of B with respect to (w, z). By taking account of the left-hand side of (4.47) it is better to
define the following matrix

1 0

JE =1 " pyz& e p
(I+ywE, e)? 1+ywE,e)
The linearized eigenvalue problem associated with (w(§, ¢), z(§, €)) is given by

L, ¢) (fj) = nJ (€, ¢) (3) (4.49)

For this eigenvalue problem it is possible to show the following result.

LEMMA 4.6. Assume that ¢ > 0 is sufficiently small. Then all eigenvalues {j1; (&, 8)}?‘;1
of (4.49) satisfy

IiH}) w1, e) = liH}) p2(§,e) =0 (4.50)
and
Re i, e) >« foralli >3 and§ € (0,C(s)) 4.51)

with a positive constant k independent of (&, €).
PROOF. Let & € (0, C(¢) be fixed. By Propositions 4.1 and 4.3
g%(w(é, €),z(§,¢),a1(§,8)) = (Ed1, h(yE)¢1, k(§)) inC(2) x C(R) x R,

where & and k are functions defined by (4.14). Hence letting ¢ — 0 in (4.49) leads to

—Ag —r1p = pe in €,
yh(y&)o:1 .
AV — MU = — Q, 4.52
vohy p“[ (1+y5¢1>2¢+1+ys¢1‘”} " 32
(p:‘(p:() on 092.

It is easy to see that zero is a double eigenvalue for (4.52); this fact implies (4.50). If
¢ # 0, it follows from the first equation of (4.52) that any eigenvalue p (£ 0) is real and
positive. If ¢ = 0, the second equation of (4.52) enables us to conclude that any eigenvalue
1 (# 0) is also real and positive. These results imply that all eigenvalues of (4.52) except
for zero eigenvalue are real and positive. Therefore, we can prove (4.51) by employing the
perturbation theory of Kato [22, Chapter VIII]. O
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It should be noted that, if p is an eigenvalue of (4.49), then its complex conjugate 1 is
also an eigenvalue of (4.49). Therefore, u; (&, €) (i = 1, 2) fulfill the following properties:
(1) both w1(&, ¢) and us (&, €) are real numbers,

(1) 1§, &) = n2(§, e).

In what follows, we take w1 (&, €) and u> (€, €) so that they satisfy p1(€,¢) < ua(§, ¢)
in case (i) and that Im (€, &) > Im uo(§, €) in case (ii). We can study the stability of
positive solutions of (PP) by employing the abstract linearization principle of Potier-Ferry
[47] (for details, see Kuto [23, Section 4]).

Let (w(§, ¢),z(&,¢),a1(&,¢e)) € I'® for sufficiently small ¢ > 0. If Re u1(&,¢) > 0,
then it follows from Lemma 4.6 that real parts of all eigenvalues of (4.49) are positive
for sufficiently small ¢ > 0. In this case, one can show that (w(&, ), z(§, ¢), a1 (€, ¢€))
is asymptotically stable. On the other hand, if Re (&, ¢) < O, then it can be shown
that (w(é, ¢), z(§, ), a1 (&, €)) is unstable. Therefore, we will concentrate ourselves on
investigating the sign of Re (€, ¢).

It is convenient to define matrices K (s) and M (s) by

1 0
K(s) = ¢7 / ¢ :
—oyh —d —d
Py h(ys) o (1+ysgr)? g o l+yso * (4.53)

M(s) = —K(s)"'F) (5. h(y9). k(5)),

where FU(s, ¢, ay) is a mapping defined by (4.13) and F 8 n denotes the derivative of F"

with respect to s, t. The following lemma plays an important role in determining the sign
of Re 1 (&, ¢).

LEMMA 4.7. Let vi(s) and v2(s) be eigenvalues of M (s) satisfying Revi(s) < Rev(s)
and Im vy (s) > Imvy(s). Then for any s € (0, C(0)), it holds that

im MO ) frie12 (4.54)
€060 €

PROOF. For any sequence {(&,, &)} ; such that lim,,  (&,, £,) = (s, 0), set
(Wn, Zn, a?) = (W&, en), 20, 80), a1(&n, €0)) € T,
wi = piEn en) (i =1,2).

Let (@', ¥1") (@' | + 1]l = 1) be eigenfunctions of (4.49) associated with eigenvalues
u}. Then (4.49) can be written as

_Aﬁoin - )‘IW;Z — en[Biw(Wn, Zn, a?)gﬂf + Biz(Wn, Zu, alll)wln]
= u} ! in Q,
_Alﬂin - /\Mﬁ,-" — &n[Bow (W, Zn)@? + Boz(wy, Zn)wln]
n VZn n 1 n .
= o — 4 ! in 2,
pr [ (1+an)2(pl I+ ywy Vi :|
ol =y =0 on 9§2,



Positive solutions for Lotka—Volterra systems with cross-diffusion 495

where Bi(w, z, a) and Ba(w, z) are defined by (4.48). We take L?-inner product of the
above differential systems with ¢; to get

/ Blw(wn,zn,a?)ﬁl’f%dx +/ Blz(wmznaa?)wl'n(pldx
Q Q
w
= ——l/ ¢ 1 dx,
&n JQ

/ Bow(wns 20)@"d1dx + / Ba. (1, 20) V"1 dx
Q Q

'O'u“:'l |: f <n n / 1 n
=P prgidx+ [ ———yidx |
&n Q (1+an)2 ! o l+yw, !

From the proof of Lemma 4.6, we may assume that subject to a subsequence,

Tim (@] y]) = (pig. qig1) in C(@) x C(@)

(4.55)

with some (p;, g;) satisfying |p;| + |gi| = 1 (i = 1,2). Moreover, it follows from the
assumption that

Jim (wy, 24, @) = (s¢1, h(ys)d1. k(s)) in C(R2) x C(Q) x R.

Hence

/S‘ZBlw(wn»Zn;“?)ﬁo;‘l‘ﬁldx‘/;ZBlz(wn»Zn;“?)‘pin‘pldx
lim

e /QBzw(wn, )9} prdx /Q By, (wn, 2n) Y] dprdx

Pi/QBlw(sqﬁl,h()/S)¢1,k(S))¢fdx 611'/QBlz(S¢1,h(VS)¢1,k(S))¢%dx

b [ Bt oot [ Bactsir hrenetds
Here, by virtue of (4.12) and (4.13), it should be noted that
FQ (s, h(ys), k(s) x
- fg Buu(sg1, h(ys)¢, k(s))$idx /Q Bi(s¢1. h(ys)¢. k(s))¢7dx
- /Q Baw(sp1, h(ys)gldx fQ Baz (s, h(ys)pn)gidx

Therefore, letting n — oo in (4.55) leads us to

F&,)(& h(ys), k(s)) <Z:> =— ( lim M—‘) K(s) (§l> ) (4.56)

n—>00 g, i

Since |p;i| + 1gil = 1 (i = 1,2), we see from (4.53) and (4.56) that lim,,, oo u' /&, (i =
1, 2) become eigenvalues of M(s). Hence u:’ satisfy (4.54) for each i = 1, 2. Here note
that v; (s) is independent of subsequences; so that ' /e, itself converges to v; (s) for each
i = 1, 2. Thus the proof is complete. O
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The following lemma is due to Du and Lou [15, Theorem 3.13 and Appendix] and gives
an important result on the degeneracy of (w(§, ¢€), z(§, €), a1 (&, ) € I'é.

LEMMA 4.8. Assume that ¢ > 0 is sufficiently small. Thus all zeros of (&, €) coincide
with those of 9za1 (€, ¢) for & € (0, Cy).

This lemma asserts that any positive solution on I'¢ is degenerate if and only if a; (&, &)
is critical with respect to & provided that ¢ > 0 is sufficiently small.

Since k is analytic, k" possesses at most a finite number of zeros in (0, Cg). Furthermore,
by virtue of (4.14)), any zero of k' must be a strictly critical point of k for almost
every (t,y) € [—7,T] X [y,00) with some positive numbers T and y. For such
(t,¥) € [-7,T] x [y, 00) and sufficiently small ¢ > 0, denote all zeros of dza; (&, ¢)
by

0<é1(e) <&ale) < - <&p_1(e) < Cle).
Then
(w;, Zi,a’i) = (w((e), 8), 28 (e), &), a1(&i(e),€)) e T'?
i=12,....,m—1)

are all turning points on curve I'® with respect to a;. We recall that limg g a; (-, &) =k in
C2([0, Co)) by Propositions 4.1 and 4.3. We now define

Ifi={((w, 8), 28, 8),a1(8,8) : £ € (§i-1(e), & (e))} foreach 1 <k <m,
where &y(¢) := 0 and &,,,(¢) = C(g). Then

m m—1 )
e =ro Ut ziapy.
i=1 i=1

We are ready to discuss stability properties of positive solutions on 1.

PROPOSITION 4.5. For almost every (t,y) € [—T, T] X [y, 00), there exist small positive
constants § and ey such that, if p < § and ¢ < &g, then any positive solution on
F28j—1 (J=12,...,[(m+1)/2]) is asymptotically stable, while any steady-state solution
on Ffj (j=1,2,...,[m/2)) is unstable.

PROOF. We take the trace of M (s). After some calculations, it is possible to show

vi(s) +va(s)

3 2 -1 4
:h(ys) / i dx /(pildx —,ocys/ ¢71dx
P Q (1+ys¢))? o l+ys¢r Q (1+ys¢))?
-1
) 97 / 97 / i
ysh(y. _ B T — —d .
+ms & cyshiys) 91+VS¢1dx Q(1+VS¢1)2dx o l+yso *
(4.57)
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We set £(s) := [ s¢7/(1 + s¢1)?dx. Since £(0) = 0 and £(s) = O(s~!) as s — oo,
we see £(5) = sup,.(£(s) with some § > 0. Recall A(ys) > 0 for s € [0, Cp) with
Co = C(0). Then it follows from (4.57) that

v1(s) + v2(s)

-1
h(ys) / ¢ f @2 )
d —  d — ocl
- P o (1 4+ ys¢p)? x<91+ys¢l X pcl(ys) | +m™s

h(ys) b7 . .
> ) |:/Q T yCo¢1)2dx - pc@(s)] +m”s

for all s € [0, Co]. Therefore, making use of 4(ys) > 0 (s € [0, Cp)) we see that, if
1 3
< ~ d 2d)c,
2¢l(s) Jo (1 +yCod1)

then vi(s) + v2(s) > O for all s € [0, Cy]. Hence Lemma 4.7 implies that for sufficiently
small e > 0

P

ni(€, &)+ ur€,e) >0 forall & € [0, C]. (4.58)

Since Re wi(&,8) < Re ux (&, ¢), it follows from (4.58) that Re uz(€,¢) > 0 for all
& € [0, C,] provided that ¢ > 0 is sufficiently small.

We will study the sign of Re vi(s) by using (4.13), (4.14) and (4.53) (note that
Re vy(s) > 0). After some calculations one can derive

v1(s)va(s) = det M (s)

, 3 2 B
sh(ys)k'(s) #5 dx / ¢—1dx ) (4.59)
0 o (1 +ysép)? Ql+ysh

Therefore, we see sign v (s)va(s) = sign k' (s) for every s € (0, C(0)).

Let so € (0, Co) be any point. If k’'(sg) > 0, then it follows from (4.54) and (4.59)
that w1 (&, e)ua(€, ) > 0if (&, ¢) is sufficiently close to (so, 0). This fact, together with
(4.58), yields Re i1 (&, ¢) > 0. Similarly, if ¥'(sg) < 0 and (&, ¢) is sufficiently close to
(so, 0), then Re 111 (&, €) < 0. Furthermore, it follows from Lemma 4.8 that u{(§,&) =0
if and only if & = &;(¢) with some 1 < i < m — 1 when ¢ > 0 is sufficiently small.
Here we recall Re o (&, ¢) > 0 for all £ € [0, Cc]. Therefore, it is possible to prove that
Re (€, e) = 0if and only if & = &;(¢) for some | < i < m — 1. Since k'(0) > 0 if
(r,y) € [-7, T] X [y, 00) (see Lemma 4.2 and its proof), the above considerations enable
us to conclude

Repi(§.6) >0 if (w,e),2(5, ), a16,¢)) € I5;_y,
Repi(§.6) <0 if (w(,e),2(5,8),a1(8,¢)) € I}

Thus the proof is complete. O
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We will return to (SP-3). Let S be a set of (u, v, a) such that (u, v) is a positive solution
of (SP-3) with a > A;. Theorem 4.1 asserts that, if (8, b, d) € Oj, then S contains an
unbounded smooth curve I't = {(u(s), v(s), a(s)) € C(Q)xC(Q)x (A1, 00); s € (0, 00)}
and that a(s) has multiple critical points for 0 < s < C with sufficiently large C. It is easy
to prove the following result with use of Proposition 4.5.

THEOREM 4.3. Assume min{8b,d} > Br;. Let 0 < 51 < 50 < -+ < $Sp—1 < C
be all strict local maximum or minimum points of a(s) in (0, C) and define I, :=
{(u(s),v(s),a(s)) € I; s € (si—1,8)} (1 <i < m), where so := 0 and s,, == C.
Then for almost every (B,b,d) € O\, there exists a positive constant § such that, if
o < 8ands € (0, C), then any positive solution on I'1 21 (j = 1,2,...,[(m + 1)/2])
is asymptotically stable, while any positive solution on I'12; (j = 1,2,...,[m/2]) is
unstable.

Note that (#(0), v(0)) = (0, 6p). Theorem 4.3 implies that stable positive solutions
bifurcate from (0, 65) and that the stability of solutions on I changes at every turning
point with respect to a. For a bounded smooth curve I> obtained in Theorem 4.2, similar
results to Theorem 4.3 also hold true (see [23]).

REMARK 4.3. In case (8, b, d) € Oy, it is possible to show that, if p is sufficiently large,
then the Hopf bifurcation occurs at certain (u(s*), v(s*), a(s*)) € I.1. For details, see
Kuto [23].
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Abstract
Let @ C R” be a bounded smooth domain. For k& > 1, consider the following
non-linear elliptic boundary value problem
“Alx,u, D) + fl(x,u, Du)=0inQ, [=1,...,k M
u(x) =up(x), ona€2,
where
u: Q>R L Qx REXR™ S R,
Al Qx REXR™ S RY, 1=1,... k,

are vector-valued functions. Under appropriate conditions on the functions f' ! and
Al we investigate the question of existence of positive solutions to the boundary
value problem (I) via the fixed point theory. The a priori estimates play a key role.
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1. Fixed point theorems

The fixed point theory has been a classical and powerful tool in nonlinear analysis. The
subject has been extensively studied and there is an extremely rich literature. Our interest
on the subject primarily stems from its broad applications in studying existence of solutions
to nonlinear differential equations. In this section, we only state several basic forms of fixed
point theorems which we believe can characterize the essential features of the fixed point
theory, and are sufficient for treating the nonlinear elliptic boundary value problems we are
interested in.

1.1. The Banach fixed point theorem

We first give the Banach fixed point theorem on a complete metric space, which is perhaps
the simplest fixed point theorem. Let X be a Hausdorff space and M a subset of X. Let
A : M — X be amap. We say that x € M is a fixed point of A, provided

x = A(x).

Let (X, d) be a complete metric space and M a closed subset of X. We say that a map
A : M +— M is a §-contraction, provided there exists a nonnegative number § € [0, 1)
such that

d(A(x), A(y)) <dd(x,y) Vx,yeM,

where d(-, -) is the distance function on X.

THEOREM 1.1.1 (Banach fixed point theorem). Let (X, d) be a complete metric space and
M a closed subset of X. Assume that A : M +— M is a §-contraction for some § € [0, 1).
Then A has a unique fixed point x € M.

The Banach fixed point theorem is proved by an elementary iterative procedure
(successive approximation). Taking any starting-point xo € M, one defines a sequence

Xny1 =Axp)eM, n=0,1,....

Then the §-contractiveness of A ensures that the sequence {x, } converges to a pointx € M
(M being closed in X being complete). Moreover, x is unique in M.

The above simple iterative procedure also provides additional useful estimates on errors
and rate of convergence. The Banach fixed point theorem is particularly effective in
obtaining local existence, say, for initial value problems. But it has limited applications
in boundary value problems, partly because the required §-contractiveness is usually not a
trivial matter to be verified.

To illustrate the importance of the §-contractiveness, we state the following fixed point
theorem due to Browder, Gohde and Kirk.
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THEOREM 1.1.2 (Browder—Gohde—Kirk fixed point theorem). Let H be a Hilbert space
and M a closed bounded convex subset of H. Assume that A : M — M is nonexpansive,
that is,

(A(x), A(y)) = (x,y) Vx, yeM,
where (-, -) is the inner product on H. Then A has at least one fixed point x € M.

We refer the reader to [3] for a proof of Theorem 1.1.2, which is based on the Banach
fixed point theorem. By enriching the structure of the underlying space H, Theorem 1.1.2
slightly relaxes the §-contractive requirement. However, both the uniqueness and the useful
estimates are lost.

1.2. The Schauder fixed point theorem

In this section, we discuss a fundamental fixed point theorem on Banach spaces—complete
normed spaces, the Schauder fixed point theorem. The following Brouwer fixed point
theorem on R” lays the foundation in this direction.

THEOREM 1.2.1 (Brouwer fixed point theorem). Let M be a convex compact subset of R".
Assume that A : M +— M is a continuous map. Then A has a fixed point x € M.

The proof of the Brouwer fixed point theorem uses the following deep topological result.

THEOREM 1.2.2 (Borsuk). Let B be the unit ball in R" and 9B = §"~! its boundary.
Then there is no continuous map f : B — S"~! such that flgn-1 = id]|gn—1.

This result follows directly from the Borsuk Antipodal Theorem, which shows that the
map id|g.—1 cannot be homotopic to a constant map.

The Schauder fixed point theorem extends the Brouwer fixed point theorem to infinite-
dimensional Banach spaces. Rather different from the Banach fixed point theorem, the
Schauder fixed point theorem relies on the compactness of the operator. Let X be a Banach
space and M a subset of X. An operator A : M +— X is called compact if it is continuous
and maps bounded subsets to relative compact sets. Below is the Schauder fixed point
theorem.

THEOREM 1.2.3 (Schauder fixed point theorem). Let M be a closed bounded convex subset
of a Banach space X. Assume that A : M +— M is compact. Then A has at least one fixed
point in M.

Utilizing the compactness of A, the proof of 1.2.3 relies on the Brouwer fixed point
theorem and a finite dimension approximation. The following alternative version of the
Schauder fixed point theorem is an immediate corollary of Theorem 1.2.3.

THEOREM 1.2.4. Let M be a compact convex subset of a Banach space X. Assume that
A 1 M — M is a continuous operator. Then A has at least one fixed point in M.



Fixed point theory and elliptic boundary value problems 507

PROOF. We use a proof from [57]. Denote C(A(M)) the closure of the convex hull of
A(M). By the Mazur theorem, C(A(M)) C M is compact and convex since A(M)
is relatively compact (A being compact). Clearly A(C(A(M))) C C(A(M)). Now by
Theorem 1.2.3, A has a fixed point in C (A (M)), which is a fixed point of A in X. O

To apply Theorem 1.2.3, the key is to construct the pair (A, M), with M C X being a
closed bounded convex subset of a Banach space X and A : M — M being compact. The
following Leray—Schauder fixed point theorem perfectly illustrates such a notion.

THEOREM 1.2.5 (Leray—Schauder fixed point theorem). Let X be a Banach space and
assume that A : X — X is compact. Suppose that there exists a positive number R > 0
such that ||x|| < R for all x’s satisfying x = tA(x) witht € [0, 1]. Then A has at least
one fixed point x € X.

PROOF. As mentioned above, the proof is to construct a new operator I' on X and a closed
bounded convex subset M of X such that I" : M +— M is compact. Then the conclusion
follows immediately from Theorem 1.2.3.

Define

I(x) = {A(x), if [AG)] < 2R;

2RIAM) T AM), if [AM)] > 2R,
and put
M = {x||x|l =2R}.

Clearly I' : M +— M is continuous and M is closed, bounded and convex. It remains to
verify that I' maps bounded subsets of M to relatively compact sets. Let {x,} be a sequence
in M. Thus {x, } is bounded. Evidently, there is a subsequence of {x,} such that its imagine
under A is either contained inside of M, or outside of M, both still denoted by {x,}. If the
first occurs, I'(x,) = A(x,) has a convergent subsequence in M since A is compact by
assumption. If the latter occurs, clearly there is a subsequence {y,} of {x,} such that both
{1/IIA(yn) I} and {A(yn)} converge, so does I'(y,).
Now Theorem 1.2.3 implies that I has a fixed point x € M. If ||A(x)|| > 2R, then

x=T(x) =2RAM A" = 1A K)

with 1 = 2R||A(x)||~" € (0, 1), an immediate contradiction. Hence ||A(x)|| < 2R and
A(x) = I'(x) = x. The proof is complete. O

1.3. The Leray—Schauder fixed point index

In this section, we discuss a more sophisticated fixed point theory on a Banach space,
namely, the Leray—Schauder fixed point index theory (the Leray—Schauder degree theory),
which is based on the topological degree theory on R”. The central piece of the extension
is preserving of the compactness structure of R” in someway.

Let X be a Banach space and M an open bounded subset of X. Let A, I' : M > X be
compact operators which have no fixed points on the boundary d M. We say that A and I'
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are compactly homotopic (or simply homotopic) to each other, denoted by A ~ I' : IM,
provided there exists a compact mapping H : M x [0, 1] — X such that

(1) H(x,t) # x forall (x,1) € dM x [0, 1].

(2) H(x,0) = A(x)and H(x, 1) =T'(x) forall x € aM.

We point out that the compact mapping H can be defined only on the boundary dM, i.e.,
H: oM x [0, 1] = X in the above definition.

Now we are ready to introduce the Leray—Schauder fixed point index. Let X be a Banach
space and define

Y =Y(X) = {(A, M) | M is an open bounded subset of X and
A : M+ X is compact with A (x) # x on dM}.

Then the Leray—Schauder fixed point index is a functioni : Y — Z (Z is the set of whole
numbers) which satisfies

(1) i(A, M) = 1if A(x) = xg (i.e., constant map) for some xg € M.

(2) Ifi(A, M) # 0, then there exists an x € M such that A(x) = x.

(3) Let (A, M) € Y and let {M j}’;: be a mutually disjoint partition of M. Suppose

that A has no fixed point on M for j = 1, ..., k. Then there holds
k
i(A M) =) "i(A, M)).
j=1
@) HA~T:0M,theni(A, M) =i, M).

The Leray—Schauder fixed point index defined above also possesses further useful
properties, such as the excision property and the continuity property.

For a given Banach space, there exists a unique Leray—Schauder fixed point index and
concrete formulas can be constructed to compute the index. Again, whether the dimension
of the space is finite remains of central importance. We first have the Brouwer fixed point
index on R".

THEOREM 1.3.1 (Brouwer fixed point index). Let X = R". Then there exists a unique
fixed point index i on' Y = Y (R") satisfying 1-4 above.

The second is the Leray—Schauder fixed point index on general Banach spaces.

THEOREM 1.3.2 (Leray—Schauder fixed point index). Let X be Banach space. Then there
exists a unique fixed point index i on Y = Y (X) satisfying 1-4 above.

‘We shall omit the proof of both Theorems 1.3.1 and 1.3.2, which are somewhat involved.
We refer the reader to [3,57] and the references therein.

Various applications of the Leray—Schauder fixed point index theory have been
developed and one of them is the Krasnosle’skii fixed point theorem on a wedge.

Let X be a Banach space. We say that a convex subset W of X is a wedge if

tW={tx|xeW}cCc W, Vr>0.
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A wedge is proper if it is not a linear subspace of X. A wedge W is called a cone if
W N (—W) = {0}. Then we have the Krasnosle’skii fixed point theorem.

THEOREM 1.3.3 (Krasnosle’skii fixed point theorem). Let W be a proper wedge of a
Banach space X. Assume that A : W +— W is compact. Suppose that there exist r > 0
and R > 0 such that 0 < r < R and one of the following conditions hold

M 1AM < |lx]|| for x € W with ||x|| = r, and ||AX)|| > |x|| for x € W with

lx[l = R.
Q) 1AM = |lx]|| for x € W with ||x|| = r, and ||AX)|| < ||x|| for x € W with
x|l = R.

Then A has at least one fixed point x € W withr < ||x|| < R.

The operator A is sometimes called wedge-extending in Part 1 and wedge-compression
in Part 2. The proof of Theorem 1.3.3 uses the Leray—Schauder fixed point index [30].

The Krasnosle’skii fixed point Theorem 1.3.3 has been extensively used to derive
existence of positive solutions on a (positive) cone. In this regard, the following refined
Krasnosle’skii fixed point theorem, due to de Figueiredo, Lions and Naussbaum [18], is
often more convenient.

THEOREM 1.3.4 (Refined Krasnosle’skii fixed point theorem). Let C be a cone in a
Banach space X and A : C — C a compact mapping such that A(0) = 0.
Suppose that there exist positive numbers ty, r, R > 0 and a vector ug € C — {0} such
that

(1) u#tAu) fort € [0,1]and u € C with ||u|| = r,

2) u # Au) + tug fort > 0and u € C with |u|| = R.

(3) u # A(u) + tug fort > to and u € C with |u|| < R.

ThenifU ={u eC:r < |lull < R}and B, ={u € C: |lu|| < p}, one has
ic(A, Bg) =0, ic(A,B) =1, ic(A,U) =—1.

In particular, A has a fixed point in U.

2. Elliptic boundary value problems

The solvability of nonlinear elliptic boundary value problems (in proper spaces) is one
of the central issues in the classical studies on nonlinear partial differential equations.
The topic has been extensively studied with an extremely rich literature. In this
section, we shall formulate an elliptic boundary value problem of second order in a
general format and set up its equivalent operator form. To address the issue of its
solvability, we then establish several general existence results by applying the fixed point
theorems.
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2.1. Elliptic boundary value problems

Letn > 2 and k > 1 be two integers and let 2 C R” be a connected smooth domain. Let
Al=A AL A QxR R — R"; I=1,2,...k

and
f=" 2 QxR xR* 5 R

be continuous (vector-valued or scalar-valued) functions.! We shall use bold face letters,
such as u, p, q for vector values in RF or R”, Q for n x k-matrix values in R"% and Q, for
the /th column vector (thus an n-vector) of Q.

Throughout the entire paper it is assumed that the functions A’ and f satisfy the following
ellipticity and growth conditions.
AD Ale COQXRxRHYNCHQ xR x (R*\ {O), [ =1,2,... k.
(A2) Al(x,u,0)=0,1=1,2,..., k.
(A3) Foreach! =1,2,...,k, there exist positive numbers m; > 1 and K > 0 such that

forall £ € R" and (x, u,p) € 2 x R x (R"\ {0})

l

_BA/ ~1 =212
> oo Eg; = K6+ o)™ g, @.11)
i,j=1 Di

8Alj m 2
Z 5 —— &, u,p)| = K@ +[pD™" (2.1.2)
ij=1|°Pi

and
P < K@+ ph™2pl, (2.1.3)

i,j=

where either §; =0 or §; = 1.

(F) Foreachl = 1,2, ..., k, in addition to the numbers m; > and K > 0 from (A3),
there exist positive number p; > 0 such that for all (x, u, Q) € Q x RF x R

Ifl(x. 0, Q) §K<1+|ulp’+Z|Qj|””). (2.1.4)
7

For convenience, we shall assume that the boundary of 2 (if nonempty) is smooth, say,
C?, and also omit the subscripts [ for § and p.

!t is understood that all relations involving vectors are in the component-wise sense.



Fixed point theory and elliptic boundary value problems 511

Consider the following boundary value problem of systems of quasi-linear elliptic
equations of second order

divA! (v, u, Vup) + flx,u, Va) =0 inQ; [ =1,2,...,k, (2.1.5)

where

u:(ul,uz,...,uk):QHRk, Vu:{%}:Qr—)R"".
1
The terms div A’ (x,u;, Vuy), I = 1,2,...,k, are called principal parts of the system.
Note in (2.1.5) the principal parts are de-coupled. When m; # 2, (2.1.5); is called regular
if § = 1, and is said to be degenerate or singular if §; = 0.
A functionu € WE™ ()NC(Q) x - - - x WL (Q)NC(Q) is said to be a weak solution,
or simply a solution, of (2.1.5) if

—/A’(x, ur, Vur) - Vor + / FLx,u, Vaygr = 0, 2.1.6)

for all ¢; € CgO(Q), [ =1,2,...,k. All solutions considered are weak solutions in the
above sense.

Whenever 2 is bounded, we shall associate (2.1.5) with the following boundary
condition

u=1uy onad (2.1.7)

where, for simplicity, ug € C2(Q).

We are concerned with the question of existence of a vector-valued function u(x) solving
the boundary value problem (2.1.5) together with (2.1.7).

Throughout what follows, without further mentioning, the term “BVP” will be used
to stand for boundary value problem and C > 0 will be used to denote generical
constants which may vary from one to another and depend only on the arguments inside
the parentheses (or clear from the context). Moreover, for m € (1, n), we denote
 (m—Dn+m mn

. > 0, m*i=my+1= ,
n—m n—m

being the Sobolev embedding numbers. For m > n, it is understood m, = m* = oo.

2.2. Maximum principles and regularity

In dealing with the differential equation (2.1.5), we shall frequently use some forms of the
classical regularity theory and the maximum principles for quasi-linear elliptic equations,
which are summarized in this subsection.

The following inequalities are elementary.

LEMMA 2.2.1. Let a, b be vectors in R" with |a| + |b| > 0 and let A satisfy (A1)—(A3)
with m > 1. Then there exists a constant C = C(K; m; n) > 0 such that

|A(x, u,a) — A(x,u,b)| < C(5 + |a] + [b)"2|a —b],
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and
(A(x,u,a) — A(x,u,b))(a—b) > C( + |a| + |b|)m_2|a — b|2.

PROOF. Write
1 5A
A(x,u,a) —A(x,u,b) = a—(x, u,a+r(b—a))(b; —a;)dt.
0 Opi

Then the conclusion follows immediately from the assumption (A3) and the fact

1
C7'(8 + lal + [b)™ % < / (6 +la+t(b—a))"2dr < C(8+ la] + [b)™ >
0
for some C > 0 depending only on m. O

The following weak comparison principle is well known.

LEMMA 2.2.2 (Weak comparison principle). Let A satisfy (A1)—(A3) with m > 1 and
f = f(x; u) be nonincreasing in u. Let u and v be functions in the Sobolev space ng’cm ()
which satisfy the distribution inequality

divA(x, u, Vu) + f(x;u) — [divA(x, v, Vv) + f(x;v)] <0 2.2.1)

in a domain Q2 of R". Suppose that u > v on 0%, in the sense that the set {u — v + ¢ < 0}
has compact support in Q2 for every ¢ > 0. Then u > v in Q a.e.

PROOF. The proof is a direct integration by parts, but we include it here for the reader’s
convenience. Suppose the contrary. For ¢ > 0, put

wx) = we(x) = ulx) —vx) + €.
By assumption,
w_(x) ;= min{0, w(x)} £ 0 a.e.

is in the space W(}’m (2) for ¢ > 0O sufficiently small. Multiply (2.2.1) by w_ and integrate
over €2 to obtain

/ [A(x, u, Vu) — A(x, v, Vv)[Vw_ < / [f(x;u)— f(x;v)]Jw- <0,
Q Q

since [ f(x;u) — f(x;v)Jw— < 0a.e. on Q by the fact f(x; u) is nonincreasing in u. But
by Lemma 2.2.1, there exists C > 0 such that

/[A(x, u, Vi) — A(x, v, Vv)|Vuw_ > Cf (8 + |Vul + [Vo])" 2 |[Vw_|*.
Q Q
It follows w_ = 0, a.e., a contradiction. O

We next have the classical W2 and C!-#-regularity results for (2.1.5).



Fixed point theory and elliptic boundary value problems 513

LEMMA 2.2.3. Let u be a solution of (2.1.5). Then the following conclusions hold.
(1) (Weighted W?2-Regularity) Assume u € L°.(Q2). Then the function |u;|™ 2| D?u|
is in the space leoc(Q) fork=1,... k.
(2) (Interior Holder Estimates for Gradients) Let B = Bpg(xq) be a ball with radius
R > 0 such that Byr(xg) C 2. Then there exist two positive constants § =
B(K,M,p,m,n,R) € (0,1)and C =C(K, M, p, m,n, R) such that

sup |Vu(x)| + sup [Vutn) = Vato)l _ (2.2.2)

)CEBR/Q x],xzeBR/z;xl;éxz |x1 _x2|ﬂ -

where K is given in (A3) and
M = sup |u(x)|.

xeBg
(3) (Global Holder Estimates for Gradients) If in addition 02 is nonempty and u
satisfies the boundary condition (2.1.7), then there exist two positive constants
B=BK,M,p,m,n,||0R21.1) € 0,1)andC =C(K,M, p,m,n, ||[022]1,1) >0
such that

Vu(x;) — Vu(x
sup  |Vux)| + sup [Vutx) '3( 2l
x€QNBR)2 X1,X2€QNBR)2; X1 7£X2 |-x1 - x2|

<C, (223)

where B = Br(xg) C R" and

M = sup |u(x)|.
xeQNBgr

Lemma 2.2.3 follows directly from the classical regularity theory for scalar equations,
since the principal parts of (2.1.5) are de-coupled and the lower-order term f obeys the
growth condition (F). For scalar equations, the interior estimate (2.2.2) is due to [21,
53], see also [23,31,32,55] and the references therein for earlier results in this direction.
The global estimate (2.2.3) then follows by combining (2.2.2) with the boundary estimate
later obtained in [33]. The weighted Wz'z—regularity was proved in [50], Proposition 8.1,
p- 132 (the fact m € (1, 2) is neither needed, nor used in the proof). For m € (1,2), a
standard W22-regularity was obtained in [1]. When m > 2, one can show that the function
lu|™=2/2| D2y is in the space L]ZOC(Q), see for example [21] and the references therein.
But Lemma 2.2.3(1) suffices for our purposes.

The next result is a strong maximum principle for (2.1.5). For 1 < [ < k, we say
that the pair (A, f!) has a positivity property, provided there exists a matrix function
{al{) j(x)} e C'(R) and nonnegative continuous functions Al nl ol eC (R4) such that

(al) There holds

AlGx,u,p) = Al(Ip) (Z_ai,,-(x)pj, . Z_ai,,-(x)p,-) :
J J
(a2) There exists C > 0 such that for & € R"
aj ;(0&&; = CIEP.
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(h1) There exists C > 0 such that
1
ol (1) < c/ sAl(s)ds, tel0,1],
0

and

W)+ o' (101 + fl(x.,u, 0) >0,
(x,u,0) € Q@ x (Ry x - x Ry) x R,

(h2) There exists § > 0 such that hl is nondecreasing on [0, §) and is nonnegative.
(h3) There holds

/5 ds
— =0
o H'(hl(s))

t t
H,(r):ﬂA’(z)—[ sAl(s)ds, E’(r):f hl(s)ds; t>0.

0 0

where

(It is understood that (h3) holds automatically if (@)
agreement.)

0 near t = 0% by

By (A3), one readily sees that for ¢ > 0
C'2@ +0)™~% < Hi(1) < Cr(8 + 1) 2,

whence A/ (0) = 0 (in general, one could use h;(t) ~ tM~1 when § = 0). One may also
take appropriately larger 4! and ' to enforce the positivity if necessary, facts being used
later.

We have the following strong maximum principle.

LEMMA 2.2.4 (Strong maximum principle). Assume for some 1 <1 < k the pair (A!, f!)
satisfies a positivity property. Then the l-th component u; of all nonnegative solutions u of
(2.1.5) is either identically zero or strictly positive on Q2.

PROOF. This is simply Theorem 1’ of [42] for scalar equations (condition (2.5) in [42]
was later removed in [41]). Indeed, (2.1.5) can be de-coupled into scalar equations for
each component, in view of the fact that its principal parts are de-coupled and the nature
of the positivity property. O

2.3. An auxiliary existence lemma

Let €2 be bounded and let
A=(A1,Ar,...,A): QxR xR" - R"”

be a function satisfying the conditions (A1)—(A3) with m > 1. Suppose that 1 € C(R) is
a nondecreasing function satisfying the growth condition

lh(w)] = C(A + [ul™), () — h(w)| < L(ul + )" Plu—v|,  (23.1)
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where L > 0 is constant. For ¢ € C (), consider the BVP

—divA(x, u, Vu) + h(u) = ¢(x) inQ,

(2.3.2)
U = ug on 092,

where ug € C2($2). Without loss of generality, we shall assume 1o = 0 (for otherwise one
simply considers v = u — u).

The Banach space X = Wol’m (R2) is separable and sequentially compact since m > 1,
whence X is reflexive (Bberlein—-Shmulyan). Define an operator

A: X — X/, Au) ;= A(x, u, Vu) + h(u),

where X' is the dual space of X, in the sense

(A(u),v) = /A(x, u, Vu) - Vo + / h(w)v; veX.

We claim that the operator .4 is bounded, continuous and monotone.
(1) Boundedness. By the Sobolev embedding [2], (2.3.1) and (A3),

[(AQ), v)] = / |AQx, u, Vu) - Vo +C/(1 + lu|™) |

, 1/m' 1/m
< (/ |A(x, u, VM)|m> (/ |VU|m>
. my/m* . 1/m*
+C</|M|m) (/|U|m) + Clvllx

—1 * *
= [IVullfw IVVlln + llul s vl gwe < Cllully” + Dilvllx,
where m’ = m/(m — 1) is the conjugate.

(2) Continuity. With the aid of (A3) (and of course Lemma 2.2.1) and (2.3.1), one also
readily verifies that

IAG@) — A@)||% < c/ IA(x, u, Vi) — A(x, v, Vo) + h(u) — h(v)|"
< c/[(s + IVl + Vo2V — Vol

+C/[<|u| + )" 2 — o™

’
= Clllulix, lvlx)lu — vl

That is, A is continuous.
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(3) Monotonicity. By (A3) and the monotonicity of &, we have for u, v € X
(Aw) — A(), u —v) = /(A(x, u, Vu) — A(x, v, Vv)) - (Vu — Vo)
+ [t~ hena -
> C/(8 +|Vul + Vo)™ 2| Vu — Vu|> > 0.
It follows that A is monotone (strongly monotone if m > 2).

We need the following existence result due to [51] (Corollary 2.2, see also [20]).

LEMMA 2.3.1. Let X be a separable and reflexive Banach space. Assume that A : X +—
X' is bounded, continuous, monotone and coercive, i.e.,

(Aw,u) _

lullx—o0  [lullx
Then A is surjective.
We now can prove the existence theorem of this subsection.

LEMMA 2.3.2. For every ¢ € C(Q) and uy € C*(Q), the BVP (2.3.2) has a unique
solutionu € X N C(Q), where X = Wol’m(Q).

PROOF. We first show the existence in X. For any ¢ € C (), define

L(v):fcpv, veX.
Q

Clearly L € X’. Therefore, it suffices to show that A : X + X’ is surjective. In view of
Lemma 2.3.1, it remains to show that A is coercive since A is bounded, continuous and
monotone. By the Poincare inequality, there exists C = C (€2, n, m) > 0 such that

jully < ¢ [ v
By the monotonicity of #,
[A(u) — h(0)]u = 0.

Finally, by the Holder inequality,

1/m
|h<0>|/|u| §C</ |u|’") < Clullx.
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It follows that, by Lemma 2.2.1, for ||u || x sufficiently large
(A(u), u) = /A(x, u,Vu) - Vu + /[h(u) — h(0)]u + h(0) / u
> /(A(x, u, Vu) — A(x,u,0)) - Vu — Cllullx
> c/<5 +[VuD)™ 2|Vul® = Cllullx = Cllully — Cllulix,

where we have used (A2). In turn,
A0 it (g = €] = 00,
lulx—o0 |lullx llull x o0

since m > 1. Hence the BVP (2.3.2) has a solution u € X.
Next, with the aid of Lemma 2.2.1, using |u|” u as a test function in (2.3.2) to get

CV/(5+ IVul)" =2 Vullu]” < /A(x,u, Vu) - Vu

=/|u|ymﬂ—/h(u)|u|”u

sf|u|yu[<o—h<0>] < c/W“,

since [A(u) —h(0)]|u|Yu > 0 by the monotonicity of 4. One then readily derives an a priori
W&’m (£2)-bound for u and a standard boot-strap argument (cf. [47], see also Section 3.2
for details and it may require slightly more work when m < 2 and § = 1) implies that there
exists C = C(n,m, K, h, ||¢]]) > 0 such that

lull L) < C.

Now the classical De Giorgi estimate implies that u is actually Holder-continuous on €,
ie,ueXNC(Q).

The uniqueness follows directly from the weak comparison Lemma 2.2.2, in view of the
monotonicity of /. O

2.4. Equivalent operator form

In this subsection, we establish an equivalent operator form for the BVP (2.1.5) and (2.1.7).

Let Q be bounded. For [ = 1,...,k, suppose h' € C(R) is a nondecreasing function
satisfying the growth condition (2.3.1). For each A = Al paired with k' and (up); (the
boundary data), Lemma 2.3.2 shows that for each ¢ € C () the BVP (2.3.2) has a unique
solution u = uy; € whmi(Q)yn C(Q) satisfying uy; = (u0); on dQ2. Define an operator

O C(Q) > WH(Q)NC(Q), D;(¢) ==y

We have the following result.
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LEMMA 2.4.1. Forl =1, ..., k, the operators
O C(Q) > {u € CH(Q) |ulx) = (uo)i(x) on I}, Di(p) :=uy,

are well defined and compact.
If in addition the pair (A!, f') satisfies a positivity condition, with o' = 0 and h' given
in the definition of ®;, then the operator ®; is also positive, that is, ®;(¢) > 0 provided
=0
¢ =V

PrROOF. Fix [. The well-posedness of ®; in wlmi (QNCIQ)is simply Lemma 2.3.2. As
mentioned earlier, the classical De Giorgi estimate yields C%# estimates for some g > 0.
It follows that, by Lemma 2.2.3, there exists §; = B;(n,m;, K, p,h, 2) € (0, 1), such
that all solutions of the BVP (2.3.2) are actually in the space CLPi(Q), whence the well-
posedness of ®; in the space {u € C'(Q) | u(x) = (uo);(x) on 32} follows.

Next, we show that ®; is compact. Plainly, it suffices to show ®; is continuous since the
embedding C1#1(Q) — C'(Q) is compact.

To this end, by Lemma 2.2.3, there exists C = C(By, h,n,m;, K, 8, h, ¢, Q) > 0 such
that

lully g5 =C (2.4.1)
for all ¢ € C(2). Suppose for contradiction that
®y: C(Q) = {u € CHR) |ux) = (ug);(x) on I}

is not continuous. Then there exist ¢go(x) € C(R), a sequence of functions {¢ i (x)} C
C(§2), and ugp; 1(x) = @;(p;(x)) and u(x) = $;(po(x)) such that

lim Jlg; — ¢ollcg) =0, liminf |lug, 1 —ull; g > 0. (2.4.2)
Jj—o0 j—0o0 :

Without loss of generality, we assume
||§0j||(;(§) = 2||(p0||c(§) + L.

Then, by (2.4.1), the set {u,; /(x)} is bounded in C'#1(Q). By the Ascoli-Arzela
theorem, {uy; i} converges to some u; € C 1(©Q) in C1(Q) (up to a subsequence). Fix
any function ¢ € Cg°(R2). Using ¢ as a test function in the corresponding equations
—divAl(x, uy, 1, Vg, 1) + h(ug, 1) = ¢; and letting j — oo, one readily deduces
that —div Al (x, u;, Vuy) + h(u;) = @o (cf. the continuity of A in Section 2.3), namely,
u; = ®(¢o(x)) = u. This is an immediate contradiction to (2.4.2).

Finally, the positivity of &, is a direct consequence of the comparison principle and
the strong maximum principle, in view of the positivity condition. This completes the
proof. O

In the sequel, we shall say that the operator ®; is associated with the pair (A!, ).
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We now are able to introduce an equivalent operator form for the BVP (2.1.5) and (2.1.7).
Put

X :={uecl(Q) Y ={u e C(Q)

being Banach spaces equipped with the standard norms. For [ = 1, ..., k, let i* € C(R)
be monotone functions satisfying (2.3.1) with m = m;. Set

Ti(n) := f'(x,u, Vu) + hl u)), Tw) = (T1(w), ..., Tx(w): X > Y.

One readily verifies that T is continuous and bounded.
Let ®; be the operator given in Lemma 2.4.1,[ = 1, ..., k, associated with (Al, hl).
Denote

Z:={u € C'(Q)|u(x) = up(x) on 9L2}.
Define
AN =0T A=doT :=A1(),...,Ar(n): X - Y — Z.
We have the following result.

LEMMA 2.4.2. The operator A : X — Y — Z — X is compact. Moreover, the BVP
(2.1.5) and (2.1.7) is equivalent to the operator equation

u=A(u). (2.4.3)
The operator A is said to be associated with the pair (A,h) = [(Al, ..., Ab),
(h', ..., ho).

PROOF. The compactness of A 1is trivial since each component of A is compact by
Lemma 2.4.1. It also follows directly from the definition of A that the BVP (2.1.5) and
(2.1.7) is equivalent to the operator equation (2.4.3). ]

Plainly, a fixed pointu € X of A is a solution of the BVP (2.1.5) and (2.1.7) in Z. By
Lemma 2.2.3, then u is actually in C LB(Q) for some B > 0. Thus all solutions under
consideration will be assumed at least in the space C!-#(Q) for some g > 0.

2.5. Existence theorems

In this subsection, we apply the fixed point theorems to prove two general existence results
for the BVP (2.1.5) and (2.1.7). Specifically, we show the existence of a fixed-point of the
equivalent operator equation (2.4.3).

We say that the BVP (2.1.5) and (2.1.7) has an a priori estimate property (AP1), provided

(AP1). There exists C > 0 (independent of ¢ and u) such that

lalle@) < C
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for all solutions u of

divAl(x, ur/t, Vur/t) + fl(x,u, Vu) =0  inQ; 1=1,2,...,k,

u=1uy onad<2,

where t € (0, 1] is a parameter.
Our first existence result is a direct consequence of the Leray—Schauder fixed point
Theorem 1.2.5.

THEOREM 2.5.1. Let 2 C R" be a bounded domain. Then there exists B € (0, 1) such
that the BVP (2.1.5) and (2.1.7) has a solution u € CY“P(Q), provided it satisfies an a
priori estimate property (AP1).

PROOF. In Lemma 2.4.2, take h! = Oforl = 1,2, ..., k. By Lemma 2.4.2, it suffices to
show the operator equation (2.4.3) admits a solution in

X :={u € CH(Q)lu=ugon I}.

To this end, we apply the Leray—Schauder fixed point Theorem 1.2.5 to the compact
operator A : X — Y — Z < X and it remains to verify the a priori estimate condition:
there exists a positive number R > 0 such that |u|| < R forallu € X satisfyingu = tA(u)
with ¢ € [0, 1]. But one readily sees that this is equivalent to (AP1) (noting ¢ = 0 implies
u = 0), in view of the regularity Lemma 2.2.3. O

Next, we consider the question of existence of a positive function u (i.e., every
component being positive!) satisfying the BVP (2.1.5) and (2.1.7) with homogeneous
boundary data, namely, ug = 0. We shall assume that all pairs (Al  f l), [ =1,...,k
satisfy a positivity condition with

@) = L|t|™ 2, (2.5.1)
where L > 0 is constant (usually large). Clearly the growth condition (2.3.1) is observed.

The BVP (2.1.5) and (2.1.7) is said to satisfy an a priori estimate property (AP2),
provided

(AP2). There exists C > 0 (independent of # and u) such that
t+|ullpeg) < C. (2.5.2)
for all solutions u of

div Al (x, uy, Vug) + fl(x,u, Vu) + d>f1(td>1(1)) =0 in&;
I=12,....k, (253)
u=0 onod

where ¢ > 0 is a parameter and &; is the operator given in Lemma 2.4.1,[ = 1, ...k,
associated with (A’ h).

We also need a “superlinearity” at the origin for the function f. That is, for each
I =1,...,k, there exist nonnegative continuous functions b' and ¢! such that
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(1) Forl =1, ..., k, there holds for (x,u, Q) € 2 x Ry x --- x Ry) x Rk
fHx o, Q)+ b (x,u, Q) + ¢ (x, u, ) = o((lur| + Q1N
as (u, Q) — 0 uniformly on €2, where

Cm—1, ifs =0,
o= Y max(1,m — 1) ifs = 1.

(2) Forl=1,...,k,b(x,0,0) =c!(x,0,0) = 0.

Remarks. 1. The “superlinearity” condition often can be replaced by a slightly weaker
assumption related to the first eigenvalue of the principal part, see details in the sections
below.

2. The superlinearity implies that f/(x,0,0) =0,/ =1, ..., k.

Now we are ready to give our second existence result.

THEOREM 2.5.2. Let 2 C R”" be a bounded domain. Assume that all pairs (Al, fl),
[ = 1,...,k satisfy a positivity condition with h' being given in (2.5.1) and o' = 0.
Suppose that each f' is superlinear near the origin and that the BVP (2.1.5) and (2.1.7) has
an a priori estimate property (AP2). Then the BVP (2.1.5) and (2.1.7) has a nonnegative
solution u with at least one nonvanishing component. Moreover, every component of u is
either identically zero or strictly positive on Q.

PROOF. Let (A, h!),1 =1, ..., k, be the pair given in (2.5.1) from the positivity property
for (A!, f1). Let A; be the operator given in Lemma 2.4.1 associated with the pair (AL, nh,
I =1,...,k, and A the compact operator given in Lemma 2.4.2. We shall apply the refined
Krasnosle’skii fixed point Theorem 1.3.4 to the compact operator A on the cone

C=fueX|u>0}, X:={ueCY(Q) |u=0o0nd}.

We need to verify all conditions of Theorem 1.3.4 and divide the proof into five steps.

Step 1. To show A(0) = O and A is C-preserving. First, forl =1, ..., k, fl(x, 0,00)=0
by the superlinearity near of f, and 4/ (0) = 0 by definition. Hence T(0) = 0. We claim
®;(0) =0forl =1, ..., k. To this end, we use u; = ®;(0) as a test function in (2.1.6); to
obtain

0:/ Al(|Vu1|)af-j3,~u18ju1+L/ |ug|™
Q ’ Q

> C/(3+ |VM1|)m’_2|VM1|2+L/ s ™,
Q Q

since u; = ®;(0) satisfies (2.3.2) with ¢ = 0. Thus u; =0, i.e., ;(0) =0,l =1, ...,k
whence A(0) = 0. By the positivity condition on f and the definition of T, T(u) > 0 for
allu € C. It follows that A(u) € C for all u € C since ®;, 1 = 1, ..., k, is positive by
Lemma 2.4.1.

Step 2. For t € [0, 1], there exists a positive number r such that u # tA(u) foru € C
with |lu|| = r. Consider u = tA(u) for¢t € (0, 1] (¢ = 0 implies u = 0). That is, for
[=1,...,kandt € (0, 1],

—divA'(x, ug/t, Vu/t) + [h i /1) — B up)] = fl(x, u, Vu).
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By the monotonicity of 4!, we have
W (/1) = () = 0,

since ¢t € (0, 1] and u; > 0. In turn

—divA! (x, ur/t, Vui /1) + b (x, u, Va) + ¢! (x, u, Vu)
< flew, V) + 5 (x, u, Vo) + ¢ (x, u, V), (2.5.4)

where b' and ¢! are nonnegative functions to satisfy the superlinear condition on f! near
the origin. Multiply (2.5.4) by ™~ 'u; > 0 and integrate over 2 to obtain

C/<za+|w1|)’"f*2|wz|2 < r’"l*zf ANVl /0)a] j0iuduy
Q Q '

IA

il / [f'(x,u, Vu) + bl (x, u, Vu)
Q

+c e, u, V) Juy — ™! / b (x,u, Vu)
Q
+c! (x,u, Vu)lu;

< r’"l—lfoquzr”“ Va7
Q

= [ v,
Q

as |u|| — 0, where we have used (A3), the positivity of 5 and ¢/ and the superlinearity
of fL. It follows that there exists o > 0 such that the equation u = £ A (u) has no positive
solutions in By, (0) — {0} forall ¢ € [0, 1].

Step 3. There exist positive numbers #y and R and a ug € C — {0} such that

u# A(u) + tug (2.5.5)

fort > tp and u € C with |u| < R.
Take ugp = @ (1) and consider the equation

u=A®) +1rd(1)

in C, that is, u is a nonnegative solution of the equation (2.5.3). By the assumption (AP2),
(2.5.2) holds. Take f) = C + 1, where C > 0is given in (2.5.2). Then (2.5.5) holds as long
as t > 1y. Note particularly that the choice of R > 0 can be arbitrary.

Step 4. There exists a positive number R such that (2.5.5) holds forall > 0 andu € C
with ||u|l = R. By Lemma 2.2.3, there exists Ry > 0 (independent of u and ¢ by (2.5.2))
such that

lullx < Ro.

Just take R = Ro + 1 and the result follows.
Step 5. Now we can finish the proof by applying Theorem 1.3.4. Plainly, taking X = X
and A = A, one readily verifies that all conditions of Theorem 1.3.4 are satisfied by Steps
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1-4 above. Therefore the mapping A has a fixed point w € C with ||w|| € [r, R], which is
a nonnegative solution of the BVP (2.1.5) and (2.1.7) with ||w| > r > 0. Clearly w > 0
must have at least one nontrivial component since |w|| > r > 0. By the strong maximum
principle Lemma 2.2.4, each component of w must be either strictly positive or identically
zero. The proof is complete. O

The existence Theorems 2.5.1 and 2.5.2 given above provide numerous applications
in the existence theory of elliptic boundary value problems. Here we mainly focus on
applications of existence of a positive solution, given in Theorem 2.5.2. We shall consider
semi-linear scalar equations, semi-linear systems of equations, and quasi-linear equations
and systems separately and the results are given in the remaining sections.

3. Single semi-linear equations

In this section, we apply Theorem 2.5.2 to a prototype of single semi-linear equations, in
which

k=1, Al(x,u,p) =p.

Clearly the conditions (A1)—(A3) are valid. Throughout this section, we assume that
f = f(x,u,p) is a nonnegative and continuous function. We shall also assume that 2
is bounded and the boundary condition (2.1.7) is homogeneous, i.e., ug = 0. We are
looking for a positive solution to the BVP (2.1.5) and (2.1.7).

3.1. Existence

Consider the BVP
Au+ f(x,u,Vu) =0, in,

=0 ondQ. @.1.1)

We wish to apply Theorem 2.5.2 to show that the BVP (3.1.1) admits a positive solution.
We have the following existence result.

THEOREM 3.1.1. Assume that f satisfies the limit condition

liminf—f(x’u’p) > Al lim sup fl.u.p) < Al (3.1.2)
u—00 u u—0t u
uniformly for (x, p) € Q2 x R", where Ay is the first eigenvalue of —A with homogeneous
Dirichlet boundary conditions. Then the BVP (3.1.1) has a positive solution, provided that
one of the following alternatives holds:
(i) n > 2 and there holds

y fx,u,p)
m — =

U— 00 uv

where y = (n+1)/(n — 1).

0’
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(i1) Assume f(x,u,p) = f(u) is locally Lipschitz on [0, co) and the function f(u)u_Z*
is nonincreasing for u > 0. Also suppose that

i f) . uf(u) —OF (u)
im =0, limsup ——F—— <0,
u—00 y? U—00 u2f2/n(u)

where F is the primitive of f and 0 € [0, 2*¥).

(iii) Assume f(x,u,p) = f(u) is continuously differentiable and there exist §,y €
(0, 24) such that

im 29— u >0, 8fw) > uf' @) foru > o0,

u—o0 Y
Moreover; the solutions are in the space W>4 for all ¢ > 0 in Case (i), and in the space
C2P (@) N Co(Q) for all B € (0, 1) in Cases (ii) and (iii).

loc

Part (i) is due to [9], (ii) to [18] and (iii) to [26,27]. In Part (i), the Laplace operator can
be replaced by a linear (uniform) elliptic operator of second order. In Parts (ii) and (iii),

the nonlinearity f can also depend on the independent variable x, or even on the gradient
Vu, see [9,18,26,27] (and also Section 5) for details.

PROOF OF THEOREM 3.1.1. We apply Theorem 2.5.2. First, one readily verifies that
all conditions of Theorem 2.5.2, except the super-linearity at the origin and the a priori
estimate (AP2), are valid. Next, we show that (3.1.2) implies Step 2 in the proof of
Theorem 2.5.2, replacing the superlinearity. To this end, consider u = tA(u) withu € X,
namely (taking 7 = 0),

Au+tf(x,u, Vu) =0.

In turn, by (3.1.2), there exists ¢ > 0 such that for ||u||x small,

/\lf |u|2§/ |Vu|2=t/ uf(x,u,Vu)f(M—e)/uz.
Q Q Q Q

Hence the only solution of u = # A (u) with small ||u| x is u = 0, completing Step 2.
To prove (AP2), we need to show that (2.5.2) holds for all nonnegative solutions of the
BVP

Au—+ f(x,u,Vu)+t =0, inQQ,
=0 ondg, G.1.3)

since ®~ ! (r® (1)) = 1, by taking A (u) = 0. The proofs will be carried out in the next three
subsections, under the assumptions (i), (ii) and (iii) separately. ]

For simplicity, we shall only give the proofs of (AP2) for the prototype f(x, u, p) = u”
with p > 1. Needless to say, all three methods apply to more general settings, and the
proofs for general f’s are essentially similar to the ones demonstrated here.
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3.2. A priori estimate I: The Brezis—Turner approach

In this subsection, we derive the a priori supremum bound (2.5.2) under the assumption (i),
using an approach introduced in [9]. The key is to establish an a priori H!-bound. Then
the desired a priori supremum bounds follow from a standard boot-strap argument.

THEOREM 3.2.1 (Brezis—Turner). Suppose that condition (i) holds. Then the a priori
supremum bound (2.5.2) is valid for all nonnegative solutions of (3.1.3).

The proof of Theorem 3.2.1 is divided into several lemmas. The first is an a priori bound
for the parameter ¢ and a weighted L' norm of f(u) = u?.

LEMMA 3.2.1. There exists a positive constant C = C(n, p, |2]) > 0 such that

t < cal/Pmh / sGoul < cf uley < C, (3.2.1)
Q Q

where §(x) = dist(x, dS2) is the distance from x to the boundary.

PROOF. Let ¢; > 0 be an associated first eigenfunction to A1, i.e.,

—/¢A¢1=M/¢¢>1,
Q Q

forall ¢ € Hol. Multiply (3.1.3) by the test function ¢ and integrate over 2 to obtain

/(t+u”)¢1 = —f uA¢| = )\1/ uey. (3.2.2)
Q Q Q

Applying the Young inequality, one infers that there exists C = C(p) > 0 such that for
t>0

ing(t +uP) > CtP=V/Py, (3.2.3)
u>

Combining (3.2.2) and (3.2.3) immediately yields the conclusions of the lemma, noting

1
m [ upi =3 [wrer+cial
Q 2 Ja
by the Holder inequality, since p > 1. O

The next result is the key H'-bound.
LEMMA 3.2.2. There exists a positive constant C = C(n, p, |2]) > 0 such that
lullgr < C.

PROOF. Multiply (3.1.3) by the test function # and integrate over €2 to obtain, with the aid
of the Holder inequality and Lemma 3.2.1 (both will be frequently used without further
mentioning),

/ |Vu|2=/(m+u1’+1)gc/(1+ul’+1).
Q Q Q
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Fory =2/(N +1) € (0,1) and ¢ > 0, we have

Y 1—-y
/Mp+1 - <f 5MP) (/ up+1/<1—y)/5y/<1—y>)
Q Q Q
1=y
(/ up+1/<1—y>/5y/<1—y>>
Q
l—y 1—y
8(/ u2/<1—y>/5y/<1—y)) +C</ ul/(l—y)/(;y/(l—w)
Q Q

= ellus™ 22, 4+ Clus ™ || a2,

IA

IA

where g =2/(1 —y) =2(n+1)/(n — 1) > 0 and we have used the Young inequality
uP VA=) < ot 1/A=y) 4 0y 1/ A=) — gy 2/0=v) o 0y 1/ A=7)

since p <t =1/(1—y)=m+1)/(n— 1) by (). It follows that by choosing ¢ > 0
sufficiently small

1
/ IVul® < el|lus™" 2|74 + Cllus™ | + C < Ef IVul? +C, (3.24)
Q Q
where we have used a Hardy-Littlewood—Sobolev-type inequality (cf. Lemma 2.2 of [9])
_, I 1 1-r
ud™" e = ClIVull2, —=c - .
q 2 n

Now the Lemma follows immediately from (3.2.4). ]

PROOF OF THEOREM 3.2.1. We use Lemma 3.2.2 and a standard boot-strap argument.
For any y > 0, use u? as a test function in (3.1.3) to obtain

2%)2

DR < CIvuYORT, < Cy w1

+ Cy.
Take

y1:2*_p>07 J/k+1=2*()/k+1)/2—P: k=1,...,
Then direct computations yield

Virl = 25/ + (272 = Dg = @*/D* (i + @) —q > 0,
where g = (n —2)(2* —2p)/4 > —y; forall p < 2,, and
2%/2
2R <

k@2 * 2% /2)k

< CLi=0@ /D () .. )T /2 (||u[7+)/l ”21/ A 1)

< COP (ur 8 1) < ¢ (@ 1)

a7 < Oy ()

In turn
||up+)/k+1 ||LP+Vk+1 <C

and the lemma follows by letting k — oo (noting yx — ©0). O
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3.3. A priori estimate II: The de Figueiredo—Lions—Naussbaum approach

In this subsection, we derive the a priori supremum bound (2.5.2) under the assumption (ii),
using an approach introduced in [18]. The assumption (ii) (and (iii)) is essential optimum
(at least) for the prototype f(#) = u? on star-shaped domains.

THEOREM 3.3.1 (de Figueiredo-Lions—Naussbaum). Suppose that condition (ii) holds.
Then the a priori supremum bound (2.5.2) holds for all nonnegative solutions of (3.1.3).

The proof of Theorem 3.3.1 is spiritually similar to that of Theorem 3.2.1, namely, to
establish an a priori H'-bound. However, the proof is more involved and also requires a
variational structure, among others. Note that (ii) implies p < 2.

PROOF OF THEOREM 3.3.1. The proof is divided into several steps.

Step L. There holds (3.2.1). This is simply Lemma 3.2.1.

Step II. There exist positive constants §o = §o(n, p, 2) > 0and C = C(n, p, 2) > 0
such that

sup |u(x)| < C, sup |Vu(x)| <C. (3.3.1)
5(x)<do 8(x)<8o

We first show that every solution u of (3.1.3) possesses the following monotone property.
(M). There exist positive numbers ¢, ¥ and C such that forall x € Q, = {x € Q,8(x) <
¢}, there exists a measurable set 7, such that

(1) meas(ly) = y.

2) I, C Q2 — Q.

(3) u(x) < Cu(é)forall & € I,.

We shall omit the proof of property (M), which is based on the well-known moving-
plane method. We refer the reader to [18], or see Section 4.4, for details.

Assuming (M), let us prove (3.3.1);. By (M2), there exists a positive constant C =
C (e, ¢1) > 0 such that

$1(8) = C, § el
since I, C 2 — Q.. Using (M) and Step I, one readily infers that for x €

u? (x)meas(ly) =/ uP(x) < C/ u? (&)dé

Iy Iy

< C/I pru” (§)d§ < C/ﬂ(blup(é)df =C.

In turn,
ux) <C, x €,

which is (3.3.1); with §o = ¢. (3.3.1); follows from (3.3.1); and standard regularity theory.
Step III. There exist positive constant C = C(n, p, 2) > 0 such that

f |Vul®> < C. (3.3.2)
Q
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In proving (3.2.2), the Pohozaev identity [38] below plays a key role, which however
requires a variational structure. Denote v the unit outer-normal to 92 and let (¢, u) be
a solution of (3.1.3). Then for any y € R”, there holds

/ |Vu|2(x—y)'v=(2—n—(n—2))/up+l+(n+2)tf u. (3.3.3)
a0 p+1 Q Q

Now combining (3.3.1) and (3.3.3), we infer that

/up“s/ VuPr—y)-v < C,
Q a2

2n ( %) 2n ( 2) =0
—n-2)>——-—m—-2)=0.
p+1 2%*

It follows that, by using the test function « in (3.1.3)

/|Vu|2=/u”+l+t/qufu”“—l—CfC,
Q Q Q Q

since t < Ckf/(p_l) by Lemma 3.2.1.
Step IV. There exist positive constant C = C(n, p, ) > 0 such that

since

sup |u(x)| < C.

xeQ
This is precisely the proof of Theorem 3.2.1, which remains valid for all p < 2,. Now the
proof is complete by combining Steps I and I'V. 0

3.4. A priori estimate IlI: The Gidas—Spruck approach

In this subsection, we derive the a priori supremum bound (2.5.2) under the assumption
(iii), using an approach introduced in [26,27]. This approach is distinctly different from
the Brezis—Turner approach or the de Figueiredo—Lions—Naussbaum approach. It blows
up a sequence of positive solutions at points where the solutions assume their (global)
maximums. Then one can show that the a priori supremum bound (2.5.2) holds if the
limiting equation does not admit any positive solutions on either the entire space or the
half-space. Such a nonexistence is usually referred to as Liouville theorems and plays a
central role in the arguments.

THEOREM 3.4.1 (Gidas—Spruck). Suppose that condition (iii) holds. Then the a priori
supremum bound (2.5.2) is valid for all nonnegative solutions of (3.1.3).

PROOF OF THEOREM 3.4.1. The proof is by contradiction. Suppose that (2.5.2) is false.
Then there exists a sequence of solutions {#;, u ; (x)} of (3.1.3) such that

lim [Juj|l =) = oo,
J— 00
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since t; < C for some C > 0 by (3.2.1). Put
M; = r;leaguj(x) = uj(fj) — 00, Ej e Q.
Denote
v =M Ui, y=@&—EHMY, a=(p-1)2
and
Q=(yeR'|x=E+M;“yecQ}
By direct calculations, v; satisfies
Avj + vf =0, in Q; 341
v; =0 on 9%},
and
O<vi(m =1 yeQj v;(0) =1. (34.2)

Invoking Lemma 2.2.3, one then infers that there exist positive constants 8 = f(n, dQ2) €
(0, 1) and C = C(02, n, p) > 0 such that

lvjllcrs@, = € (3.4.3)

In particular, by combining (3.4.1),, (3.4.2) and (3.4.3), one deduces that there exists
C = C(02,n, p) > 0 such that

dist(0,92)) =d;M% = C,  d; = dist(&’, 9S2). (3.4.4)

Next we consider two cases.

Case I: The sequence {d; M;?‘} is unbounded, say (without loss of generality), d; M;?‘ —
oo as j — oo. Plainly Q; — R" as j — oo. With the aid of (3.4.3), one can apply the
Ascoli-Arzela theorem to derive that there exists a nonnegative function v € C LB/2(RM)
such that?

lim v;(y) =v(y) >0, v(0) =1, (3.4.5)
Jj—00
uniformly on any compact subset of R” in C!-#/2-topology.
Now fix any function ¢ € C§°(R"). Taking ¢ as a test function in (3.4.1) (for j large

so §2; contains the support of ¢) and letting j — oo, one readily verifies that the limiting
function v > 0 satisfies the following limiting equation

Av+vP =0 inR"

with p € (1, 2,) by (iii). Thus v = 0 by Lemma 4.2.1. This contradicts the fact v(0) = 1.

2Here and in the sequel, the convergence is understood up to a subsequence.
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Case II: The sequence {d; M;?‘} is bounded as j — oo. In this case, with a proper
rotation, the sequence of domains €2; converges (up to a subsequence) to the half-space
R} = {y e R" |y, > —¢} for some ¢ > 0, in view of (3.4.4). Similarly as in Case I), one
deduces that there exists a nonnegative function v € C-#/ 2(Rg’) such that

lim v;() =v(y) =0,  v(0) =1,
j—>00

uniformly on any compact subset of R in C 1.8/2_topology. Moreover, v vanishes on oR?
since v; vanishes on 9€2; for every j. It follows that v > 0 satisfies the

Av+vP =0 in R
v=0  ondR}

with p € (1,2,). Thus v = 0 by Lemma 4.2.1, again a contradiction to the fact
v(0) = 1. O

4. Systems of semi-linear equations

In this section, we turn our attention to systems of semi-linear elliptic equations, i.e., k > 2.
As in Section 3, we consider that the principal parts of (2.1.5) are the Laplacians, namely,

Al u,py=p, [=1,... k.

We shall assume that the function f satisfies the following conditions.
(1) For simplicity, f(x, u, Q) = f(x, u) is independent of Q.
(2) f satisfies a positivity condition of the form

f(x,u) + Lu >0,

where L > 0 is a (large) constant.
(3) fis superlinear near the origin, namely, there holds the limit

u-f(x,u)

lim sup < Al

ot [u?
uniformly on €.

Finally, we assume that the boundary condition (2.1.7) is homogeneous, i.e., ug = 0
whenever €2 is bounded. We are concerned with the question of existence of a nonnegative
and nontrivial vector-valued function u satisfying the BVP (2.1.5) and (2.1.7) on bounded
Q’s. This issue was raised as an open question in the survey article [33] and has since been
studied by many authors, see for example [14,16,19,37,43,44,52,58,59] and the references
therein. Needless to say, due to the presence of multiple components, the structure of
systems is more complicated than that of scalar equations. For instance, (2.1.5) generically
does not admit a variational structure when £ > 1, even with f being independent of p.
Consequently variational methods typically do not apply. Here we shall exclusively focus
ourselves on systems without variational structure.
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4.1. Existence

We are seeking positive solutions of the BVP

Auj+ fl(x,uy =0, inQforl=1,... k,

u=20 on 9L2. “.1.D
The system (4.1.1) is said to be fully coupled if for each j € J, there exists i € I such

that f/(x,u) = 0 for u > 0 with u; = 0, where {/, J} is a partition of the set {1, ..., k}.
We say that (4.1.1) is strongly coupled if it is fully coupled and it admits a nonnegative

solution with (at least) a nontrivial component. A fully coupled (4.1.1) need not to be

strongly coupled. Let k = 2 and 2 = R” and consider

fHuy, u) = us, fPau,u) =ub, 0<a, b<2"

Then one readily verifies that (4.1.1) is fully coupled, but has no nonnegative solutions
with nontrivial components and thus is not strongly coupled. On the other hand, a strongly
coupled (4.1.1) need not to have positive solutions. For example, consider 2 = R”, k = 2,
n = 3 and

1 2 2 2
fo(uy, up) = uyus, fo(u1, u2) = ujuo.

Then (4.1.1) is fully coupled and has a constant solution u = (1, 0), so is strongly coupled.
But it does not admit a positive solution (Lemma 4.2.4).

In this section, we shall study two canonical prototype 2-systems (i.e., k = 2). We first
consider a fully, but not strongly, coupled (i.e., weakly coupled), being a variation of the
so-called Lane—-Emden system. We say that f = (f!, f2) satisfies a growth-limit condition
(GL), provided.

(GL). There exist positive numbers p,q,r,s > 1 and continuous functions
a(x), b(x), c(x) and d(x) on 2 such that
(1) r,s <24 and

1 1
Pa— g xPi
p+1 q+1

s—1#

(2) The functions a(x) and d(x) are either id(iltically zero or strictly positive on 2,
while b(x) and c(x) are strictly positive on €2.

(3) There hold the limits

o . A, w
m Ty L q = 1, lim TP . s = 1,
urtuz—00 q(x)uy + b(x)u, urtuz—00 c(x)uy +d(x)uy
and
o flew+ 2w
lim =00
uy+uy—>00 up +up

uniformly on €2 and for u > 0.
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In other words, the nonlinearity f behaves like sums of powers at infinity if f satisfies
a (GL) condition. Under this (GL) assumption, then the BVP (4.1.1) admits a positive
solution u. We present our existence results for n = 3 and n > 3 separately. The first one
isforn = 3.

THEOREM 4.1.1. Let k = 2 and n = 3. Suppose that f satisfies a growth-limit condition
(GL) with either pqg = 1 or pqg > 1 and
2(p+1) 2g+1D
+ >
pq—1 pq—1

1.

Then (4.1.1) has a nonnegative solution u with a nonvanishing component.
If, in addition, £ is fully coupled, then (4.1.1) has a positive solution u.
Moreover, all solutions u are in the space Wz’l(Q) N Co(K2) foralll > 0.

The conclusion of Theorem 4.1.1 is optimum for the Lane-Emden system in which
fl= ug and f2 = uf When n > 3, a weaker conclusion holds.

THEOREM 4.1.2. Let k = 2 and n > 3. Suppose that f satisfies a growth-limit condition
(GL) with either pqg = 1 or
(1) pg > 1 and
{2<p+ 1) 2(q+ 1)}
ax ,
pg—1 pg—1

>n—2;

or
2. max{p, q} <2, min{p, g} < 2,.

Then the BVP (4.1.1) has a nonnegative solution u with a nonvanishing component.
If, in addition, £ is fully coupled, then (4.1.1) has a positive solution u.
Moreover, all solutions u are in the space WZ’Z(Q) N Co(K2) foralll > 0.

PROOF OF THEOREMS 4.1.1 AND 4.1.2. The proofs for Theorems 4.1.1 and 4.1.2 are
similar to that of Theorem 3.1.1. Indeed, one readily verifies that all conditions of
Theorem 2.5.2 hold (including the superlinearity). Hence the existence of a nonnegative
solution u with at least one strictly positive component is a direct consequence of
Theorem 2.5.2, once the a priori estimate (AP2) is obtained. The positivity of u follows
from Lemma 4.1.1 below since each component of u is either identically zero or strictly
positive on 2 by Theorem 2.5.2. The proof of (AP2) will be given in Subsection 4.5, by
using the blow-up method. O

LEMMA 4.1.1. Suppose that £ is fully coupled. Then all nonnegative solutions of (4.1.1)
must be either strictly positive or identically zero on .

PROOF. Let u be a nonnegative solution of (4.1.1). By Lemma 2.2.4, each component of
u is either identically zero or strictly positive. We want to show that u is identically zero,
if u has a vanishing component. Suppose the contrary. Then u has both a strictly positive
component and a vanishing component, say up > 0 and u; = 0, respectively. Choose
I = {l}and J = {2, ..., k}. By the definition of f being fully coupled, for j =2 € J,
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f2(x,u) = 0 foru > 0 with u; = 0 (i.e., 1 € I). In particular, f2(x,u) = 0 on . It
implies that u» = 0, a contradiction. O

It is worth remarking that this approach also applies to systems of general nonlinearities
f(x, u, Vu) under suitable restrictions, see for example [19]. One may also see Section 5
for a flavor of handling the dependence on the gradient Vu.

For an integer £ > 1, denote IT the first (open) octant of RK

IMN={u=(uy,uy,...,uy) eRk|ui > 0}

and E = TI the closure of I1. For p, u € E, we write
pl=pi+pt+-+pe  w=uiuy?ut
where we have used the notation 0° = 1. Denote P the set of all real k x k matrices
P = {pij}kxx with nonnegative entries. For P € P, put its row vectors
p=Wpn,...,pk) €8, I=1,... k.
Fork > 1,letp; € E and
fla)y = fleou®, 1=1,...,k, (4.12)
where f!(x) are positive continuous functions on Q.
Now consider k = 2 and
min{p>1, pi2} > 0, pi1 + pn > 0.

This ensures that (4.1.1)—(4.1.2) is strongly coupled.
Our canonical prototype of strongly coupled 2-systems is then (4.1.1) with k = 2 and f
given by (4.1.2). We have the following existence result.

THEOREM 4.1.3. Suppose k = 2 and that the exponents p1 and p> satisfy

I < min{|p1], [p2l} < 2, max{[p1, [p2[} = 2.,
(recalling 2, = oo forn = 2) and

p21p12 > (1 = pr)(1 = pa).

Then the BVP (4.1.1)~(4.1.2) has a positive solution w in the space W>!(Q) N Co(2) for
alll > 0.

PROOF. One readily verifies all conditions of Theorem 2.5.2 are satisfied, whence the
existence of a nonnegative solution u with a strictly positive component is ensured once
the a priori estimate (AP2) is obtained, whose derivation is deferred to in Section 4.6.

The positivity of u is from Lemma 4.1.1. 0

In [44], the authors also considered the BVP (4.1.1)-(4.1.2) with k = 2. Fora, b € R,

denote
(n+1b . (n+ e
CcC =

n+1—m—1a’ n+1—m—1d’

Below is an existence result obtained in [44].

b=
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THEOREM 4.1.4. Suppose k = 2 and £ is given by (4.1.2) witha = p11, b = p12, ¢ = pai
and d = p», and f'(x) = f2(x) = 1. Assume

1
max(a, d) < %
and either bé < 1, or

2b+1) 2(¢+1)
max { — . —= >n—1.
bc—1 be—1

Also assume one of the following alternatives holds
(1) max(a,d) < 1 and bc > (1 —a)(1 — d).
2)a<l1/2,d<c+1l,c+d>a+b>1landcé > 1.
B)a<minb+1,c+1/2),d <c+1l,c+d=a+b> landmin(l;,é) > 1.
Then the BVP (4.1.1) has a positive solution u in the space C120c (2) N Cy(R2).
Moreover, the existence continues to hold if

n+1

d e (0,1), 1 <a,c< ,
n—1

and one of the following alternatives holds
() b>d, c<aandb > 1.
2) b<d, c<a(l—d)/(1 —b)andb > 1.
B)c<m+1DA—d)/(n—1)andb > 1.

To conclude this section, we present a general existence theorem for (4.1.1) due to [14].
It applies to arbitrary k£ > 1 and requires no special forms of f.

THEOREM 4.1.5. Let f = f(u) be a smooth function. Suppose that £ > 0 foru > 0 and f is
quasi-monotone, i.e., df'/du j = 0forl # jandu > 0. Also assume that f is superlinear
at infinity and sublinear at the origin, that is,

S u - f(w)

lim inf > A, lim inf 5
u—>0oo Yy lul—0*+ |u|

<M

(uniformly for uj > 0 with j # 1). Then the BVP (4.1.1) has a nonnegative solution u with
a nonvanishing component, provided one of the following alternatives holds

(i) There holds
f(u
[f(w)| 0

lul—oco |ul¥
where y = (n+1)/(n — 1).
(i) Assume 2 is strictly convex (with positive sectional curvature) and there holds

fw) _

luj—o0 [u]?’

where y' < n/(n —2) forn >3 andy’ < oo forn=2.
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If, in addition, f is fully coupled, then (4.1.1) has a positive solution u.

Moreover, all solutions u are in the space CIZOC(Q) N Co(2).

By using Theorem 2.5.2, the proofs of Theorems 4.1.4 and 4.1.5 are again essentially
reduced to deriving the a priori estimate (AP2). The derivation, though, is an extension
of the Brezis—Turner method to systems (see also [11]). That is, one obtains an a priori
H!'-bound first and then uses it to derive the desired estimate (AP2) via boot-strap. We
shall omit the proofs.

The remaining subsections will be devoted to establish (AP2) for Theorem 4.1.1-
Theorem 4.1.3 and the blow-up method will be employed. The proofs are relatively straight
for the weakly coupled Lane-Emden system (Theorems 4.1.1 and 4.1.2), but become
somewhat technical for the strongly coupled case (Theorem 4.1.3).

4.2. Liouville theorems

As mentioned earlier, Liouville theorems play a central role in the blow-up procedure. In
this subsection, we gather several Liouville theorems which will be used later. We shall
omit the proofs, since the references are readily available.

By a Liouville theorem, we mean that all nonnegative nontrivial solutions must vanish
identically (on unbounded domains €2). We first consider scalar equations. Let 2 C R”
and suppose f(x,u) € C(Q x R) and c(x), g(x) € C(RQ). Consider

Au+c(x)u+ f(x,u) +gx)=0 inQ. 4.2.1)
As is custom, R’} = {x € R" | x, > 0} denotes the half-space.

LEMMA 4.2.1. Suppose
cx)=0, gx)=«xk>0, f(x,u)>O0foru=>0,

where « is constant. Then there hold

(A) All nonnegative solutions u > 0 of (4.2.1) on Q = R" must be constant if « = 0 and
f=0.

(B) Ifk > 0, then (4.2.1) admits no nonnegative solution on 2 = R" .

(C) Suppose k = 0 and f(x,u) = u?. Then all nonnegative solutions u > 0 of (4.2.1)
on Q = R" must be identically zero if p € (0, 2).

(D) Suppose k = 0 and f(x,u) = u?. Then all nonnegative solutions u > 0 of (4.2.1)
on Q =R’ vanishing on dR",, must be identically zero if p € [1, 2,).

Part (A) is the classical Liouville theorem. Part (B) follows from Lemmas 2.7 and 2.8,
[50].3 Part (C) is due to [26] for p € [1,2,) and later generalized to the full range in
[10]. Part (D) was obtained in [27] (a wider range of p was obtained in [15] for bounded
solutions).

3Lemma 2.8 was proved for Au +u? < 0 with p € (0, 1) in [50]. A slight modification shows the arguments
are valid for the inequality Au + x < 0 with x > 0.
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We next consider the so-called Lane-Emden system in which
k=2 flwy=" fu=u,

where p, g > 0 are positive numbers and u(x) = (u(x), v(x)). Then (2.1.5) becomes

Au +vP =0,
Av+ud =0, x € Q. 4.2.2)

We shall state Liouville theorems for (4.2.2) on = R" and 2 = R/} separately.

LEMMA 4.2.2. Let Q2 = R". Then the following conclusions hold.
(A) The only nonnegative solution u of (4.2.2) is the trivial solution, provided either
pq < lor

>n—2.

2(p+1) 2(p+ 1D }
pg—1" pg—1
(B) The only nonnegative solution u of (4.2.2) is the trivial solution, provided n = 3 and
(p, q) satisfies
1 1 1
m + m > 3
(C) Suppose that the pair p and q satisfy

pq >1 and max{

min(p, g) < 24, max(p, q) < 2.

Then the only nonnegative solution u of (4.2.2) is the trivial solution.

Part A) of Lemma 4.2.2 was first proved in [36] for p, g > 1, and later generalized in
[49] to the full range. Part B) was obtained in [49] for solutions having algebraic growth
at infinity and generalized in [39] for all nonnegative solutions. Finally, Part C) is due to
[17].

We also have the following Liouville theorem for solutions of (4.2.2) on Q@ = R}..

LEMMA 4.2.3. Let p,q > 1 and Q = R",. Then the only nonnegative solution u of (4.2.2)
is the trivial solution, provided one of the following alternatives holds
(A) n=3.
B) n=4and
1 n 1 1
—_—t > -
p+1 g+1 3
(C) n = 5 and either
{2(p+1) 2(p+1)}
ax

, >n—3,
pqg—1 " pg—1

or

min(p, g) < 24, max(p, q) < 2.



Fixed point theory and elliptic boundary value problems 537

Lemma 4.2.3 was first proved in [8] for bounded solutions and generalized in [39] for
all nonnegative solutions.

Now we turn our attention to a general (2.1.5) when f is given by (4.1.2) with arbitrary
k > 1and f!(x) = 1. We have the following Liouville theorem for (2.1.5) on the entire
space 2 = R".

LEMMA 4.2.4. Suppose k > 1 and Q2 = R"™. Let f be given by (4.1.2). Assume that f is
strictly pseudo-subcritical, namely,

max |p;| < 2.
l

Then all nonnegative solutions of (2.1.5) are necessarily constant. In particular, (2.1.5)
does not admit any positive solution.

If, in addition, (2.1.5) is fully coupled, then the conclusion continues to hold with the
weaker assumption that £ is pseudo-subcritical, namely,

mlin Ipi] < 24, max [pr] < 2.

These are special cases of early results of [24,45].
When © = R}, we need to consider

Auj + kixga? + 8, =0 in Ri,

423

u=0 ondRY, ( )

where, forl =1,...,k (k> 1),p; = (p11, ..., pir) > 0 are constant vectors and «; > 0,
o7, 8 > 0 are nonnegative numbers satisfying

mlin{ol + |pi1} > 1 and mlax Ipil <24 (<ooifn=2). “4.2.4)

LEMMA 4.2.5. Suppose (4.2.4) holds. Then the only nonnegative solutions u of (4.2.3) are
u = hx,, where h is a nonnegative constant vector. Moreover, necessarily §; = x; = 0,

I=1,... k.

Remarks: 1. If |p;| = 0, then the condition o; + [p;| = o7 > 1 is superfluous.
Lemma 4.2.5 is due to [62].
The following Harnack inequality for (4.2.1) will be used later.

LEMMA 4.2.6 (Harnack inequality). Let u > 0 be a weak solution of (4.2.1) and suppose
f = 0. Then for any subdomain Q' CC 2, there exists

C=Cn,Q,Q, min{l, dist(, 3Q)}, lcle) > 0

such that

supu < C (infu + ||g||s2> :
@ &'

This is a slight variation of the combination of Theorems 9.20 and 9.22, [28]. O
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4.3. A priori estimates I: The Lane—Emden system

In this subsection, we derive the a priori estimate property (AP2) for (2.5.3) by employing
the blow-up method. We have the following estimate.

THEOREM 4.3.1. Suppose that all conditions of either Theorem 4.1.1 or Theorem 4.1.2 are
satisfied. Then the a priori supremum bound (2.5.2) is valid for all nonnegative solutions
(t,u) of (2.5.3).

We shall use the blow-up method and only prove Theorem 4.3.1 for
flzuq—i-ug, f2:uf+u§.

The case for general f’s can be proved essentially the same, and is left to the reader (or see
[58] for details). Then (2.5.3) becomes

Au]—i—u{—i-ug—i—t:O in €,
Aup+uf +us+1=0 inQ, (4.3.1)
u=0 ondf

where + > 0 is a parameter. The standard blow-up procedure for scalar equations
can be directly generalized to treat systems of equations with a suitable structure (i.e.,
asymptotically weakly coupled, like the Lane—-Emden system). The blow-up points are
thus plainly at a point of max; sup, u;(x), where u; are components of the solution.

The following formula is by direct calculations.

LEMMA 4.3.1. Let u be a positive solution of (4.3.1). Forz € Qand S > 0,711,170 > 0,
put

vi(y) =S"ux),  0y) =S "ua(x), y=(x—-2)8™ (4.3.2)
Then v satisfies
Avy + 87717200 4§07 g1 = 0,
Avy + SPTITERl g TTTITIngS g gTITIn — ),
Using (GL), one readily infers that the parameter ¢ is bounded from above.
LEMMA 4.3.2. There exists ty > 0 (independent of u and t) such that
<t
forall (t,w) > 0 satisfying (4.3.1).

PROOF. By (GL), there exists M > 0 (independent of u and ¢) such that for u > 0 and
x €

ui +ud +ul +ud =0 w+v) - M. (4.3.3)
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Let ¢ be a (normalized) first eigenfunction corresponding to A;. Using (¢, ¢1) as a test
function in (4.3.1), we have

%/¢rﬁ/mmng+ﬂ+uysz¢mmma (4.3.4)
Q Q Q
Combining (4.3.3) and (4.3.4), we immediately get + < M /2, completing the proof. O

PROOF OF THEOREM 4.3.1. Suppose that Theorem 4.3.1 is false. Then there exists a
sequence of solutions {7, u; (x)}c;oz1 of (4.3.1) such that

Iim Jluj |y = oo, (4.3.5)
j—o0
since t; < fo by Lemma4.3.2. For j =1,2,...and/ = 1,2, put
Uij =supuyj(x) =u;&,j),
xXeR

where & ; € Q.
In Lemma 4.3.1, we take

p+1 pq —1
T1:—> ’ 7:2=—2 ’
q+1 2(g+ 1)
andforj=1,2,...andl =1, 2,
v =y, S=Sj=U1,j+U2]’/jt1—>oo.

The choice of z will be determined later. A direct calculation yields

gt — 1 -2 =p—1—-21p=0.

In turn,
Avp i+ S22yl ppsTITR
"/ P ! srl—nl’—erz 52"/ / —111—21’2 _ 0’ (4-3-6)
AUZ,j+U1,j+Sj U2,j+thj =0,
where
—1
re1-2n=r—1-247" 4,
q+1
pqg—1
ST —T1— 200 =711 (s —1— 0
11— 1 2 =T ( Py ) #
by our assumption. Moreover, the function v; given by (4.3.2) satisfies
0<vy; <1, 0<wv;=<L 4.3.7)
We next consider several cases.
Case I.r — 1 — 21 > 0. We first show
U .
lim —L = (4.3.8)
j=eo U, j’l

Taking z = &, then obviously it is equivalent to show

lim v;_j(0) = 0.
j—00
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Suppose for contradiction this is not true. Then there exist &y > 0 and a subsequence (still
using same subscripts) such that

v, j(0) =g, j=1,2.... (4.3.9)

Put (abusing notation!)

) I _ (r—1-21)/2
Wj(x)_vj(y)a X—ij .

Therefore, by (4.3.6)1, the functions {w1,;(x)} are bounded and satisfy
wij0) € leo. D). Awpj+w)+85 T TR0 48 =0,
For each j, denote
dj = dist(&1,j, 0R2).
Then
. (r—1)/2
dist(0, 082;) =dij .

There are two possibilities. First, assume that the sequence {d; S;.r_l)/ 2} is unbounded.
Then ©Q; — R”" and, by standard elliptic theory, the sequence {w; ;} (extracting a
subsequence if necessary) converges uniformly to a nonnegative function w € CZ(R")
on any compact subset ¥ C R". By (4.3.3), (4.3.7), Lemma 4.3.2 and the fact
(r —1—21)/2 > 0 one has

lim 877717228 () =0, lim £;57" =0,
J—>00 J]—> 00

uniformly on compact subset ¥ C R". Therefore w satisfies

Aw+w" =0 inR".
Thus w = 0 by Lemma 4.2.1 since r € [1,5), an immediate contradiction in view of
(4.3.9).

Next suppose that {d; Sj(.r_l)/ 2} is bounded. Thanks to the smooth (C!) boundary
condition, the sequence {d; S;ril)/ 2} is bounded away from zero (standard by elliptic
estimates, see for example [28]). In this case, there exist s > 0 and a nonnegative function
w € C*(RM), satisfying

Aw+w" =0inR] =R" N {x" > —s}, w=0 ondR].
Thus w = 0 by Lemma 4.2.1, which yields a contradiction again. And (4.3.8) is proved.

Next, we further divide the proof into two subcases.

(1) st — 711 — 212 > 0. Similarly as above, we can utilize the fact sty — 71 — 272 > Oin
(4.3.6)2, by taking z = &, ;, to derive

lim vy ;(0) = 0.
Jj—o0 ’

That is,

1/t
U2,j'

This is impossible, in view of (4.3.8).
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(i) sty — 11 — 212 < 0. Since r — 1 — 215 > 0, (4.3.8) holds. Now taking z = 52,_/, then
clearly one has

v2,;(0) — 1, vy, (y) <supvy; — 0 (4.3.10)

as j — oo. Proceeding as in (i), with the aid of the fact sty — 71 — 212 < 0 and (4.3.10),
we pass to a limit in (4.3.6); to infer that there exists v € C 2(R") such that

Av =0, in R", v(0) =1,

provided the sequence {d; S;z} is unbounded, and for some s > 0

Av =0, in R”, 0)=1, =0,
v in RY v(0) vaRn

provided {d; S;z} is bounded, where
dj = dist(e,,, 09, dist(0,9%;) = d;S”.

The second case cannot happen, since the Phragmen-Lindelof principle [40] implies v
vanishes identically, contradicting the fact v(0) = 1. If the first possibility occurs, then

v=v(0) =1,
since all bounded harmonic functions on R” must be constant. In turn,
lim vy j(y) =1
Jj—>00
uniformly for y € B = B1(0). Moreover, by (4.3.8)
'lim vl,j(y) = 0
J—>00

uniformly on B. On the other hand, applying Green’s formula to (4.3.6); on B yields

G -
0o 0= [ 0050 0o+ [ 157750+ 08 160, 0y

v

0G
/ Ul,j(y)a—(y,o)da—i-/ vg’jG(y,O)dy
0B v B
- / G(y,0)dy = cy
B

as j — oo, where G(x, y) is the Green function on B, an absurdity.

Case 2. r — 1 — 21 < 0. Again we consider two subcases.

(1) sT; — 71 — 212 > 0. The proof is essentially the same as that of (ii) of Case 1 (being
a mirror image) and the detail is left to the reader.
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(i) st1 — 11 — 212 < 0. Plainly,
UrjS7' + 028" = ¢ >0.

In turn, without loss of generality (by taking z = & ; or z = & ; accordingly), we may
assume

v1,;(0) +v2,;(0) > ¢ > 0.

Letting j — oo in (4.3.6), similarly as in Case 1, one deduces that there exists v > 0
satisfying (4.2.2) either on 2 = R" or on 2 = R} with v . 0. Moreover

s

v1(0) + v12(0) > ¢ > 0, v+ < 1. 4.3.11)

By our assumption, all the conditions of either Lemma 4.2.2 or Lemma 4.2.3 are satisfied.
Hence either Lemma 4.2.2 or Lemma 4.2.3 applies, which implies v = 0. But this is
impossible, in view of (4.3.11).

It follows that (4.3.5) cannot hold and the proof is complete. O]

4.4. A priori estimates II: The strongly coupled case with k = 2

In this subsection, we want to establish the (AP2) property for (4.1.1)—(4.1.2) with k = 2
(so-called strongly coupled systems). Then (2.5.3) becomes

Aui +uPl +r=0 inQQ,
Aug+uP2+71r=0 1inQ, 4.4.1)
u=0 ondQ

where ¢ > 0 is a parameter (f!(x) = f2(x) = 1 for simplicity).

As demonstrated in the last section, the standard blow-up scheme, which blows up a
solution at a point of sup, u(x) (or max; sup, u;(x)), can be directly used to treat weakly
coupled systems of equations (e.g., the Lane—-Emden system). For strongly coupled
systems, however, the situation is more complicated. Indeed, the limit of the blown-up
solutions may be with both trivial and positive components (thus not positive!) if the blow-
up point is at a point of max; sup, u;(x) (i.e., components need not have (global) maximum
at the same location). Consequently, the standard blow-up procedure above need not apply
directly to strongly coupled systems whose limiting systems admit nonnegative solutions
with positive components, even though they do not have positive solutions. In this case,
there is no direct contradiction to the nonexistence of positive solutions should the limiting
solution be not positive. To treat such a system via blow-up, one then needs to carefully
coordinate the process to ensure that the limiting solution be positive. Indeed, special care
will be used in treating (4.1.1)—(4.1.2) where the blow-up point is instead chosen at a point
of max; sup, [ f L) /u;](x). Under the assumption P — I being nonsingular, the new blow-
up procedure developed here effectively converts obtaining a priori (supremum) estimates
to proving a Liouville theorem (of positive solutions), recovering the very original feature
of the blow-up procedure. In other words, Liouville theorems imply a priori estimates.
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Yet adding to the complexity, the choice of the blow up points at points of
max; sup, [ f '(w)/u;]1(x) no longer implies the uniform boundedness of the blown-up
solutions (or components), which is an important component of the standard blow up
procedure. To overcome this, the monotonicity Lemma 4.4.3 plays a crucial role in our
new blow-up process.

We begin with notations and technical lemmas whose proofs are deferred. In the sequel,
the conditions of Theorem 4.4.1 are enforced.

Fory € Rand v € §"~! (a direction in R"), denote by 'y, the hyperplane

Iyy={xeR"'|x - v=y}.
We define
Quy={xeQlx-v>vy}

the positive cap of € with respect to I', ,, (in the direction of v). Let x¥" be the reflection
inI",, of a point x in R”, that is,

XV =x+2(y —x-v)v,

and similarly let 7>V be the reflection in I'y, ,, of a set € in R",
QY = {xV'|x € Q).

For z € 992, denote the (unit) outer-normal v, = v(z) at z. Put

Y= sup{x - v} >z =27V,
xeQ

Let u be a positive solution of (4.4.1). Write
m(x) =P ou (), =12
Denote for/ = 1,2

Uy :=maxu;(x) > 0, N; = supn;(x) > 0.
xe xe

By the homogeneous Dirichlet boundary data, plainly there exists & € €2 such that
U=u) € 0,00, =12

For |p;| > 1, using Lemma 4.6.2, without loss of generality one may assume that there
exists ¢; € 2 such that

m) =N, [=1,2.

Our first lemma is a lower bound of the blow-up distance.

LEMMA 4.4.1. Assume max(N1, N») = oo. For j = 1,2, ..., put
Nj :=max{Ny ;, N2 j} — oo, gj =20, if Nt =N,
and
Q7 := max{N;, t,-u]—,;.(;j), tju;}(;j)}.
Then there holds

lim 7; = lim Q;dist(¢;, d€2) = oo.
j—o00 j—o0



544 H. Zou

The second one is an upper bound for the parameter .
LEMMA 4.4.2. There exists a constant ty > 0 independent of u or t such that
t < 1.
The last lemma is the following monotonicity property.
LEMMA 4.4.3. There exists 6o > O such that for all y € (y; — 8o, y;) there holds
ux) <u@x’"), xeQ,.,
where v, is the (unit) outer-normal to 92 at z.

We now are ready to prove the supremum a priori estimate (AP2) for (4.4.1). Note under
the assumptions below, the above three Lemmas 4.4.1-4.4.3 are all applicable.

THEOREM 4.4.1. Suppose that the conditions of Theorem 4.1.3 are satisfied. Then the
supremum a priori estimates (2.5.2) holds for all nonnegative solutions (¢, w) of (4.4.1).

PROOF. Suppose for contradiction that (2.5.2) is false. Then there exist a sequence of
nonnegative solutions {(¢;, u;)} of (4.4.1) such that

0<Upj+Uj— oo,

as j — oo since t; < to by Lemma 4.4.2. It is understood the notations n; ;(x), Uy ;,
Ny, j, &, and g ; are used to denote the quantities above associated withu;, j =1,2,....
By Lemma 2.2.4, each component of u; is either strictly positive or identically zero. If u;
is trivial, there is nothing left to prove. If, say, u; ; = 0 and up ; > 0, then one readily
verifies that (4.4.1) reduces to a single equation with ¢ = 0 and the estimate (2.5.2) is then
well known (noting |p;| > 1. As a result, we only need to consider u; > 0. Without loss
of generality, we assume
lim Uy ; = lim max{U ;, U ;} = oo. 4.4.2)
J—>00 J—>00
For z/ € Q and Q; = 1 to be determined later, we make the following change of
variables

up j(x) i o
UI,]()’): i’ y:(x_Z)ij l=1723 .]:]327 (443)
up j(z/)
Put
Q= eR'|y=@x—-2)0;,xeQ)
Tj = dist(z/ Q)0 = dist(0, 0R2). 4.4.4)
Clearly

Vi) =1, j=12.... (4.4.5)
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By direct calculations, v; satisfies

Avi,j + Q% (v + Q5w j(@) =0 in g, (4.4.6)
v;i=0 onad;,
forl=1,2and j =1, 2,..., where
i (y) =g (x) = (O () = g j @GV () ().
Denote

Ny = lim N j €[0,00], [=1,2.
Jj—>00

By Lemma 4.4.3, there exists g > 0 such that

(x) = (x), I=1,2; j=12,..., 4.4.7
rxneaguz,](x) Jgégzﬁuz,](m J ( )

where
Qo = (Q\Q5,) := {x € Q| dist(x, 92) > 5p}.

Note that one may actually choose & ; € Qo by (4.4.7). We shall utilize these facts
without further mentioning about it. For simplicity and convenience, in the sequel, we shall
also assume that all sequences (of numerals) converge to a nonnegative quantity including
infinity.

We divide the proof into three cases.

CaseT). Ny = 0. In (4.4.6), take
d=6y Q=1

Since the sequence {¢;} is bounded by Lemma 4.4.2, thanks to (4.4.2), simple computations
yield

O<v,;(M<1, Qv =0, Q71U =o(l)

uniformly for all y € ;.

Without loss of generality, assume €2; = € for all j > 1 (they possibly differ by a
translation). Applying Lemma 2.2.3 to the first equations (4.4.6); ;, we see that there exists
B € (0, 1) such that the sequence vy, ; are bounded in the Banach space C LE@Q) N Cy(RQ).
It follows, by the Ascoli-Arzela theorem, that there exists v € C L.B/2 () N Cy() such
that

lim vy ;(y) = v(y)

in CLA/2(Q) N Co(Q).
Fix any function ¢ € C§°(£2). Taking ¢ as a test function in (4.4.6); ; and letting
Jj — 00, one immediately deduces that v satisfies

Av =0, in€,
v=0, ondQ.
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Clearly v = 0 on 2. This contradicts the fact v(0) = lim; o v1,;(0) = 1, in view of
(4.4.5), and completes the proof of Case I).
Case II). N = oo. In (4.4.6) we take

7 =g, Q% :max{Nj,tju;}(Cj),l‘jui}@j)}—> o0,
where

N;j :=max{Ny ;, N2 j} — o0, Ci=1¢ it Nj =N, ;.
By Lemma 4.4.1,

T 1= Qjdist(¢;, 0Q2) — 00, B (0) C Q; — R”.
Fixing any compact subset ' C R", we have

107, <1, 107 u @l <1

onI for/ =1, 2, forall j sufficiently large (so that £2; contains I'). Applying the Harnack
inequality Lemma 4.2.6 to (4.4.6); j, we obtain that v; are uniformly bounded on I" for j
sufficiently large since v;(0) = (1, 1).

Clearly there exist {p € €2 such that

lim ¢ =& e Q.
J—>00

By the choices of Q;, there exist nonnegative numbers «1, k2, 61, 82 € [0, 1] such that
lim Q2 tu (¢ =48,  lim Q7% ;&) =k =12,

withé; +62 +x1 +k2>1> 0.
Similarly as in I), applying Lemma 2.2.3 to the equations (4.4.6); ;, we deduce that there

exists v € C]’ﬁ/z(]R") such that

loc

lim v;(y) =v(y) =0, v(0)=(,1)

j—00
and

lim Q727 (y)vr,;(y) = lim Q72 (G)VY () = kv ()

: L ivj(y) = iV (Y) = kv (y

J— 0 j—o00
uniformly on any compact subset of R” (in C'#/2-topology). Moreover, one readily
verifies that the limiting function v satisfies the following limiting equations

Avy+ivP + 8, =0 inR".

Applying Lemma 4.2.1 to each equation above respectively, one sees that §; = §, = 0
since k1, k2, 81, 82 > 0 and v(y) > 0. It follows that

Avy+vP =0 inR"

with k1 + k2 > 1 > 0. If both kx| and ko > 0, then Lemma 4.2.4 applies to the above
system by our assumptions and consequently v(y) = 0, a contradiction to v(0) = (1, 1).
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Therefore either 1 or k2 must be zero. If, say, k; = 0, then vi(y) = 1 by Lemma 4.2.1

since Av; = 0 and vy (0) = 1. Thus k> = 1 and the second equation (v; = 1!) reduces to
Avy +v5?(y) =0in R".

Clearly p2y € [0, 2,) since pr»» < pa1 + p22 < 2, with po; > 0. Hence va(y) = 0
by Lemma 4.2.1. This is again impossible in view of v2(0) = 1. One reaches a similar
contradiction if assuming k2 = 0 and k1 > 0.

_ Case 11D). N1 € (0,00). We first show that N; = oo. Suppose for contradiction
N> < oo. For constants R; j > 0 to be determined, make the following change of variables

wi () =wu jOR ], 1=1,2,j=1,2,....

Then (4.4.1) becomes
Awyj+nyj(x)wy, +thlT; =0 in,

4438

w,; =0 ondQ ( )

for/l =1,2and j =1, 2, .... By our assumptions and Lemma 4.4.2, there exists a constant
C > 0 such that

lngj(x)| < C, ltj] < C, tjUE}—>O (4.4.9)

uniformly on Q2 for/ =1,2and j =1,2,....

Taking R; ; = 1 and applying the Harnack inequality (Lemma 4.2.6) to (4.4.8) with
(4.4.9), one infers that V§ > 0 there exists C = C(8,n, 2) > 0 (also depending on the
constant C in (4.4.9)) such that

sup uy j(x) < C inf u; ;(x), j=1,...,k, (4.4.10)

xe’ xeQd
where Q% = {x € Q|dist(x, d2) > §}. We now claim that there exists cg > 0

sup n1,j(x) = coNy j = coN1/2 4.4.11)

XEQ()

for j sufficiently large, see the definition after (4.4.7) for 2. For otherwise, there holds

sup ny,j(x) > 0= sup ny j(x) >0 asj— oo 4.4.12)
x€e xeQ’

for every fixed § > 0, by (4.4.10).
Taking Ry ; = Uj,; and letting j — o0 in (4.4.8)1, with the aid of (4.4.9) and (4.4.12),

one readily infers that there exist 8 € (0, 1) and w; € Cg"g (€2) such that

lim wy ;(x) = wi(x) >0, max wi(x) =1
j—o0 xeQ

in C!#-topology, and
Aw; =0 inQ, w; =0 onodf2.

Therefore w; = 0 on 2. This is an immediate contradiction since max,cq wi(x) = 1 and
proves our claim (4.4.11).
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Note pjp > 0 (_otherwise p11 > 1 — p12 = 1 and consequently N| = oo, impossible).
Using (4.4.11), N; € (0,00) and the definition of N; ;, one infers that there exists
¢j € [co, 1] such that

u2,j(E1,j) = laU) ;7 N1 P2 = Uf TP ND PR (1))

(noting & ; € Qo actually) and

1
Noj = no,j(61,7) = U3 ub ™ (61,))
ZU{?]I (I=p1)(1— p22)/p12[(CZNI)(pzzfl)/pu +0(1)]_> 00

since pP21p12 > (1 — p]])(l — p22), U1’j — O_O and C] € [C(), 1] C (0, 1]. This is a
contradiction which implies that there must hold N, = co. Now take

j 2 —1 —1
7 =0, Q5 = max{Ny ;. tju; 5(82,j). tjuy ; (82,))} = 00,

and this becomes an analogue of Case II).

In conclusion, the contradiction we just derived implies that the hypothesis (4.4.6)
cannot be valid. Therefore the a priori estimate (2.5.2) must hold and the proof is
complete. O

4.5. A priori estimates III. Strongly coupled case with k > 2

In this subsection, we derive a priori supremum estimates for nonnegative solutions of
(4.1.1)—(4.1.2) for arbitrary k > 2. We would like to point out that the upper bound of ¢
(Lemma 4.4.2) remains valid. Specifically, we shall consider nonnegative solutions of

Auj+u? =0 inQ, [=1,...,k,

u=0 ondQ. @3.1)

We have the following theorem.
THEOREM 4.5.1. Suppose that the exponents p; satisfy

1< mlin Ipr| < max |p;| < 2.
]

Assume that the matrix P — I is nonsingular, where P is the exponent matrix of (4.5.1) and
I is the k x k identity matrix. Then there exists a positive constant C > 0 (independent of
u) such that

lallpo@) < C

for all nonnegative solutions u of (4.5.1).
If, in addition, (4.5.1) is fully coupled, then the conclusion continues to hold with the
weaker assumption that

1< mlin [pi] < max [pr] < 2.
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PROOF. The proof is essentially the same as that of Theorem 4.4.1, but simpler with
t = 0. Again we argue by contradiction. Assume (4.5.1) has a sequence of solutions
u; = (uy j(x),...,ug j(x)) = 0such that

lim max U ; = oo.
j—oo 1<l<k

We first claim that one may assume u; > 0. Indeed, without loss of generality (i.e., up
to a subsequence), there exists 1 < k' < k such that (note k¥’ > 0 for otherwise nothing to
prove)

uj >0 forl=1,... k' uj=0 forl=4k'+1,... k,
since every u; j(x) is either identically zero or strictly positive. It follows that

Auj+% =0, ingQ,
where

pr=(pits ..., pier)s W= (uyj, .., ue), [=1,... k.
Then necessarily

pr=P,0,...,00 forl=1,..., k.

In turn, |p;| = |py| = 1,1 =1, ..., k/, continue to satisfy all conditions of Theorem 4.5.1,
and,

P—1 0

det(P — I) = det
( ) <P21 Py —1

)7&0:>det(13—1)750,

where P is the k' x k' matrix with p; as row vectors. Thus we may simply restrict ourselves
to the k’-subsystem of a1 since P —Tis nonsingular, |p;| > 1 and u; >0forl=1,...,k.

Next we follow the same line of the proof of Theorem 4.4.1 and use the same notations.
Then the new functions v; after the transformation (4.4.2) satisfy (note t = 0)

Avyj+ Q3% (v =0 inQ,
v;i=0 onodQ;.

4.5.2)

One immediately concludes that N; # Oforalll = 1,...,k, in view of Case I) of
Theorem 4.4.1 since ¢t = 0. It remains to consider only the following two possibilities.

(a) 1\_/10 = oo for some index /o (1 < Iy < k). We first have the following lemma parallel
to Lemma 4.4.1 for arbitrary k > 2.

LEMMA 4.5.1. Suppose that all conditions of Theorem 4.5.1 are valid. Assume max; N; =
oo. For j =1,2,..., put

Nji:IIlldeNl’j—>OO, Cj =20, if Nj =Ny,
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and
Q7 := max{N;, rjul—’}(;,') L tjug ](;,)}
Then there holds
]1520 Qdist(¢j, 02) = 00
The proof is essentially the same as that of Lemma 4.4.1, with the help of Lemma 4.2.4,

and is left to the reader.
To continue our proof, without loss of generality, we assume

Nij=maxN;;— oo, j=1,2,....
1

Take
=0, Q§=N1,j—>00-

Plainly, we may assume that there exists 1 < kK’ < k such that (note k¥’ > 0)
k>0 forl=1,...,k; k=0 forl=kK+1,...,k,

where

li Nis e [0, 1].
K = l1im ——

Proceeding exactly as in Theorem 4.4.1, noting that ; — R"” by Lemma 4.5.1, one
readily sees that, letting j — oo in (4.5.2), forl = k' +1,...,k,
Av; =0, inR"
Thus v; = 1 by Lemma 4.2.1 forl =k’ + 1, ..., k since v;(0) = 1. It follows that
Av; + kP =0, inR"
forl =1,...,k', where k; > 0 and
P = (pin, -5 Pur)s V=(vi,..., %)

Theref(_)re, by Lemma 4.2.3, v = 0. This contradicts the fact v(0) = (1, ..., 1).
(b) Ny € (0,00),l =1, ..., k. It follows that

supsupny j(x) <oo, [=1,2,... k.
Jj xeQ

Slightly modifying the arguments used in the proof of Theorem 4.4.1, Case III), we derive
the following estimates

maxu“(x)<Cm1nu1/(x) l=1,....k,j=1,2,... (4.5.3)
€Q’

xeQd
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for all 6 > 0 and

sup ng j(x) = coNyj, [=1,...k, j=1,2,..., 4.5.4)
xe . .
where ¢y > 0 is a constant independent of j. Note (4.5.4) is also valid foralll =1, ...,k

this time, thanks to t = 0. Indeed, if (4.5.4) fails for some [y, then (4.4.12) holds for /.
With the aid of (4.4.12),,, simply take R, ; = Uy, ; and let j — oo in (4.5.2);,, which
remains valid for any index [y, but without the last term #; Ul;lj. Similarly as before, one

infers that there exists wy, € Cé’ﬂ (€2) such that

Lim wy,, j(x) = wy (x) >0, max wy, (x) =1,
j—o0 xXeQ

and
Awiy, =0 in €, wy, =0 ondL2,

a contradiction.
Now, by (4.4.7), (4.5.3) and (4.5.4), we have

U;,j =maxu; j(x) < C min u; j(x),
xeQp xeQp
and
coN;; < maxny ;(x) < C min ng ;(x
J = max i (X) i (X))

forl = 1,...,kand j = 1,2,.... It follows that there exists C > 0 such that for
l=1,...,kand j =1,2,...

k )
1 Pii —9; pii =5
[Tuly ™ =M <CHU :
i=1
Therefore, we have

lim ]’[U{’}""Sl =0 e,00) I=1,... .k

]aoo
ForU= (U;,...,U) € I1, the k-system of x = (x1, ..., X¢)
k i _
Hxl.”“ L0, I=1,....k (4.5.5)

has exactly one solution xV = (x?, R x,?) € I1. Indeed, the k-system of y = Inx =
(lnxl, ey lnxk)

(P—-1)y =InU= (1n01,...,lnl7k) e RK
has exactly one solution y° € R¥ since P — I is nonsingular. Hence

0 0 0
x0=¢ = (e, ...,e%) eIl
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is the unique solution of (4.5.5). One therefore readily infers that all U;, ; must be b_()unded4
foralli = 1,...,k and for all j = 1,2,..., in view of the definition of U;. This
contradicts the assumption max; U; ; — o0 as j — oo and the proof is complete. O

4.6. Proof of Lemma 4.4.3

In this subsection, we prove the monotonicity Lemma 4.4.3. For Q@ = R” (i.e., without
boundary), a (local) Lipschitz-continuity of f on IT (plus some growth condition) can
be sufficient to derive monotonicity for positive solutions, see for example [10,17,24,
45] for more details. When the boundary 92 is nonempty, it is not known if such a
(local) Lipschitz-continuity of f on IT is generally sufficient if the solution vanishes on
the boundary 9€2. In this case, one naturally turns to (local) Lipschitz-continuity on the
closed E, see for instance [45] (a ‘proper monotonicity’ of f may also be enough though).
Lemma 4.4.3 treats functions f lacking in such properties.

We begin with a classical maximum principle for the so-called cooperative systems. For

k > 1, consider
k .
Aw,~+Zj:1a,~j(x)wj <0 ingQ, 46.0)
w>0 ondQ,

where w = (wy, ..., wx). We say that (4.6.1) is cooperative if there holds for i, j =
1,...,k

ajj(x) >0, j#iandx e Q.

LEMMA 4.6.1 (Maximum principle). Let Q2 be bounded and let w be a solution of (4.6.1).
Suppose that (4.6.1) is cooperative. Then the following conclusions hold.

(A) Assume w > 0. Then for eachi = 1,...,k, we have either w; = 0 or w; > 0,
provided that

ajj > —C > —00, x €.

Moreover, for any xo € 02, there holds 9, w;(xo) < 0 provided that w; > O,_wi (x0) =0
and 2 is smooth at xo (say C?). If, in addition, 02 is Cl and w; € CHQ) is strictly
positive and vanishes on 0S2, then there exists C = C(w;, 02) > 0 such that

aw,'
sup —(x) <O,
xedQ oV

where v is the outer-normal of 92 at x.
(B) Assume

k
si=sup Y aj(x) < 2(Q). i=1.....k (4.6.2)
Q

j=1
Thenw > 0 in Q.

“In fact, U, — xlo as j — oo.
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PROOF. The lemma is well known, but we include a proof here for the reader’s
convenience.

(A) is a straight-forward consequence of the strong maximum principle for single
equations.

Next we prove (B). By (4.6.2), we can take a bounded domain €’ such that

Q' D Qand A1(Q) > A1(Q) > maxs;. (4.6.3)
1
Let v be the positive first eigenfunction of —A on €', namely,
AV + @) =0, Y| =0
We set W = (¥, ..., ). For sufficiently large t we have h’(x) = w(x) + t¥(x) > 0 in
Q. Hence there is a smallest * > —oo such that h"" (x) =w)+*P(x) > 0in Q and
ht (x0) = 0 for some index ig and some point xg € Q.
We claim r* < 0. Assume for contradiction * > 0, then necessarily xo € €2, since

w > 0 and *¥ > 0 on 9. It follows that Ahﬁ; (x0) > O since hf; (xp) achieves a
minimum at xo € €2, and

k
Y aigih'y (xo) = Y aigjh’f (x0) = 0
j=1

J#10
since (4.6.1) is cooperative and h’<* (xo) >0forj=1,...,k (note hfz (x0) = 0). That is,
AR} (x0) + Z aiyjh'; (x0) = 0. (4.6.4)

On the other hand, using the equations for w and for ¥ we find

AR (xo)+Za,OJ(XO)h (x0)
j=1

k k
= Aw;y(xo) + Zaiojwj (x0) +1* (Aw(xo) + ¥ (x0) Z%;(m))

J=1 J=1

k
* (Avf(xo) + ¥ (x0) Y ai j(xo>)

j=1
= 1*(AY (x0) + siy ¥ (x0)) < 1" (AY (x0) + 11 ()Y (x0)) =0, (4.6.5)
where we have used (4.6.2). Clearly (4.6.4) and (4.6.5) contradict each other and thus
t* <0,i.e,w> —t*W > 0 as required. O

Let u be a positive solution of

Auj+uP +r =0, inQforl=1,...,k,

u=20 on 92, (4.6.6)
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where ¢ > 0 is a parameter. For | <i <kand 1 < j <k, denote

>0, xe€q.

We can bound the quantities m2;; (x) as follows.
LEMMA 4.6.2. There exists Cij = C(u;, uj, 082, ) > 0 such that

supm;j(x) < Cjj < 00 (4.6.7)

xeQ

foreveryl <i<kandl < j <k

PROOF. We argue by contradiction. Suppose for contradiction that (4.6.7) is false. Then
there exist 1 <i <k, 1 < j <k and a sequence {xl € 2} such that

lim m;j(x') = co. (4.6.8)
[—o00
Denote

lim x' =x% e Q.
[— 00

Clearly the point x* must be at 9.
Clearly (4.6.6) is cooperative since + > 0 and u(x) > 0. Hence by Lemma 4.6.1, we
infer that there exist § = 6(u;, 02) > 0 and C = C(u, d€2) > 0 such that

8u,~
sup — () < —-C <0
x€Q5 v

since u; € C' (), where
Qs = {x € Q| dist(x, 0Q) < 8}.
It follows that, for every x € s, there exists C; = C(u, 0$2) > 0 such that
uj(x) =u;(x) —ujxse) > Cidist(x, xpQ), x € Qs (4.6.9)

since #; = 0 on 92, where xyq € 0S2 is such that the opposite of the outer-normal of 92
at xyq points to x and so dist(x, 02) = dist(x, x3Q).
On the other hand, there exists C; = C(u;, 0€2) > 0 such that

ui(x) = u;j(x) —uj(xyq) < Cidist(x, x3q), x € Qs (4.6.10)

since u; is in C1(S2).
For [ sufficiently large, we have x! € Q5. Therefore, by (4.6.9) and (4.6.10), one has
ui(x) _ Cidist(x!, (Dag) _ Ci

o _G
i (0 =06 S Cdisil, (hag) - €5~

for [ sufficiently large. This contradicts (4.6.8) and completes the proof. O



Fixed point theory and elliptic boundary value problems 555

Next we introduce the notion of normality of a domain €2 at boundary points. Using
notations from Section 4.4, we say that € is normal at z if there exists y’ < z, such that
forall y € (y/, y;)

(Qy,uz)”"’z C Q.
Define

B. = B()
= inf{y € R| (Q,,Uz)t"}z Cc Qforallt € (y, y,)} € (—00, zv), (4.6.11)

provided that €2 is normal at z. By the compactness of €2, if €2 is normal for each point
on 02, then there exists a §p > 0 (independent of z) such that

v — Bz = 80, z€0IQ. (4.6.12)

Since 2 is C2, it satisfies a uniform exterior ball condition. That is, for each z € 92, there
exists a ball B outside of €2, tangential to d€2 at z (exterior ball). Moreover, the radii of all
such balls are bounded away from zero. Without loss of generality, we write z = (1, 0)
and B = B;(0). Define

i) = k" ukx),  y= -, xeQ,

being the Kelvin-transform. Then the image of €2, still denoted by €2, is normal at
z = (1, 0). The Kelvin-transformed function u then satisfies for/ =1, ..., k,

Adlj + |y|(n—2)|P1\—(n+2)ﬁpl + t|y|_n_2 =0, yeQ.

In light of the above discussions, we shall assume that €2 is normal at every point z € 92
and consider nonnegative solutions u of

Aup + |x|DPI=0+Dygpr 4 f1 x| 2 =0, inQforl=1,...,k,
u=20 on 0%2.

Moreover, we shall assume 1/2 < |x| < 1 (locally near z = (1, 0)!) For simplicity, we
write v; = e, being the positive x1-direction and omit the script v, = e; in the sequel (i.e.,
xV =xV¢ etc.). Fory € (B;,y;)andl =1, ..., k, denote (well-defined)

v(x) =wu(x’), vx)=@wx),...,ukx), w=v-u xe,.
Then v satisfies’

Avy + |xV|TDRI=0FDGPE 4 47 |72 =0 in Q,.

5Note that both v and w also depend on (the variable) y. But this shall not be reflected in our notation, for the
sake of brevity.
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Since vP, ¢ > 0 and max;|p;| < 2., the functions 7|x|™"~2 and |x|*~DPI=(+2)yPr gre
nonincreasing in |x| and one readily sees that w satisfies

Aw; + |x|("*2)|Pl|*(”+2)(VPI —uP) = t(|x|*"*2 _ |xy|fn72)
+Vpl[|x|(n—2)\[’l|—(ﬂ+2) _ |xV|("—2)|PII—(n+2)] <0, xe¢ Qy

and is nonnegative on 92, since |x| > |x|in 2, . It follows that the function w satisfies

Awy + |x| = Dprl=0+2) le':l ci(w; <0 inQ,,

(4.6.13)
w>0 ondQ,,
where
cj(wj = vf“ "'”7—’].171“74}]‘# _”u,;cvzk[v;?zj _ uf”], e
forl, j =1, ..., k. Using the integration presentation, there holds
pij Pij ! 1
v; T(x) — uj’(x) = pljwj(x)/o [tv; + (1 —)u;]1P%~ dt.
In turn, we can write
1
cj(x) = vf“ e vf’_”fluﬁ’_’fl o -ull:”‘plj / [tv; + (1 — t)uj]p’f_ldt
0
>0, xeQ (4.6.14)

forl,j=1,... k.
Using (4.6.14), we have the following estimate on the functions ¢;; (x).

LEMMA 4.6.3. Suppose

ml_in{lpzl} > 1.

Then for all y € (B;, v;), there exists C = C(u, 2, 0Q2) > 0 such that

max{ sup |c;;(x)|} < C < oo.
xeQy,

PROOF. By Lemma 4.6.2, there exists C;; = C(uy, uj, 382, 2) > 0 such that

supmyj(x) < Cjj < 00

xe
forevery 1 </ < kand 1 < j < k. It follows that there exists Cp = Cp(u, 2,92) > 0
such that

max{ sup my;(x”), sup my;(x), sup u;(x”), sup u;j(x)} < Co < 00. (4.6.15)
lj xXeQ, xXeQ, xR, XeQ,

Clearly ¢;j(x) = 0in Q if p;; = 0. When p;; > 1, with the aid of (4.6.14), (4.6.15), one
readily sees that there exists C = C(p;, Cp) > 0 such that

. pPil Plj—1_ Dl j+1 Dlk . pljfl pij—1
() vyt v g pymax{u v ) < C
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since all exponents are nonnegative. Finally, assume p;; € (0, 1). Using (4.6.14), (4.6.15),
foreach fixed/ =1,...,kand j = 1, ..., k, we deduce that

1
Plj—1_ Pl j+1 P
cj(x) =" v uj+]1+ ~~u,f”‘p1j/ [tv; + (1 — u 1P Ldt
0

j—1
pi Plj—1_ Pl j+1 Dik . piji=1  pij—1
V) v] 1 u] 1 U, - min {ul/ VU

_ (vl(X))”“ (V/—l(ﬂ)”“ . (H./+1()€)>”””+1 <uk(x)>p’k
o v;(x) vj(x) u;j(x) uj(x)

oot e et . —1 -1
o Dl,j l(x) P DLk (x) - min {MI?U ’ WP }
J J J J
yZi Pl j—1 Pl j+1 Plk
< myy 7)) em O () - ()

max(u ' (), w1 @)
<C

since all exponents in the last line are nonnegative. Noting ¢;;(x) > 0 in £, this
immediately concludes the proof of the lemma. O

PROOF OF LEMMA 4.4.3. The proof is rather standard, by the well-known moving-plane
method, developed for single equations in [4,6,25,47] (see also [54]). The maximum
principle for small volume domains (cf. Lemma 4.6.1) plays a crucial role. We divide
the proof into two steps.

Step 1. We first prove that there exists y; € (B;, y;) such that

u(x) <ux’), xeQ, (4.6.16)

holds for all y € (y1, y;). For all y € (B;, y;), w satisfies (4.6.13) with 1/2 < |x| < 1.
Clearly (4.6.13) is cooperative since all entries ¢;;(x) are nonnegative by (4.6.14), and
Lemma 4.6.1 applies if (4.6.2) is valid.

By Lemma 4.6.3 and the fact 1/2 < |x| < 1, all entries c;; (x) are (uniformly, depending
on u of course) bounded in €2, for all y € (8, ;). On the other hand, for y < y,, there
holds

lim A;(R,) =00
V—=>Ve—
since the volume of 2, shrinks to zero as y — y,—. It follows that there exists
y1 € (B;, y;) (sufficiently close to y.) such that (4.6.2) is satisfied for all y € (yy, y;).
In turn, Lemma 2.2.4 applies to (4.6.13) for all y € (y1, y;). Thatis, w > 0 for all
y € (¥1, ¥z).- Now (4.6.16) follows from Lemma 4.6.1 immediately since no components
of w can vanish identically, by the fact that u is positive in 2 and zero on 9€2.
Step 2. Define

yo = inf{y; <y, : (4.6.16) holds for all y > y}.

It follows from Step 1 that 9 > B, is well defined by construction. We want to show
70 = B:.
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Suppose for contradiction yp > B.. Then again by Lemma 4.6.1
w(x) >0 in ), dyw(x) >0 on{x; =yl (4.6.17)

since w cannot vanish identically in any connected component of €2,,, due to the positivity
of uin 2 and the zero-boundary conditions of u on 9€2.
Since w > 0 in §2,,, by (4.6.17), there exists a compact subset " CC ,, such that

Zw? :=ngzi/nw1(x) >0, [=1,...,k

and (2.4) holds on (2, \ ') (i.e., the volume of (€2, \ ') is small).

By continuity and the fact yy > f;, there exists ¢ > 0 such that for all y € [yp — €, ol
there hold

(1) (2, C

(2) (4.6.2) holds on (£2,, \ €); and

(3) forl=1,....k

wlzw?>0, er/CQy.

It follows that, for all y € [yp — ¢, o], Lemma 4.6.1 applies to (4.6.13) on (£2,, \ ') since
w > 0on 3(Q2, \ '), and consequently w > 0in (2, \ '), and also in Q' by construction.
Hence, (4.6.16) holds for y € (yo — ¢, yol since w % 0, which obviously contradicts the
definition of yy. O]

4.7. Proof of Lemma 4.4.2

In this subsection, we prove Lemma 4.4.2 for solutions of (4.6.6) for arbitrary k > 1. We
would like to point out that the lemma remains valid for general functions f satisfying for
u=>0

flewy=cuP —M, 1=1,...k
for some constants C, M > 0 and p; € E with |p;| > 1.

PROOF OF LEMMA 4.4.2. Let u be a nonnegative solution of (4.6.6). Fix aball B CC @
with a positive radius and put

po = mlinlpzl > 1.
In turn, by Green’s formula, foreachl =1, ...,k
u(x) = / t+uP)G(x, y)dy > t/ G(x,y)dy =Ct, x € B,
Q Q

where G is Green’s function of (—A, Hy(£2)) (see for example [28,29,35]) and

C| = min/ G(x,y)dy > 0.
X€B J
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In the sequel, we assume ¢ > C( for some Cy sufficiently large to be determined later,
for otherwise there is nothing left to prove. Now we proceed as follows. For each fixed
[=1,...,k, wehave
k » k
F = 'upl > 1 _Ij > Ctplj:Ctlpl‘> CtPO’
| := min (y>_]1:[1(§rggu, (y)>_]1:[1( P = (CinP = (Cin)

where we have taken Ct > 1, since |p;| > po > 1. We iterate using Green’s formula to
deduce thatforl =1, ..., k,

uy(x) =/(t+up’)G(x,y)dy
Q
> / WP ()G (x, y)dy = FI/ Gx., y)dy
B B

> (€1 / Gx, y)dy = CHCINM,  x € B,
B

where
Cr, = min/ G(x,y)dy > 0.
xX€B Jp
Substituting into Fj, we obtain for/ =1, ...,k
k ) k
; lj PoPL — poqlpil
F > jl:[loynelguj ) = Jl:[][czwlz) 01 = [Ca(Cro)™ P
> [C2(Cip)PP]Po,
where we have taken C»(C1t)P° > 1. Repeating the process yields forl =1, ...k,
u(x) > /(t+up’)G(x,y)dy
Q
> / W ()G (x, y)dy > C2- Fy
B
> 0y - [CCIDMP = (1%, x € B,
and
. p £ 1+ 2
. 1j D i
Fi > ]‘[(ryrgguj o) = [ e enrop
j=1 j=1
2
= [P = (6P = €3 T Cn
where we have again taken C21+p°(C1t)"’(2> > 1. A direct iteration yields for/ = 1,...,k
and j =1,2,...,

ui(x) = / W ()G (x. y)dy = Cs - Fi
B

i—1 i—1
pot--+py 1+po++pg

J J
> C-C, (Ciylo =C, (CinP, xeB
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and
k - L T j
Fr =z [Tminug® () = [Tie, ™ cunrog®!
j=17¢ j=1
. j ) j+1
> (6, iy =TT e
provided
1 pd ! j
1= Col) = 7T e =1, =12, @.7.1)

where C3 = Czl/(p"_l) and

Co(i) = C~! Py’ -1 el -1
o) :=C; -G < Co:=C; max{l,C; "}

since pp > 1 and j > 1. In particular, for/ =1,...,kand j = 1,2, ...,
1 gl j
w() = 6T i
T_1)/(po—1 j j
= VD oy = ¢ Ca™,  x € B,

provided that (4.7.1) holds. Hence the conclusion follows immediately by taking
Ty = 2max{(C1C3)~", Co}

and the proof is complete. O

4.8. Proof of Lemma 4.4.1

We now turn to prove Lemma 4.4.1, which is crucial to the proofs of Theorems 4.4.1 and
4.5.1. The monotonicity Lemma 4.4.3 comes right into play.

Since Q2 is bounded with a C 2—boundary, for each x € 9%, there exists a pair of balls
B = B(x) and an 1-1 mapping ¥ of B onto E = {/(B) such that

Y(BNQ) C R, Y(BNIQ) C IR ; v € C*(B), v~ ' e CX(E),

see for example [28]. Using the compactness of 92, there exist an integer / > 0 and [
Cz—pairs (Bi, ¥i),i =1,...,1,and a constant C > 0 such that

1 .
illy g, 5 = C- I gywrmy =€ i=1....1

and that for each x € 92, there holds x € B; for some i € {1, ..., I}. In particular, note
that €2 satisfies a uniform interior sphere condition.
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PROOF OF LEMMA 4.4.1. First, by Lemma 4.6.2 and the fact |p;| > 1, without loss of
generality one may assume that there exists ¢ ; € €2 such that

n (&) =Ny, 1=1,2,j=12....
Denote for j = 1,2, ...
N; = max{Ny ;, N2 j}, ¢i=2a,; ifNj=N.;.

We shall argue by contradiction, that is, suppose that Lemma 4.4.1 fails. Then there
exists C > 0 such that

sup Q ;dist(¢;, 0€2) = sup Q ;dist(¢;, g“]’-) <dC, (4.8.1)
J j

where ;‘j/. € Q2 satisfies
dist(¢;, 9Q) = dist(¢;, ¢)).

It follows that, by the facts that 2 satisfies a uniform interior sphere condition and
N; — oo as j — oo, one may choose a point {/’.’ € Q on the line through ¢; and ;l;
such that

7j = Qdist(¢], 99) = Q)dist(¢], £) € [eo, 1/eal,  j=1.2,...,

for some positive constant &g < min{1/C, diam(€2)}, where

2

Q'
In (4.4.2), take
Jd=¢,  0;=0,

Then v; satisfies (4.4.4) and (4.4.6).
Similarly as in Case II) of Theorem 4.4.1, by the choice of Q ;, there exist k1, k2, 81, 82 €
[0, 1] such that

lim Q;Zﬁ,,j(y)zlq, lim Q7 z,ull(gj”)—éil, I=1,2.
J—)OO J—)OO

= max{N;, tju l/(g") tiu, ~(§]/-/)} — 0.

By the choices of Q;, one has

sup | Q7 71, 1 (¢])] < sup sup Q7 ; (1)) < sup 0 *Nij <1(482)
J J ye;

and
v;(0) = (1, 1), dist(0, 9Q;) € [eo, 1/20]. (4.8.3)

Note, however, k1 + k2 + 81 4+ 82 = 0 may occur due to the modification of the choice of
Z/ = ;H
J
With an appropriate rotation, we may assume 2; — {y, > —e&} for some ¢ > &g as
Jj — oo. Foreach r > 0, let B = B,(0) be the ball centered at the origin with radius r.
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Applying the Harnack inequality Lemma 4.2.6 to the equations (4.4.6); ;, with the aid of
the uniform estimates (4.8.2) and (4.8.3), we infer that each v; is uniformly bounded on
theset I'; := BN Q; N {y, > —&o/2} for all j > 0 sufficiently large (so I'j CC €2; with
dist(I';, 02;) > go/4 for j large), with a uniform bound C > 0 (also depending on r)

Ivillor < C.

Since u; is monotonic (Lemma 4.4.3), every v; is also monotonic in Q; by v;’s
construction. Hence there holds for all j large

v () < vj(y?)  in (20 By

for all y € [—dist(0, 9€2;), 0]. Therefore the above uniform estimates actually hold on
BN Q; (jlarge)

Ivillozrg; = IVilloF = €. (4.8.4)

Assume {/’. — & € (02 N Bj,) for some iy > 0, where {y;, Bi}{ are given in the
beginning of this section. Clearly, {; € (02N B;)) and {x |y = (x — g“//.’)Qj € B} C B,
for j large since ;J’. — %o € (02N Bjy) and Q; — oo. Then the 1-1 mapping

Gig () 1= [Wip (%) — ¥y (€ D1Q;

straightens the boundary dQ2; N B (mapping the point (¢ ]’ — g“]/.’ )Q; to the origin) with

-1
||¢i0||1’/50,§ <C, ”¢i0 ”1’/30’@0(3) <C.

It follows that, by applying Lemma 2.2.3 to the equations (4.4.6); ;, there exists 8 € (0, 1)
such that every v; belongs to the Banach space C l"B(Br/z(O) NQ;) for j > 0 large,
again, with a uniform bound C > 0 (also depending on the C'-#-norm of v; on B; but
independent of j)

Ivilly 5.3, om0 =€ (4.8.5)

in view of (4.8.2)—(4.8.4). Note r > 0 is arbitrary.

With a proper rotation and translation, one may choose y/ = (¢ ]/ - ]/.’ )Q; to be the new
origin and the direction of ({j/f - ;]/.) the new (positive) y,-direction. Consequently, the
sequence of domains € converges to the half-space R = {y € R" | y, > 0}. It follows,

by the estimate (4.8.5) and the Ascoli-Arzela theorem, that there exists v € Cllo’cﬂ /2 (M)
such that

v=0ondR"; vie) = (1, 1),
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where e is the old origin (¢ ]// — ;J’/ ) = 0 which has the new coordinates (0, 1),% and
lim v;(y) = v(y),
Jj—00

and

lim Q%7 (y)u,; () = lim Q7 2n1 ;€)W () = k¥ (y)
j—o00 j—o00

on any compact set I'y C R} in C 1L.B/2_topology. Moreover, the limiting function v > 0
satisfies the limiting equations
Avy +x1VP1(y) + 81 = 0, "
in Ry
Avy +kavP2 (y) + 82 =0,
with 81, 62, k1, k2 > 0.
Clearly, under our assumptions, Lemma 4.2.5 applies. It follows that
S1=8 =k =Kk =0, v(y) = v(yn), v (yn) = 0.
In turn, we have forl =1, 2
v/=0 fory,>0, v(0) =0 v()=1.
Plainly
V1 (Yn) = v2(Yn) = Y-
Evidently, the line segment I'' = {(0', 1) |t € [0, 1/g9]} is contained in the set R", N Q;

for all j > 0. Thus the uniform estimates (4.8.5) of v; in Cllo’cﬂ (By/2(0) N 2;) and the
Ascoli-Arzela theorem imply

lv; —vllig2r — 0 asj— oo.

In particular, for/ =1, 2,

sup  |dy, Ul,j(o/v Yu) — Oy, Ul(o/v )l
OSyn51/€0

= sup |8ynv1,j(0/,yn) —1— 0 asj— oo.
05)’7!51/80

Therefore
y yn
7" < v, (0, yn) =/ dy, v, ; (0", 1)dt <
0

fo_r yn € [0, 1/g0] and j large. It follows that, by definition (see after (4.4.2)) and the fact
7 = ;1’/, for y, € [0, 1/g0] and j large

3yn

- — —1
g, 1O, ) = 1 VRO y)vy 1O ) < eny (@)
In turn,
e =) PPRAWN) 1k 4
n (€)= g j (O mj) < eng (&P (4.8.6)

where (0, 1) is ¢;’s image on the y,-axis with n; € (0, 1/¢o].

OIts nth coordinate is bounded from both above and zero in view of (4.8.3) and 1 is taken merely for
convenience.
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On the other hand, one has

Q? =N; = mlax N j = mlaxnl)j(g“j) — 00, 4.8.7)

since §; = 8, = 0.
Combining (4.8.6) and (4.8.7) yields

max; ny.j (&)

maxk; = lim Q72 maxng ;(¢7) = lim > ce(l)_lpzl > 0.
/ jooo / / J Jj—o00 maxy nl,j(;j)
This is a contradiction and completes the proof of the lemma. O

5. The m-Laplacians as principal parts

In this section, we consider the nonlinear functions
AlG,u,p)=Ip/™%p, I=1,....k

where m; > 1 are positive numbers. Then the principal parts of (2.1.5) are given by the
so-called m-Laplace operators:

div Al (x, u, Vu) = Apyu = div(|Vu™2Vu), 1=1,... k.

One then readily verifies that (A1)—(A3) are valid (with § = 0). We assume that the
function f satisfies a positivity condition of the form

e, w, Vay + L™ ~2u; > 0,

where L > 0 is a (large) constant. We shall also assume that the boundary condition
(2.1.7) is homogeneous, i.e., uyg = 0 whenever Q2 is bounded. We are seeking a positive
vector-valued function u € CLHA(Q) (B > 0) satisfying the BVP (2.1.5) and (2.1.7)
on bounded 2’s. As before, we shall exclusively focus ourselves on systems without
variational structure.

5.1. Existence

We first consider scalar equations, i.e., k = 1. Then the BVP (2.1.5) and (2.1.7) becomes

Apu+ f(x,u,Vu) =0, in <,

u=2~0 on 082, G.1.1)

where m > 1. For p > m — 1, denote

p—(m—1)
= >
m

o 0.

We say that f = f(x, u, p) satisfies a growth-limit condition (GL1), provided
(GL1) There exist positive numbers K, Land p € (m— 1, m,) (p > m —1if m > n) such
that the following conclusions hold.



Fixed point theory and elliptic boundary value problems 565
(1) There exists a bounded function F : Ry — [0, 1] such that

|f(x,u, p)| < K[1+uP + F(|p])|p|™?/P+D,
(x,u,p) € 2 xRy xR"?,

and F(|p|]) — Oas |p| — oc.

(2) There exists a continuous function » : @ — R, such that for any sequences
{M; — oo} and {p; = 0(M}+“)}, there hold

lim M;" f(x,M;,p;) = b(x)

j—o0
uniformly on €.
(3) There exists € > 0 such that

fx u,p) < G —e)u™+o(p/™h

as (u, p) — 0 uniformly on €2 for u > 0.
(4) There exist constants L > 0 and § € (0, (m — 1)/2) such that

f,u,p) > 8QuP —|p|™/ Pty — L. (x,u,p) € 2 x Ry x R",
We then have the following existence result.

THEOREM 5.1.1. Let Q C R" be a bounded domain. Assume that f satisfies a growth-
limit c_ondition (GL1). Then the BVP (5.1.1) has a positive solution u in the space
CLA(Q) N Cy(Q) for some B > 0.

PROOF. As before, it is straightforward to verify that all conditions of Theorem 2.5.2 are
satisfied, except the (AP2). This proves Theorem 5.1.1 immediately when one can show
the a priori estimate (AP2), which will be done in Section 5.3. O

A canonical prototype of f satisfying the conditions of Theorem 5.1.1 is given by

fe,u,p) = —Dlul"u+ Elul”'u+ Flpl?, (x,u,p)eQxRxR",
(5.1.2)

where D, F > 0 are nonnegative numbers, and E, p and g are positive numbers satisfying

| mp
>m—1, < —
P <

(the “sublinear” growth p < m — 1 being trivial ). A refinement of (5.1.2) is given by
F,u,p)=—=Dlul™u+ Elul”u
F|p|™p/(p+1)

T x,u,p) € QxR xR".
T+ma ) SeP

Of course, the coefficients D, E and F' can be nonnegative continuous functions on Q
(either strictly positive or identically zero, but with £ > 0).
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It is worth pointing out that Theorem 5.1.1 is optimum for the canonical prototype

fzou,p)=ulP'u, p>m—1.

In this case, generically speaking, the BVP (5.1.1) admits a positive solution if and only

if p < m,. Indeed, Theorem 5.1.1 fails on star-shaped domains for p > m, since (5.1.1)

possesses no positive solutions on star-shaped domains by the Pohozaev identity when

p > m,. However, when f depends also on the gradient Vu, the situation is far from clear.
Next we consider a canonical prototype 2-system in which

e, Q) = ufub, 2, Q) = uud, (5.1.3)

where a, b, ¢ and d are nonnegative numbers. Moreover, we assume m| = my = m > 1.
Then the BVP (2.1.5) and (2.1.7) becomes

Au1+uu2—0 in 2,
Amuz—i—ucuz =0, in€, (5.1.4)
u=0 ondQ.

‘We shall assume
bec > 0, a+d>0

so that (5.1.4) is strongly coupled.

As observed in Section 4, a monotone property of the solutions is needed to derive the a
priori estimate (AP2) for (5.1.4), being strongly coupled. It is unclear if (5.1.4) possesses
such a monotone property on general smooth domains like (4.1.1)—(4.1.2). However, an
elementary yet useful observation here is that one only needs estimates (AP2) for a (certain)
subclass of solutions to prove existence. Indeed, we can introduce a cone C of so-called
monotone functions on an uniformly normal domain and show that the m-Laplace operator
preserves such a monotonicity. We then are able to establish the desired a priori estimates
for elements in the class of monotone functions and consequently obtain existence.

Write

X =bc—a8 wherea :=m—1—a,6:=m—1-—d.

We say that an (ALT) condition holds for (5.1.4), provided that the exponents m, a, b, ¢
and d satisfy one of the following conditions:

(A) n <m;

(B) n > m, min(e, §) > 0 and

n
max{b +6,c+a} > X ;
mms

C) n>mé<0<aand

max ,c+ogp > y
c—96 mms
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D) n>m,a <0 <4dand

max{b—l—&bx }> n)(;

-« Mmm,

(E) n > m, max(a, §) < 0and
min(a + b, c +d) < my.

Using the notion that Liouville theorems imply a priori estimates, we can state our first
existence result for (5.1.4) as follows.

THEOREM 5.1.2. Let 2 C R”" be uniformly normal (see the definition in Section 5.4).

Suppose that (5.1.4) (with no boundary conditions!) has no positive solutions on Q = R"
and there holds

x >0, max(a,d) < my. (5.1.5)

Then the BVP (5.1.4) has a positive solution u in the space C'P () N Co(RQ) for some
B > 0.

PROOF. The proof is similar to that of those earlier ones, i.e., being applications of
Theorem 2.5.2. However, as mentioned above, it is not clear whether (AP2) holds for
(5.1.4). That is, it is unknown if the estimate (2.5.2) holds for all positive solutions
of (5.4.1). But as shown in Theorem 5.4.1, (2.5.2) does hold for all monotone (see the
definition in Section 5.4) solutions of (5.4.1). This leads us to consider the following cone
in X

C={ueCNX|lue MO(Q)}.

Now one readily checks that all steps of the proof of Theorem 2.5.2 carry over (see [60]
for details) and it remains to verify (AP2) (but only for monotone solutions of (5.4.1)!) and
Step 2. We shall show that x > 0 implies Step 2 of the proof of Theorem 2.5.2, replacing
the superlinearity condition in Lemma 5.1.1 below and give the verification of (AP2) in
Section 5.4. 0

LEMMA 5.1.1. Assume y > 0. Then there exists a positive number r such that u # t A(u)
forallt € [0, 1] andu € C with |lu| =r.

The proof of Lemma 5.1.1 is postponed to Section 5.6.
The following result is an immediate corollary of Theorem 5.1.2.

THEOREM 5.1.3. Let 2 C R" be uniformly normal. Assume that (5.1.5) and (ALT) hold
for (5.1.4). Then the BVP (5.1.4) has a positive solution u in the space CP(Q) N Cy(R)
for some > 0.

When m = 2, Theorem 5.1.3 can be improved slightly.
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THEOREM 5.1.4. Let @ C R" be uniformly normal. Assume m = 2, x > 0 and there
holds

min(a + b, ¢ +d) < my, max(a + b, c +d) < my. (5.1.6)

Then the BVP (5.1.4) has a positive solution u in the space Cl’ﬁ(ﬁ) N Co(2) for some
B > 0.

PROOF OF THEOREMS 5.1.3 AND 5.1.4. Assuming Theorem 5.1.2, we readily derive
Theorems 5.1.3 and 5.1.4 once we show that the conditions of Theorems 5.1.3 and 5.1.4
imply that (5.1.4) (with no boundary conditions!) has no positive solutions on Q2 = R”".
But this is simply Lemma 5.2.2.

When Q2 = B is an Euclidean ball, the above 2-system was treated in [12] for radially
symmetric solutions and a priori estimate and existence results have been obtained, with
different exponents m; and my. In [5,13], a different system was studied in which
fl'= f(v)and f2 = f(u) (cf., a Hamiltonian structure).

5.2. Liouville theorems

In this subsection, we gather several Liouville theorems for (2.1.5) when the principal parts
are the m-Laplace operators, which shall be used in the blow-up process later. Again, we
omit all proofs.

Consider the scalar equation

Ajyu-+kuP =0, inQ, (5.2.1)
where p > m — 1 and k > 0 are positive numbers and the 2-system

Al —i—/qu?ug =0, ing,
¢ d : (5.2.2)
Apuy + rujuy =0, in €,
where a, b, ¢, d and k1, k> are nonnegative numbers.
We first have the following theorem for (5.2.1).

LEMMA 5.2.1. Assume p € (m — 1, my). Then the equation (5.2.1) does not admit any
nonnegative nontrivial solution on the entire space Q = R", or on the half-space Q@ = R’}
vanishing on R’}

When Q@ = R”, Lemma 5.2.1 is a special case of Part (b) of Theorem IV of [50] (see
also the references therein). For @ = R" , Lemma 5.2.1 is again a special case of [63]. The
conclusion for 2 = R" is optimum, in view of the existence of radial solutions for f = u?”
with p > m,.

The second Liouville theorem is for (5.2.2) on exterior domains 2. We say that a domain
Q C R"isexterior if 2 D {x € R"||x| > R} for some R > 0.

LEMMA 5.2.2. Letk =2 and Q2 C R" be exterior. Then the system of inequalities
A uy + u”l’u}z’ <0, Ajur + uiu‘zi <0

does not admit any positive solutions, provided yx > 0 and the (ALT) condition holds.
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When m < n and min(e, §) > 0, Lemma 5.2.2 was proved in [7], see Theorem 5.3,
p- 41, [7] (with different exponents m; = p and m> = ¢q). The rest of Lemma 5.2.2 was
proved in [60].

5.3. A priori estimates I: The scalar case

We want to establish the estimate (AP2) for (5.1.1) with (2.5.3) becoming’
Apu~+ f(x,u,Vu)+t =0 1inQ,

u=0 onodQ (5.3.1)

where ¢ > 0 is a parameter. Below is the precise statement of (AP2).

THEOREM 5.3.1. Let Q C R" be a bounded domain. Assume that the conditions of
Theorem 5.1.1 are satisfied. Then the a priori estimate (2.5.2) holds for all nonnegative
solutions u of (5.3.1).

We first have the following upper bound for the parameter ¢ > 0.

LEMMA 5.3.1. Let (t, u) be a nonnegative solution of (5.3.1). Then there exists a constant
to > 0 independent of u or t such that

t<t.

The proof of Lemma 5.3.1 is deferred.
Proof of Theorem 5.3.1. Suppose that Theorem 5.3.1 is false. Then there exists a
sequence of solutions {(¢;, u j (x)} of (5.3.1) such that

j—>00
since ¢ < fp by Lemma 5.3.1. Put
M; =maxu;(x) =u;E) — 0o, & eq.
xeQ
Denote
v =M uix),  y = —§Hms,
and
Qi=(yeR'|x=E+M“yeQ}
By direct calculations, v; satisfies
Apvj+M;"BE + My, Mjv;, M]H“w,-) =0, yeQ;

(5.3.2)
v; =0 onodQy,

"The parameter ¢ below should be of form ¢ -1 , but it makes no essential difference in view of the factm > 1.
See also (5.4.1).
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and
O<vj(y») <1, yeQj v;(0) =1. (5.3.3)
It follows that, with the aid of the growth-limit condition (GL1), part 1 (assuming M; > 1)
M;IBE + My, Mjvj, M Vu))|
< KM;P[I —{—M]’.’vf + (M}+“|ij|)'"p/(p+l)]
< K[1 4} + |V, |"P/PTD] < K (3 + |V ™).

Invoking Lemma 2.2.3, one then infers that there exist positive constants g =
B(K,n,m) e (0,1)and C = C(||9L2]|1.1, K, n, m) > 0 such that

lvillcre,) = C- (5.3.4)

In particular, by combining (5.3.2),, (5.3.3) and (5.3.4), one infers that there exists a
constant C = C(||9€2|1.1, K, n, m) > 0 such that

dist(0, Q) = d;M§ = C, d; = dist(€’, Q). (5.3.5)

Next we consider two cases.

Case I: The sequence {d; M?} is unbounded, say (without loss of generality), d; M;?‘ —
oo as j — oo. Plainly Q; — R" as j — oo. With the aid of (5.3.4), one can apply
the Ascoli-Arzela theorem to infer that there exists a nonnegative function v € C LB/Z(Rm)
such that

lim v;(y) =v(y) =0, v(0) =1, (5.3.6)

uniformly on any compact subset of R” in C'-#/?-topology. Combining (5.3.4), the
uniform convergence (5.3.5) and the growth-limit condition (GL1), one readily deduces
that

lim M7 f& + M7y, Mjvj, MTV)) = bE)? ()
j>oo  d J J

uniformly on any compact subset of R”, where

9= lim &/ € Q.

J—>00

Now fix any function ¢ € C3°(R"). Taking ¢ as a test function in (5.3.2) (for j large so
2; contains the support of ¢) and letting j — 00, one readily verifies that the limiting
function v > 0 satisfies the following limiting equation

Apv+bENHV? =0 inR"

with 5(£%) > O and p € (m — 1, my). Thus v = 0 by Lemma 5.2.1. This contradicts the
fact v(0) = 1.

Case II: The sequence {d; M;?‘} is bounded as j — oo. In this case, with a proper
rotation, the sequence of domains €2; converges (up to a subsequence) to the half-space
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R? = {y e R"|y, > —¢} for some ¢ > 0, in view of (5.3.6). Similarly as in Case I), one
deduces that there exists a nonnegative function v € C LB/ 2(]R’S’) such that

lim v;(y) =v(y) =0, v(0) =1,
j—o00

uniformly on any compact subset of R} in C 1.8/2_topology and

lim M " BE! + My, Mjvj, MjT Vo)) = bED ()

J—> 00

uniformly on any compact subset of R} for some & 0 € Q. Moreover, v vanishes on oRY
since v; vanishes on 02 for every j. It follows that v > 0 satisfies the

Apv+bEDP =0 inR?
v=0 ondR}

with b(éo) > 0and p € (m — 1, my). Thus v = 0 by Lemma 5.2.1 again, a contradiction
to the fact v(0) = 1. O

5.4. A priori estimates II: The system case

In this subsection, we want to establish the (AP2) property for the BVP (5.1.4). Then
(2.5.3) becomes
Amu]—l—u‘l’ulz’—i—t:O in Q,
Amuz +uSud +1 =0 inQ, (5.4.1)
u=0 ono,

where t > 0 is a parameter.

We begin with the notion of uniformly normal domains and the class of monotone
functions.

Using the notations from Section 4, recall

B. = B(z) :=inflo € R| (R, )" C Qforallt € (0,0;)} € (—00, 2,), (5.4.2)

provided that €2 is normal at z € 0€2.
A domain €2 is called uniformly normal if €2 is normal at every z € 92, and there holds

80 = 80(2,0Q2) := inf {z, — B(2)} > O, (5.4.3)
z€0Q
where z, = z - v, and v; is the (unit) outer-normal at z and B(z) is given by (5.4.2).
We next define the class of monotone functions on a uniformly normal 2. Let €2 be

uniformly normal and let g(x) be a nonnegative continuous function on 2. We say that g
is monotone in 2 if for all z € 92 and for all o € (B;, 0;)

gx7") = g(x),  x € Qo

We denote by MO(2) the set of all monotone functions on €.
Now we are ready to state the a priori estimates’ result for (5.4.1).
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THEOREM 5.4.1. Let Q2 be a uniformly normal domain. Suppose that the conditions of
Theorem 5.1.2 hold. Then the a priori estimate (2.5.2) holds for all nonnegative solutions
u of (5.4.1) which are monotone in SQ.

The proof of Theorem 5.4.1 is similar to that of Theorem 4.4.1. We shall only consider
positive solutions u and use exactly the same notations as in Theorem 4.4.1.

We need two technical lemmas as before. The first is an upper-bound for the parameter
t > 0, whose proof is given in next section.

LEMMA 5.4.1. There exists a constant ty > 0 independent of u or t such that
t <t.
The second is on bounds of the ratios of the components of u.

LEMMA 5.4.2. LetT' C Q be bounded and smooth, and u be a positive solution of (5.4.1).
Then there exists a positive constant C = C(u, 9€2) > 0 such that

l< inf uy(x) < u(x) -

C 7 xelup(x) = yer ua(x) —

C.

PROOF. When m = 2, this is essentially Lemma 4.6.2. For general m > 1, the proof
of Lemma 4.6.2 carries over by using the strong maximum principle for the m-Laplace
operator (Lemma 2.2.4). ]

PROOF OF THEOREM 5.4.1. Suppose for contradiction that (2.5.2) is false. Then there
exist a sequence of positive monotone solutions u; = (u1,j, uz ;) of (5.4.1) such that

lim max{Uy ;, Uz ;} = 00 (5.4.4)

j—o00

since 1; < to by Lemma 5.4.1. We divide the proof into two cases.
Case I). min{a, d} > m — 1. Apply the transform (4.4.3) to the solutions u; and denote
the resulted functions by {v;}. Then, by direct calculations, v; satisfies

v;i(0) = (v1,;(0),v2;0)=(1,1), j=12,.... (5.4.5)
and

_ _ . —m—1), .
Apvrj + Qjmnl,j(y)vl"fj L. 0, mt;ul,j(.m )(ZJ) =0 inQj, (5.4.6)

vi=0 ondQ;, o
where

—(m—1 i —(m—1
n () = ni () = u "V 00 = GOV ) ).

Since €2 is uniformly normal and {u;} are monotone in €2, there exists 6o > 0 (given by
(5.4.3)) such that for all z € 92 and for all y € (y, — 8o, ¥2)

w7 > ui(x), x€Qy,,.
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In turn,

maxu; j(x) =maxu j(x), [=1,2;7j=12,...,
xeQ2 xeQ

where
Qo = (Q\RQ5,) := {x € Q| dist(x, 9Q) > 5p}.

With the help of min{a, d} > m — 1 and the monotonicity of u;, it follows that there exist
&.j € Qo and g ; € Qo such that

Uiy = uy,j(&,j) = maxu j(x), Nijy=ny (g, ;) = maxn; j(x)
xe xe

forl=1,2; j=1,2,....Inparticular,
mlin{dist(él’j, 02), dist(gy,j, 9Q)} = bo. (5.4.7)

We further divide the proof into three subcases and, without loss of generality, assume
Ui,j = max{U; j, Uy ;} — oo.

Subcase (i). N1 = 0. One argues in exactly the same way as in Case I) of Theorem 4.4.1
to derive a contradiction since Uy, ; — oo.

Subcase (ii). N1 = oo. In (4.4.3), take

—(m—1)

7 =g, Q7 == max{Nj, tju; ;

—(m—1
(HE tjuz,i»m )(Cj)} — 00,
where

Nj :=max{N1,j,N2,j}—>oo, =4, ifNjZNl,j.

We claim that all of the following hold simultaneously.
(1) The system (5.1.4) (with no boundary conditions) admits no positive solutions on
Q=R",
(2) The single equation A,,u 4+ u® = 0, where either 0 = a or o = d, has no positive
solutions on 2 = R", and
(3) There holds
lim inf min Q ;dist(z/, 8Q2) = co.
j—ooo I
Indeed, (1) is our assumption. (2) follows from Lemma 5.2.1 since max(a, d) < my. (3)
follows from (5.4.7) and the facts z/ = ¢jand Q; — ooas j — oo. Now the rest of the
proof proceeds essentially in the same manner as in the proving of Theorem 4.4.1.

Subcase (iii). Ny € (0, c0). Then as in the proofs of Theorem 4.4.1, one infers Ny = 00
since x, b, ¢ > 0. Take

; —(n—1 —(m—1
=0, 0 = max{N, ;, tjul_;m )(§2,j)’tju2,5'm )(Cz,j)} — 00

and this becomes an analogue of Subcase (ii) and one deduces a contradiction similarly.
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Case (II). min(a, ¢) < m — 1. Without loss of generality, assume
a=min(a,d)y<m—-—1=—aoa=m—1—a > 0.

We next consider two subcases.
Subcase (). U,j < C < 00. Then Uy j — oo by (5.4.4). By Lemma 5.4.1,

max{U;}tj, U;;?Ugj} -0

since a, b > 0. Rewrite (5.4.6); with Q; = 1 into
—(m—1

Amwy () + U2l ;wd ;) + Uy "V =0, (5.4.8)
where

w (¥ = w1 ;DU € ©,1],  maxw j(x) =1,

i xeQ
wi,j(X)]rese = 0.

Letting j — oo in (5.4.8) immediately yields a contradiction since

—m—1 _ —(m—1 _
max{Ulyj(,m )tj, s:g U]’;‘ulz’,j(x)} < maX{U],j(-m )tj, Ulg;?‘Ué’J} — 0.
X

Subcase (ii). There holds U ; — 00. We claim

mlax ny,j(&, ;) — oo.

To this end, suppose, say, n1 (&2, ;) < C forsome C >0, j =1,2,.... Then

h/ot b/oz

ur,j(&2,j) =n ,(Ez DU = CU,

since & > 0. In turn,

bc/oz 8

n.j (&) = uS (&2, ))U5 2 > CUYY*™ = UL — oo,

since Up ; — oo and «, B > 0, which yields the claim.
Now, in (4.4.3), take

=&,

1 —(m—1 i
Q" = max{n (), n ;). tjuy 'V @), 4y ¢V ()} - oo

We claim all (1)—(3) in Case (IT) of Theorem 4.4.1 remain valid under our assumptions.
Indeed, (3) follows from (5.4.7) and the facts z/ = & jand Q; — oo as j — oo.
By (5.1.5), (2) follows from Lemma 5.2.1 since max(a,d) < m,. (1) is simply our
assumption.
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However, by our choice of z/, one need to show that the functions {v, ;j} is uniformly

bounded on any compact set I' C R” for j large (so I' C ;. Note 0 < vy ; < 1by
construction). To this end, one notices that by the choice of Q;

0<Q;"mjE NV (M5 () <of ;) < T+ (),
since b > 0anda € [0,m — 1), and

—(m—1)

0= Q tj 1.j (52/) <L

Moreover, vy ; satisfies the equation

Apv1 j () + Q7" jE VS (IS () + 07 tjuT &) = 0.

Now the uniform boundedness of {vy,;} follows from the Harnack inequality Lemma 4.2.6
since v1,;(0,0) = 1 for j = 1,2, .... The rest of the proof becomes an analogue of Case
(II) of Theorem 4.4.1 and the proof is complete. 0

5.5. Proofs of Lemmas 5.3.1 and 5.4.1

In this subsection, we prove Lemmas 5.3.1 and 5.4.1.

PROOF OF LEMMA 5.3.1. Let (¢, u) be a nonnegative solution of (5.3.1) and ¢; > 0 a first
eigenfunction associated to the first eigenvalue 11 of —A,, (with homogeneous Dirichlet
boundary data). Then

21 f o7 —2’"—1/ V1™ = 0. (5.5.1)
Q Q

For ¢ > 0, write u, = u + ¢. Multiply (2.3.2) by the test function ¢ = ¢’1"/u21_1 =
U Jug, € CHP () N Co(R) and integrate over €2 to obtain

/(l+ fx,u, Vu)e =/ IVu|"2VuVe. (5.5.2)
Q Q

Applying the Young inequality, we infer that

/|Vu|mp/(17+1)¢ /(p (\Vul|/ug )MP/(P+1) (p—m+1)/(p+1)

m m m, p—m+1 553
p+1/WI ul” + +1/Q¢1ug L (553

’"+2'"—1/ Vo ™.
Q

and

m ‘/ Y VUV u Ve,
Q
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It follows that (noting Vu, = Vu)
/ |Vu|’”*2ww>+s/ 1//”|Vu|’”—2'"*1/ IV |
Q Q Q
=mf Y VU2V UV ey — (m — 1 —8>f Y Vul™ — 2’”—1/ Ve |™
Q Q Q
—1
Q 2 Ja Q
(5.5.4)

since § < (m —1)/2. Now combining (5.5.1)—(5.5.4) and using the growth-limit condition
(GL1), part 4, we obtain for all ¢ > 0

/(l—L—l—ZSu”)qb 5/ [l+f(x,u,Vu)+8|vu|m”/(”+1)]¢
Q Q
+2m—lA]/¢;n_2m—l/ |V¢1|m
Q Q
S/ |Vu|m—2Vuv¢+8/ 1p_mlvulm_2]’}1—1‘/‘ |V¢]|m
Q Q Q
+2’”‘1A1f9¢i”+5f9¢{"u§—’"+1
52"’—1)\1f¢;"+8/ P ul—m ! (5.5.5)
Q Q

(the coefficients p/(p + 1) and 1/(p + 1) being dropped from (5.5.3) for simplicity).
We claim that there exists C = C(p, m, §) > 0 such that
t <tp:=CQ" AP/ L (5.5.6)
If + < L, there is nothing left to prove. So assume ¢ > L. Then (5.5.5) implies

u>0, ae.

In turn,

Iim u, = u,
e—0t

lir61+(t — L +28uP)¢ = [(t — L)u' ™™ 4 26uPTI7™p™,  ae.
E—>

Plainly (t — L + 28u”)¢ > 0 is monotonically increasing as ¢ — 0%. Hence by the
monotone convergence theorem, with the help of (5.5.5), we have

lim / (t — L +28ul)p = / [(t — Lyu' ™™ +28uP™ "¢ < o0
Q Q

e—0F

and (obviously)

lim /¢i"u"+l‘m=/ uP e,
e=0T Jq € Q
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It follows that, by letting & — 07 in (5.5.5),

/ [(t — Lyu' ™™ + suPT1=mjpm < 2™~ 1), / o (5.5.7)
Q Q
Using Young’s inequality once more, there exists C = C(p,m,§) > 0 such that for
t—L>0
inf (¢ — Lyu'™"™ 4 suP™=m > C(t — L)PH=mir, (5.5.8)
u>

Combining (5.5.7) and (5.5.8) immediately yields the desired upper bound (5.5.6)
for t. O

PROOF OF LEMMA 5.4.1. The proof is similar to that of Lemma 5.3.1. We shall consider
strictly positive solutions u = (u, v) > 0of (5.4.1) (u=0 = =0).
For ¢ > 0 and m > 1, it has been observed in [22], as a consequence of the Young
inequality, that there holds for u; = u + ¢ (note Vi1 = Vu)
4t
1
o

|V¢1|m—v< )IVMI’"_ZVMEO, x € Q.

It follows that, by using the equations of ¢ and u respectively

¢m
)\1/ ¢>'1"—/(t+u“vb)—11
Q Q ul'”

=/ <|V¢1|’" - V( (fj_l> |Vu|’"—2w) > 0.
Q uy

Letting ¢ — 0 immediately yields (note {¢{" /u}' “Nare uniformly bounded in 2 for ¢ > 0)

f(t+u“v”)ul""¢§" 5M/¢1”-
Q Q

Similarly, one has

/(z+ucvd)v1—’"¢q” SM/ Pr.
Q Q

Combining the two together, we have

/{(t + u Py 4 (1 4 kuCvyu! TPl < lef o (5.5.9)
Q Q

Since x, b, ¢ > 0, one readily infers that there exists A, u > 0 (A, u > Oif &, § > 0)
such that . + u = 1, and
r,s >0, r+s>0, wherer =—Aia+ uc,s = Ab — ué.

For example, one may take (with u = 1 —A) A = lifa < 0,2 =0if§ < 0 and
§/(b+68) <A <c/(a+c)ifa,d > 0. By Young’s inequality, we have for u, v > 0

(Mavb)ulfm + (ucvd)vlfm — ufavb + u"vf‘s > Cu'v®
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for some C = C(r, s, A, u) > 0. It follows that

¢+ u )" ¢+ uCvDH T = @ T 0 )+ Cu
But, a direct computation shows for t > 0 (noting m > 1)

inf (7! 4+ 017M) £ Cu v} = Cr O/ s +m=1)

u,v>0

for some positive constant C depending only on 7, s, A, u and m. Now the conclusion
follows from (3.2) by taking 7g = (2A;C~ 1) Hs+m=D/r+s), O

5.6. Proofs of Lemma 5.1.1

In this subsection, we prove Lemma 5.1.1.

PROOF OF LEMMA 5.1.1. Consider u = tA(u) with r € [0,1] and u € C with
[[u]] = r > 0, that is,

A+ tu®v? =0, inQ,
Apv + tuv? =0, in Q, (5.6.1)
u=v=_0, on 0€2.

For e, f > 1, multiply the first equation by ¢ and the second equation by v/ and integrate
over €2 to obtain

/ [Vu|"u"! < c/ utey?, / Vo™~ < c/ s (5.6.2)
Q Q Q Q

since ¢ € [0, 1].

We want to show that there exists ry > 0 such that the equation u = 7 A (u), i.e., (5.6.1),
actually has no solution in the punctuated ball B,,,(0) — {0} for all # € [0, 1]. By the strong
maximum principle, using (5.6.1), u is strictly positive in 2 since [[u|| =r > 0 and (5.6.1)
is fully coupled. In the sequel, u is always taken as a positive solution of (5.6.1) with
r = |u] > 0.

We consider four cases.

Case (I). max{a,d} > m — 1,say,d > m — 1. Taking f = 1 in (5.6.2),, we deduce

/ |Vv|m — O(rC+d+17m)‘/\ vm — O(rC+d+17m)/ |vv|m,
Q Q Q

where r = ||ufl, ¢ > 0 and d + 1 > m, and we have used the Poincare inequality. This is
impossible if ¥ = ||u|| is small since v > 0. It follows that there exists ro > 0 such that the
equation u = A (u) has no solution in B,,(0) — {0} for all t € [0, 1].
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Case (II). max{a,d} <m — 1,m € (1, n) and max{a + b, ¢ + d} < m,. Plainly,
max{a,d} <m —1= «,§ > 0. (5.6.3)

We take e = f = 11in (5.6.2), and apply the Holder and Sobolev inequalities to deduce

a+1 mx—d
e+l b(myx mx—+1
Jyrwarr = it < (L) ([
Q Q Q &
(a+1)/m bmgst) \ T
<C IVul™ U maa
Q Q
(a+1)/m b/(my+1)
sc(/ |Vu|m> </ v'"*“)
Q Q
(a+1)/m b/m
c(/ |Vu|m) ([ |Vv|m> ,
Q Q

where we have used the fact b(m, + 1)/(my — a) < m, + 1 (by assumption a + b < m,).

In turn,
b/a
/ |Vu|™ < C </ |Vv|m> .
Q Q

Similarly, one has

/|Vv|’"<C</ |vu|'"> "

Combining the two inequalities together yields

x/od
1<cC (/ |W|’"> < |3,
Q

since «, x, 8 > 0 by (5.6.3). In turn, again, there exists 7o > 0 such that the equation
u = 1A (u) has no solution in B,,(0) — {0} forall # € [0, 1].

IA

Case (IIN). max{a,d} <m—1,m € (1, n) and max{a + b, c+d} > m,. Rewrite (5.6.2)

into
/ |Vw|m SC/. wa’_;’_lzb” /lvz| <C/ ! d-‘rl
Q Q

where u = w™/ (€= 1y = zm/(/Fm=1) gnd

b
g=mare oy oy-_m
e+m—1 f+m—1
and
d
g M o g=mdED
e+m—1 f+m—1

since e, f > 1.
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We claim that one can choose suitable e, f > 1 so that

d
L S L R R Y
e+m—1 f4+m—1
x =bcd a8 =bc—(m—-1—adYm—-1-d)>0 (5.6.5)
and
max{a’ + b, +d'} < my. (5.6.6)

Indeed, direct computations show that (5.6.4) and (5.6.5) are equivalent to max{a, d} <
m — 1 and to x > 0, respectively, for any e, f > 0. To see (5.6.6), first fix fo > 1 such
that

bm (d+ fo)m
m4 ——— <my + 1, ——— < my+ 1, 5.6.7
form—1-" fotm—1 " o607
which is equivalent to
b m d+ fo n
< , <
fo+m—1 n—m fo+m—1 n—m

which is obviously possible by taking fy > 1 large. Next one simply chooses egp > 1 so
that

(a + eg)m bm
Sm*+17
eo+m—1  fo+m—1
d+ fo)ym cm N

fo+m—1 e+m—1
which is (5.6.6) with eg and fo, and is again possible by taking e( large since

(a+e)m cm

— > m, — =0

e+m—1 e+m—1

as e — 00, in view of (5.6.7). Now one readily applies the arguments of Case (II) to the
pair of (w, z) > 0, with the positive exponents a’, b’, ¢/, d’ satisfying (5.6.4)—(5.6.6), to
draw the same conclusion as in Case (II) (note ||[(w, 2)|| — 0 asr = ||u|| — 0).

Case (IV). max{a,d} < m — 1 and m > n. Plainly, the arguments of Case (II) apply
(with slight modifications) since m, = oo. O
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